Acta Mathematica Academiae Paedagogicae Nyíregyháziensis 31 (2015), 195–206

www.emis.de/journals
ISSN 1786-0091

ON MODAL BE–ALGEBRAS

O. YOUSEFI KIA, A. REZAEI AND A. BORUMAND SAEID

Abstract. In this paper, we introduce modal BE-algebra and study some structural properties of modal BE-algebra. The notions of modal upper set, modal BE-filter, BE − □-tautology filter, dual modal BE-algebra and quotient modal BE-algebraare introduced and their basic properties are investigated. We will prove that every self- distributive BE-algebra, induce a dual modal BE-algebra. Finally, we will prove that every dual modal BE-algebra is a modal BE-algebras under special conditions.

1. Introduction and Preliminaries

Modal logic is a theoretical field that is important not only in philosophy, where logic in general is commonly studied, but also in mathematics, linguistics, computer and information sciences as well. Classical modal logics have been a matter of growing interest in the last decades due to their role in the formalization of several aspects of computer science. The earliest paper on a many-valued modal logic appears to have been Segerberg (1967), which specifies some 3-valued modal logics.

Modal logics and many-valued logics were both historically introduced in order to free oneself from the rigidity of propositional logic. With many-valued logics, the logician can choose the truth values of the propositions in a set with more than two elements. With modal logics, the logician introduce a new connector whose aim is, for instance, to model the possibility. Many systems with various kind of modal operators have been constructed in order to provide effective formalisms for talking about time, space, knowledge, beliefs, actions, obligations, temporal, spatial, epistemic, dynamic, deontic, and so forth. However, modern applications often require rather complex formal models and corresponding languages that are capable of reflecting different features of the application domain [1, 9, 10].

2010 Mathematics Subject Classification. 06F35, 03G25.

Key words and phrases. Self distributive, commutative, bounded, involutory, modal BE– algebra, modal (normal) BE–filter. 195

Furthermore, the study of BCK/BCI–algebras was initiated by K. Iséki in 1966 as a generalization of propositional logic. There exist several generalization of BCK/BCI–algebras, such as BCH–algebras, d–algebras, B–algebras, BH–algebras, etc. Especially, the notion of BE–algebras was introduced by H. S. Kim and Y. H. Kim [13], in which was deeply studied by S. S. Ahn and et al. in [2, 3, 4], Walendziak in [18], A. Rezaei and et al. in [7, 8, 15, 16, 17].

The idea of introducing modal operators in residuated lattices and other algebraic structures has been adapted by some researchers, for several purpose: Belohlavek and Vychodil [6] defined a so-called ”truth stresser” ν for a residuated lattice (L, ∪, ∩, ∗, →, 0, 1) as a unary operator on L such that • νx ≤ x, • ν1 = 1, • ν(x → y) ≤ νx → νy, for all x, y ∈ L.

Ono [14] defined modal structures (L, ∪, ∩, ∗, →, ν, 0, 1) in which (L, ∪, ∩, ∗, → , 0, 1) is a residuated lattice and ν is a unary operator on L such that:

• νx ≤ x, • νx ≤ ννx, • ν1 = 1, • ν(x ∩ y) ≤ νx • νx ∗ νy ≤ ν(x ∗ y), for all x, y ∈ L.

Hajek [11] used a unary operator △ on the BL–algebra L to get the algebra BL_△ such that axioms of BL_△ are those of BL plus:

• △ϕ ∨ ¬△ϕ, • △(ϕ ∨ ψ) =⇒ (△ϕ ∨ △ψ), • △ϕ =⇒ ϕ, • △ϕ =⇒ △△ϕ, • △(ϕ =⇒ ψ) =⇒ (△ϕ =⇒ △ψ).

The axioms evidently resemble modal logic with △ as necessity; but in the axiom on △(ϕ ∨ ψ), △ be haves as possibility rather than necessity.

Magdalena and Rachunek [12] defined a unary operator f on an MV –algebra A as follows: If A = (A, ⊕, ¬, 0) is an MV –algebra where x⊙y = ¬(¬x⊕¬y), then f : A → A is called a modal operator on A satisfying:

• x ≤ f(x), • f(f(x)) = f(x), • f(x ⊙ y) = f(x) ⊙ f(y), for all x, y ∈ A.

In fact the modal operator f be haves as possibility ♦ in modal logics. All above motivates us to introduce a modal operator on BE–algebra to get a modal BE–algebra as an algebraic structure.

This paper has been organized in three sections. In section 1, we give some definitions and some previous results. In section 2 we define modal BE– algebras and modal BE–filters. Finally, in section 3 we construct quotient modal BE–algebra via the modal normal BE–filter.

Definition 1.1 ([13]). An algebra (X; ∗, 1) of type (2, 0) is called a BE– algebra if following axioms hold: (BE1) x ∗ x = 1, (BE2) x ∗ 1 = 1, (BE3) 1 ∗ x = x, (BE4) x ∗ (y ∗ z) = y ∗ (x ∗ z), for all x, y, z ∈ X.

We introduce a relation ” ≤ ” on X by x ≤ y if and only if x ∗ y = 1. Definition 1.2 ([13]). A BE–algebra X is said to be self distributive if x ∗ (y ∗ z) = (x ∗ y) ∗ (x ∗ z), for all x, y, z ∈ X.

Proposition 1.3 ([16]). Let X be a self distributive. If x ≤ y, then (i) z ∗ x ≤ z ∗ y, and y ∗ z ≤ x ∗ z, (ii) y ∗ z ≤ (z ∗ x) ∗ (y ∗ x), for all x, y, z ∈ X.

Definition 1.4 ([15, 18]). A BE–algebra X is said to be commutative if (x ∗ y) ∗ y = (y ∗ x) ∗ x, for all x, y ∈ X.

Proposition 1.5 ([18]). If X is a commutative BE–algebra, then for all x, y ∈ X, x ∗ y = 1 and y ∗ x = 1 imply x = y.

Proposition 1.6 ([13]). Let X be a BE–algebra. Then

(i) x ∗ (y ∗ x) = 1, (ii) y ∗ ((y ∗ x) ∗ x) = 1, for all x, y ∈ X.

Definition 1.7 ([13]). A subset F of X is called a filter of X if (F1) 1 ∈ F , (F2) x ∈ F and x ∗ y ∈ F imply y ∈ F , for all x, y ∈ X.

Definition 1.8 ([19]). A filter F is said to be normal if it satisfies the following condition:

(NF ) x ∗ y ∈ F ⇒ [(z ∗ x) ∗ (z ∗ y) ∈ F and (y ∗ z) ∗ (x ∗ z) ∈ F ], for all x, y, z ∈ X.

2. Modal BE-algebras Definition 2.1. An algebra (X; ∗, □, 1) of type (2, 1, 0) is called a modal BE– algebra if it satisfies the following: (BE) (X; ∗, 1) is a BE–algebra, (MBE1) □1 = 1, (MBE2) □x ≤ x, (MBE3) □x = □□x, (MBE4) □(x ∗ y) = □x ∗ □y,

From now on, for simply in this section X is a modal BE–algebra, unless otherwise is stated.

Example 2.2. (i). Let X = {1, a, b, c}. Define the operations ” ∗ ” and ”□” on X as follows: ∗ 1 a b c 1 1 a b c a 1 1 1 1 b 1 a 1 c c 1 b 1 1 x 1 a b c □ 1 a c c

Then, (X; ∗, □, 1) is a modal BE–algebra.

(ii). Let X = N and ” ∗ ” be the binary operation on X defined by

x ∗ y = { y, if x = 1, 1, if x ≠ 1.

Then, (X; ∗, 1) is a BE–algebra. Now, if we define the unary operation ”□” such as:_{n−times}

(□ · · · □) x =

1, if x = 1, 2, if x = 2, (x − n) + (n − 1), if x ≠ 1, 2.

Then, (X; ∗, □, 1) is a modal BE–algebra.

Proposition 2.3. Let X be a modal BE–algebra. Then

(i) if x ≤ y, then □x ≤ □y, (ii) □x ∗ □x = 1, (iii) □x ∗ 1 = 1, (iv) 1 ∗ □x = □x, (v) □x ∗ (□y ∗ □z) = □y ∗ (□x ∗ □z), for all x, y, z ∈ X.

For every modal BE–algebra X, put □X = {□x : x ∈ X}. If X is a modal BE–algebra, then □X = X does not hold, necessary. Indeed, in Example 2.2 (i) we have □X = {1, a, c} ≠ X.

Theorem 2.4. Let (X; ∗, 1) be a BE–algebra. Then (□X; ∗, 1) is a BE– algebra.

Proof. By using Proposition 2.3, the proof is clear. □

Definition 2.5. Let (X; ∗, □, 1) be a modal BE–algebra and x, y ∈ X. Modal upper set of x, y is denoted by mA(x, y) and defined as follows:

mA(x, y) = {z ∈ X : x ∗ (y ∗ □z) = 1}.

Obviously, it is a non empty set. Because 1 ∈ mA(x, y).

Remark 2.6. The upper set A(x, y) does not equal to modal upper set mA(x, y). Indeed, in the Example 2.2(i), mA(1, b) = {1, a} ≠ {1, a, b} = A(1, b).

Proposition 2.7. If □y = y, then A(1, y) = mA(1, y), for all x ∈ X. Proof. Let y ∈ X. Then we have A(1, y) = {z ∈ X : y ∗ z = 1}

= {z ∈ X : □(y ∗ z) = 1} = {z ∈ X : □y ∗ □z = 1} = {z ∈ X : y ∗ □z = 1} = mA(1, y). □ Proposition 2.8. mA(x, 1) ⊆ mA(x, y), for all x, y ∈ X. Proof. Let z ∈ mA(x, 1). Then 1 = x ∗ (1 ∗ □z) = x ∗ □z. Now, we get that x ∗ (y ∗ □z) = y ∗ (x ∗ □z) = 1.

Therefore, z ∈ mA(x, y). □ Theorem 2.9. Let X be a modal BE–algebra and x, y ∈ X. Then (i) mA(□x, 1) ⊆ mA(□x, y), (ii) if mA(□x, 1) is a filter of X and y ∈ mA(□x, 1), then mA(□x, y) ⊆ mA(□x, 1).

Proof. (i). Let z ∈ mA(□x, 1). Then □x ∗ (1 ∗ □z) = 1, i.e. □x ∗ □z = 1. Hence □x ∗ (y ∗ □z) = y ∗ (□x ∗ □z) = y ∗ 1 = 1, i.e. z ∈ mA(□x, y).

(ii). Since □x ∗ (1 ∗ □x) = 1, we can see that □x ∈ mA(□x, 1). Now, let y ∈ mA(□x, 1), then we have 1 = □x ∗ □y = □x ∗ (1 ∗ □y) ∈ mA(□x, 1). Thus □y ∈ mA(□x, 1).

Let z ∈ mA(□x, y). Then by using (BE4) 1 = □x ∗ (y ∗ □z) = y ∗ (□x ∗ □z).

Now, by (MBE1), (MBE3) and (MBE4) we get that

1 = □1 = □(y ∗ (□x ∗ □z)) = □y ∗ □(□x ∗ □z) = □y ∗ (□x ∗ □z) ∈ mA(□x, 1).

Hence □x ∗ □z ∈ mA(□x, 1). Thus □z ∈ mA(□x, 1) and so 1 = □x ∗ (1 ∗ □□z) = □x ∗ (1 ∗ □z).

Therefore, z ∈ mA(□x, 1). □ Proposition 2.10. Let F be a filter of X. Then □mA(x, y) ⊆ F , for all x, y ∈ F .

Proof. Let z ∈ □mA(x, y), then there exists a c ∈ mA(x, y) such that z = □c. Hence x ∗ (y ∗ □c) = 1 ∈ F . Thus y ∗ □c ∈ F . Therefore, z = □c ∈ F . □

Theorem 2.11. Let F be a subset of X containing 1. □F is a modal filter if and only if x ≤ y ∗ z imply z ∈ □F , for all x, y ∈ □F .

Proof. Let □F be a modal filter and x ≤ y ∗ z, for all x, y ∈ □F . Since x, y ∈ □F and □F is a modal filter, we have y ∗ z ∈ □F and so z ∈ □F .

Conversely, 1 ∈ □F , since 1 ∈ F . If x, x ∗ y ∈ □F , since x ∗ y ≤ x ∗ y, we can see that by hypothesis y ∈ □F . Then there is a z ∈ F such that y = □z. Therefore, □y = □(□z) = □z = y ∈ □F . □ Theorem 2.12. Let F be a subset of X containing 1. □F is a modal filter of X if and only if x ∈ □F , y ∈ X ∖ □F , then x ∗ y ∈ X ∖ □F . Proof. Assume that □F is a modal filter of X and let x, y ∈ X be such that x ∈ □F and y ∈ X ∖ □F . If x ∗ y /∈ X ∖ □F . Then x ∗ y ∈ □F , i.e. y ∈ □F . which is a contradiction. Hence x ∗ y ∈ X ∖ □F .

Conversely, 1 ∈ F by hypothesis. Let x, x ∗ y ∈ □F . Let y /∈ □F . By assumption x ∗ y ∈ X ∖ F . This is a contradiction. Hence y ∈ □F . Thus there is a z ∈ F such that y = □z. Therefore, □y = □(□z) = □z = y ∈ □F . □ Theorem 2.13. Let F be a modal filter. Then □F = ⋃ x,y∈F

□mA(□x, y).

Proof. Let F be a modal filter of X and consider □z, for z ∈ F . Since □z ∗ (1 ∗ □z) = □z ∗ (1 ∗ □□z) = 1 by (MBE3), we have □z ∈ mA(□z, 1). Now, by Proposition 2.9, we have □z ∈ mA(□z, 1) ⊆ mA(□z, y).

Thus □z = □□z ∈ □mA(□z, 1) ⊆ □mA(□z, y). Therefore, □F ⊆ □mA(□z, y) ⊆ ⋃ y∈F □mA(□z, y).

Now, by Theorem 2.10, □mA(x, y) ⊆ F , for all x, y ∈ F . Thus □mA(□x, y) ⊆ □F , for all x, y ∈ F . Therefore, ⋃ x,y∈F

□mA(□x, y) ⊆ □F . □

Definition 2.14. A (normal)filter F of a modal BE–algebra X is called a modal (normal)BE–filter if it closed under □ (i.e. if x ∈ F , then □x ∈ F , for all x ∈ X).

Example 2.15. In Example 2.2(i), F_1 = {1, a} is a modal BE–filter of X and F_2 = {1, b} is a filter but it is not a modal BE–filter.

Theorem 2.16. If {F_i}_{i∈I} is a family of modal BE–filters of X, then ⋂ i∈I F_i is a modal BE–filter of X, too.

Proposition 2.17. Let X be a modal BE–algebra and ker(□) := {x ∈ X : □x = 1}. Then

(i) ker(□) is a filter of X, (ii) ker(□) is closed under □.

Proof. (i). Since □1 = 1, we have 1 ∈ ker(□). Hence ker(□) is a non-empty set. Now, let x ∗ y ∈ ker(□) and x ∈ ker(□). Thus □(x ∗ y) = □(x) = 1. By using (MBE4) and (BE3) we have

1 = □(x ∗ y) = □x ∗ □y = 1 ∗ □y = □y.

Therefore, y ∈ ker(□).

(ii). Let x ∈ ker(□). Then □x = 1. Using (MBE1) and (MBE3) we have

1 = □1 = □(□x).

Therefore, □x ∈ ker(□). □

Definition 2.18. The ker(□) is called the □–tautology filter related to BE– algebra X or is called a BE–□–tautology filter.

Example 2.19. In Example 2.2(i), F_1 = {1} is a BE–□–tautology filter.

Proposition 2.20. Let [α, 1] = {x ∈ X : α ≤ x ≤ 1}, where X is a commutative self distributive BE–algebra and α ∈ X. Then ker(□_α) = [α, 1], where □_α(x) = α ∗ x.

Proof. Let x ∈ [α, 1]. Then, α ≤ x ≤ 1. Hence by using self distributivity and commutativity 1 = α ∗ α ≤ α ∗ x ≤ α ∗ 1 = 1 and so □_α(x) = α ∗ x = 1. Therefore, x ∈ ker(□_α).

Conversely, let x ∈ ker(□_α). Then □_α(x) = 1, i.e. α ∗ x = 1. Hence α ≤ x and so x ∈ [α, 1]. Therefore, [α, 1] is a BE–□–tautology filter. □

Definition 2.21. An algebra (X; ∗, □, 1) of type (2, 1, 0) is called a dual modal BE–algebra if it satisfies the following: (BE) (X; ∗, 1) is a BE–algebra, (MBE1) □1 = 1, (dMBE2) x ≤ □x, (MBE3) □x = □□x, (MBE4) □(x ∗ y) = □x ∗ □y, for all x, y ∈ X.

Example 2.22. (i). Let X = {1, a, b, c}. Define the operations ” ∗ ” and ”□” on X as follows: ∗ 1 a b c 1 1 a b c a 1 1 1 1 b 1 a 1 c c 1 b 1 1 x 1 a b c □ 1 a 1 1

Then, (X; ∗, □, 1) is a dual modal BE–algebra.

(ii). Let X = N and ” ∗ ” be the binary operation on X defined by

x ∗ y = { y, if x = 1 1, if x ≠ 1 Then, (X; ∗, 1) is a BE–algebra. Now, we define the unary operation ”□” on X as:_{n−times}

(□ · · · □) x = { 1, if x = 1 (x + n) − (n − 1), if x ≠ 1 Therefore, (X; ∗, □, 1) is a dual modal BE–algebra.

Proposition 2.23. Let X be a self distributive BE–algebra. Define □_α(x) = α ∗ x, for all x ∈ X. Then (X; ∗, □_α, 1) is a dual modal BE–algebra. Proof. Clearly, (X; ∗, 1) is a BE–algebra. For (MBE1), we have □_α(1) = α ∗ 1 = 1, by (BE3). Since x ∗ (α ∗ x) = α ∗ (x ∗ x) = α ∗ 1 = 1, we have x ≤ α ∗ x, i.e. x ≤ □_α(x). Hence (dMBE3) is valid. For (MBE4), □_α(□_α(x)) = α ∗ (α ∗ x)) = (α ∗ α) ∗ (α ∗ x) = 1 ∗ (α ∗ x) = α ∗ x = □_α(x). Also, □_α(x ∗ y) = α ∗ (x ∗ y) = (α ∗ x) ∗ (α ∗ y) = □_α(x) ∗ □_α(y). □

3. Quotient modal BE–algebra For a modal normal BE–filter F of X we define the binary relation ∼_F in the following way:

x ∼_F y ⇔ x ∗ y ∈ F and y ∗ x ∈ F.

Clearly ∼_F is reflexive and symmetry. Now, let x ∼_F y and y ∼_F z. Then x ∗ y, y ∗ x, y ∗ z, z ∗ y ∈ F . Since F is a normal filter, (y ∗ z) ∗ (x ∗ z) ∈ F . Hence x ∗ z ∈ F . By a similar way, z ∗ x ∈ F . Consequently, x ∼_F z. So, ∼_F is a transitive relation. Thus ∼_F is an equivalence relation on X. Theorem 3.1. [19] Let F be a normal filter of a BE–algebra X. Then ∼_F is a congruence relation on X.

We have F_x = {y ∈ X : x ∼_F y} Also, define the operations ”□” and ” ∗ ” on congruence classes as follows: □F_x = F_{□x} and F_x ∗ F_y = F_{x∗y}.

We show that □ and ∗ on congruence classes are well defined. Let F_x = F_y. Then x ∼_F y and y ∼_F x, i.e. x ∗ y, y ∗ x ∈ F . We get that □x ∗ □y = □(x ∗ y) ∈ F and □y ∗ □x = □(y ∗ x) ∈ F , since F is a modal filter. Therefore, □x ∼_F □y, i.e. F_{□x} = F_{□y}. Equivalently, □F_x = □F_y. Also, let F_x = F_y and F_u = F_v, i.e. x ∼_F y, y ∼_F x and u ∼_F v, v ∼_F u. Hence x ∗ y, y ∗ x ∈ F and u ∗ v, v ∗ u ∈ F . Since F is a normal filter, (z ∗ x) ∗ (z ∗ y), (z ∗ y) ∗ (z ∗ x) ∈ F . Therefore, z ∗ x ∼_F z ∗ y. By a similar way x ∗ z ∼_F y ∗ z. Now, x ∗ u ∼_F y ∗ u and y ∗ u ∼_F y ∗ v. Since ∼_F is transitive, we have x ∗ u ∼_F y ∗ v. Therefore, F_{x∗u} = F_{y∗v}, i.e. F_x ∗ F_u = F_y ∗ F_v. Set^X_{∼F} := {[x] : x ∈ X} = {F_x : x ∈ X}. It can be easily seen that F_1 = F . Since: x ∈ F_1 ⇔ x ∼_F 1 ⇔ x ∗ 1 = 1, 1 ∗ x = x ∈ F ⇔ x ∈ F, we define a binary operation ” ∗ ” on^X_{∼F} as follows: F_x ∗ F_y = F_{x∗y} and □F_x = F_{□x}.

We saw in above, this binary operation is well-defined.

We can define an order such as ” ≤ ” on^X_{∼F} as follows: F_x ≤ F_y ⇔ x ∗ y = 1.

Theorem 3.2. (^X_{∼F} ; ∗, □, F ) is a modal BE–algebra.

Proof. By Proposition 3.11 of [19], (^X_{∼F} ; ∗, F_1) is a BE–algebra, (MBE1) □F_1 = F_{□1} = F_1 = F = 1 X_{∼F} , (MBE2) □F_x = F_{□x} ≤ F_x, since □x ∗ x = 1, (MBE3) □F_x = F_{□x} = F_{□□x} = □F_{□x} = □□F_x, (MBE4) □(F_x ∗ F_y) = □F_{x∗y} = F_{□(x∗y)} = F_{□x∗□y} = F_{□x} ∗ F_{□y} = □F_x ∗ □F_y. □ Theorem 3.3. Let F be a modal normal BE–filter of a commutative modal BE–algebra X. Then (^X_{∼F} ; ∗, □, F ) is a commutative modal BE–algebra.

Proof. Let F_x, F_y ∈^X_{∼F} . Then (F_x ∗ F_y) ∗ F_y = (F_{x∗y}) ∗ F_y = F_{(x∗y)∗y} = F_{(y∗x)∗x} = F_{y∗x} ∗ F_x = (F_y ∗ F_x) ∗ F_x. □ Example 3.4. Let X = {1, a, b, c}. Define the operations ” ∗ ” and ”□” on X as follow: ∗ 1 a b c 1 1 a b c a 1 1 1 1 b 1 a 1 c c 1 b 1 1 x 1 a b c □ 1 a b a

Then (X; ∗, □, 1) is a modal BE–algebra, F = {1, b} is a modal normal BE– filter, F_1 = {b, 1} = F , F_a = {a, c}, F_b = {b, c, 1} and F_c = {a, c}. Hence

(^X_{∼F} ; ∗, □, F_1 = F ) is a modal BE–algebra, where^X_{∼F} = {{b, 1}, {a, c}, {b, c, 1}} with the following table: ∗ F_1 F_a F_b F_1 F_1 F_a F_b F_a F_1 F_1 F_1 F_b F_1 F_a F_1 Let (X; ∗, □, 1) be a dual modal BE–algebra. We define F_x = {y ∈ X : x ∼_F y} Also, define the operations ”□” and ” ∗ ” on congruence classes as follows: □F_x = F_{□x} and F_x ∗ F_y = F_{x∗y}.

Then by a similar way (^X_{∼F} ; ∗, □, F ) is a dual modal BE–algebra. Because, it remains only to prove the condition (dMBE2). Since x ∗ □x = 1, we get F_x ≤ □F_x = F_{□x}.

Theorem 3.5. Let X be a modal BE–algebra. Then (^X_{∼F} ; ∗, □, F ) is a dual modal BE–algebra if and only if the relation ≤ has been defined as follows: F_x ≤ F_y ⇐⇒ y ∗ x = 1.

Proof. Since X is a modal BE–algebra, we have □x ∗ x = 1. Thus F_x ≤ F_{□x} = □F_x. Therefore, the condition (dMBE2) is valid. □ Theorem 3.6. Let (X; ∗, □, 1) be a dual modal BE–algebra. Let the relation ≤ has been defined as F_x ≤ F_y ⇐⇒ y ∗ x = 1.

Then (^X_{∼F} ; ∗, □, F ) is a modal BE–algebra. In particular, if (X; ∗, □, 1) is a commutative dual modal BE–algebra and the operator □ is one-to-one, then the structure (X; ∗, □, 1) is a modal BE–algebra.

Proof. Clearly (^X_{∼F} ; ∗, □, F ) is a modal BE–algebra by Theorem 3.2. Since X is a commutative BE-algebra then every filter is a normal filter. Hence, F_1 = {1} is a normal filter. Now, let F_x = {y ∈ X : x ∼_F y and □x = □y}.

Hence the equivalence class F_x = {x} (in particular F_1 = {1}), since □ is one-to-one. Thus the natural map π : X →^X_{∼F1} where π(x) = [x]_{F1} , is an isomorphism. Now, we can easily see that (X; ∗, □, 1) is a modal BE–algebra. □ 4. Conclusion and future research In this paper, we introduced the notion of modal BE–algebras and get some results.

In the future work, we try assemble of calculus relative to different kinds of modal algebraic structure.

Acknowledgment

The authors are highly thankful to the anonymous referees for their insightful comments and valuable suggestions.

References

[1] S. Abramsky, D. M. Gabbay, and T. S. E. Maibaum, editors. Handbook of Logic in Computer Science, volume Volume 5. Algebraic and Logical Structures. Oxford Science Publications, 2001.

[2] S. S. Ahn, Y. H. Kim, and J. M. Ko. Filters in commutative BE-algebras. Commun.

Korean Math. Soc., 27(2):233–242, 2012.

[3] S. S. Ahn and K. S. So. On ideals and upper sets in BE-algebras. Sci. Math. Jpn., 68(2):279–285, 2008.

[4] S. S. Ahn and K. S. So. On generalized upper sets in BE-algebras. Bull. Korean Math.

Soc., 46(2):281–287, 2009.

[5] M. Baaz. Infinite-valued Gödel logics with 0-1-projections and relativizations. In Gödel ’96 (Brno, 1996), volume 6 of Lecture Notes Logic, pages 23–33. Springer, Berlin, 1996.

[6] R. Belohlávek and V. Vychodil. Fuzzy equational logic, volume 186 of Studies in Fuzziness and Soft Computing. Springer, 2005.

[7] A. Borumand Saeid, A. Rezaei, and R. A. Borzooei. Some types of filters in BEalgebras. Math. Comput. Sci., 7(3):341–352, 2013.

[8] R. A. Borzooei, A. Borumand Saeid, A. Rezaei, and R. Ameri. States on BE-algebras.

Kochi J. Math., 9:27–42, 2014.

[9] D. M. Gabbay, C. J. Hogger, and J. A. Robinson, editors. Handbook of logic in artificial intelligence and logic programming. Oxford Science Publications. The Clarendon Press, Oxford University Press, New York, 1994. Deduction methodologies.

[10] D. M. Gabbay, A. Kurucz, F. Wolter, and M. Zakharyaschev. Many-dimensional modal logics: theory and applications, volume 148 of Studies in Logic and the Foundations of Mathematics. North-Holland Publishing Co., Amsterdam, 2003.

[11] P. Hájek. Metamathematics of fuzzy logic, volume 4 of Trends in Logic—Studia Logica Library. Kluwer Academic Publishers, Dordrecht, 1998.

[12] M. Harlenderová and J. Rachůnek. Modal operators on MV-algebras. Math. Bohem., 131(1):39–48, 2006.

[13] H. S. Kim and Y. H. Kim. On BE-algebras. Sci. Math. Jpn., 66(1):113–116, 2007. [14] H. Ono. Modalities in substructural logic, 2005. A preliminary report proceeding of the th^{39} MLG meeting at Gamagori, Japan, 36-38.

[15] A. Rezaei and A. Borumand Saeid. Commutative ideals in BE-algebras. Kyungpook Math. J., 52(4):483–494, 2012.

[16] A. Rezaei and A. Borumand Saeid. Some results in BE-algebras. An. Univ. Oradea Fasc. Mat., 19(1):33–44, 2012.

[17] A. Rezaei, A. Borumand Saeid, and R. A. Borzooei. Relation between Hilbert algebras and BE-algebras. Appl. Appl. Math., 8(2):573–584, 2013.

[18] A. Walendziak. On commutative BE-algebras. Sci. Math. Jpn., 69(2):281–284, 2009. [19] A. Walendziak. On normal filters and congruence relations in BE-algebras. Comment.

Math., 52(2):199–205, 2012.

Received March 16, 2014.

Omid Yousefi Kia, Department of Mathematics, Shahid Bahonar University of Kerman, Kerman, Iran E-mail address: omidyk2011@gmail.com

Arsham Borumand Saeid, Department of Pure Mathematics, Faculty of Mathematics and Computer, Shahid Bahonar University of Kerman, Kerman, Iran E-mail address: arsham@uk.ac.ir

Akbar Rezaei, Department of Mathematics, Payame Noor University, p.o.box. 19395-3697, Tehran, Iran E-mail address: Rezaei@pnu.ac.ir