Acta Mathematica Academiae Paedagogicae Nyíregyháziensis 31 (2015), 273–283

www.emis.de/journals
ISSN 1786-0091

ON CHARACTER AND APPROXIMATE CHARACTER AMENABILITY OF VARIOUS SEGAL ALGEBRAS

O. T. MEWOMO, S. M. MAEPA, AND M. O. UWALA

Abstract. We investigate character and approximate character amenability of various Segal algebras in both the group algebra L^1(G), and the Fourier algebra A(G), of a locally compact group G.

1. Introduction

The notion of amenability in Banach algebra was initiated by Johnson in [15]. Since then, amenability has become a major issue in Banach algebra theory and in harmonic analysis. For details on amenability in Banach algebras see [20].

In [11] Ghahramani and Loy introduced generalized notions of amenability with the hope that it will yield Banach algebra without bounded approximate identity which nonetheless had a form of amenability. All known approximate amenable Banach algebras have bounded approximate identities until recently when Ghahramani and Read in [12] give examples of Banach algebras which are boundedly approximately amenable but which do not have bounded approximate identities. This answers a question open since the year 2004 when Ghahramani and Loy founded the notion of approximate amenability.

Let A be a Banach algebra over C and φ: A → C be a character on A, that is, an algebra homomorphism from A into C, and let Φ_A denote the character space of A. In [22], Monfared introduced the notion of character amenability in Banach algebras. His definition of this notion requires continuous derivations from A into dual Banach A-bimodules to be inner, but only those modules are concerned where either of the left or right module action is defined by characters on A. As such character amenability is weaker than the classical amenability introduced by Johnson in [15], so all amenable Banach algebras are character amenable.

2010 Mathematics Subject Classification. 46H20, 46H10, 46H25.

Key words and phrases. Banach algebra, Segal algebra, approximately left character amenable, approximately right character amenable, approximately character amenable. 273

In [21], Mewomo and Okoli applied the concept of approximate amenability to that of character amenability and introduced the notions of approximate left character amenability, approximately right character amenability and approximately character amenability. They developed general theory on these notions and studied them for Banach algebras defined over locally compact groups and second duals of Banach algebras.

In [1], the authors considered the character amenability and contractibility of abstract Segal algebras. In this paper, we shall extend the work in [1] and [21] by studying the character and approximate character amenability of various Segal algebras in both the group algebra L^1(G) and the Fourier algebra A(G) of a locally compact group G.

2. Preliminaries

First, we recall some standard notions; for further details, see [4], [6] and [20].

Let A be an algebra. The character space of A is denoted by Φ_A. Let X be an A-bimodule. A derivation from A to X is a linear map D : A → X such that D(ab) = D(a) · b + a · D(b) (a, b ∈ A) .

For example, for x ∈ X, the map δ_x : A → X defined by

δ_x(a) = a · x − x · a (a ∈ A)

is a derivation; derivations of this form are called the inner derivations.

Let A be a Banach algebra, and let X be an A-bimodule. Then X is a Banach A-bimodule if X is a Banach space and if there is a constant k > 0 such that

‖a · x‖ ≤ k ‖a ‖ ‖x‖ , ‖x · a‖ ≤ k ‖a ‖ ‖x‖ (a ∈ A, x ∈ X) .

By renorming X, we can suppose that k = 1. For example, A itself is Banach A-bimodule, and X^′, the dual space of a Banach A-bimodule X, is a Banach A-bimodule with respect to the module operations specified for by

⟨x, a · λ⟩ = ⟨x · a, λ⟩, ⟨x, λ · a⟩ = ⟨a · x, λ⟩ (x ∈ X)

for a ∈ A and λ ∈ X^′; we say that X^′ is the dual module of X.

Let A be a Banach algebra, and let X be a Banach A-bimodule. Then Z^1(A, X) is the space of all continuous derivations from A into X, N^1(A, X) is the space of all inner derivations from A into X, and the first cohomology group of A with coefficients in X is the quotient space

H^1(A, X) = Z^1(A, X)/N^1(A, X) .

The Banach algebra A is amenable if H^1(A, X^′) = {0} for each Banach Abimodule X.

A derivation D : A → X is approximately inner if there is a net (x_v) in X such that D(a) = lim_v (a · x_v − x_v · a) (a ∈ A),

the limit being taken in (X, ‖.‖). That is, D(a) = lim_v δ_{xv} (a), where (δ_{xv} ) is a net of inner derivations. The Banach algebra A is approximately amenable if, for each Banach A-bimodule X, every continuous derivation D : A → X^′ is approximately inner.

We let M^A_{φr} denote the class of Banach A- bimodule X for which the right module action of A on X is given by x · a = φ(a)x (a ∈ A, x ∈ X, φ ∈ Φ_A), and M^A_{φl} denote the class of Banach A- bimodule X for which the left module action of A on X is given by a · x = φ(a)x (a ∈ A, x ∈ X, φ ∈ Φ_A). If the right module action of A on X is given by x · a = φ(a)x, then it is easy to see that the left module action of A on the dual module X^′ is given by a · f = φ(a)f (a ∈ A, f ∈ X^′, φ ∈ Φ_A). Thus, we note that X ∈ M^A_{φr} (resp. X ∈ M^A_{φl} ) if and only if X^′ ∈ M^A_{φl} (resp. X^′ ∈ M^A_{φr} ).

Let A be a Banach algebra and let φ ∈ Φ_A, we recall from [14], see also [22]: (i) A is left φ-amenable if every continuous derivation D : A → X^′ is inner for every X ∈ M^A_{φr} (ii) A is right φ-amenable if every continuous derivation D : A → X^′ is inner for every X ∈ M^A_{φl} (iii) A is left character amenable if it is left φ-amenable for every φ ∈ Φ_A (iv) A is right character amenable if it is right φ-amenable for every φ ∈ Φ_A (v) A is character amenable if it is both left and right character amenable. Also, we recall the following definitions from [21].

Definition 2.1. Let A be a Banach algebra and let φ ∈ Φ_A. Then we say that

(i) A is approximately left φ-amenable if every continuous derivation D : A → X^′ is approximately inner for every X ∈ M^A_{φr} ;

(ii) A is approximately right φ-amenable if every continuous derivation D : A → X^′ is approximately inner for every X ∈ M^A_{φl} ;

(iii) A is approximately left character amenable if it is approximately left φ-amenable for every φ ∈ Φ_A;

(iv) A is approximately right character amenable if it is approximately right φ-amenable for every φ ∈ Φ_A;

(v) A is approximately character amenable if it is both approximately left and approximately right character amenable.

Clearly, approximate character amenability is weaker than character amenability, approximate amenability, and amenability, and so, every character amenable, approximately amenable and amenable Banach algebra is approximately character amenable.

Let G be a locally compact group. We denote by L^1(G) the group algebra of G. This is the Banach space

{f : G → C, f measurable : ‖f‖_1 := ∫ G |f(t)|dμ(t) < ∞},

where μ denotes left Haar measure on G and we equate functions that are equal almost everywhere with respect to μ. The product on L^1(G) is defined by (f ∗ g)(t) = ∫ G f(s)g(s^{−1}t)dμ(s) (t ∈ G, f, g ∈ L^1(G)).

(L^1(G), ∗, ‖f‖_1) is a Banach algebra. In the case where G is discrete, we write l^1(G) for L^1(G). For details, see [4]. We also denote by A(G), the Fourier algebra on G. it is well known that that A(G) ∼= L^1(Ĝ) when G is abelian and Ĝ is its dual group.

3. Basic properties and results on algebras over locally compact group

The following result is useful in this work, and it is from [21].

Theorem 3.1. Let A be an approximately left character amenable Banach algebra and let I be a weakly complemented left ideal of A. Then I has a right approximate identity. In particular, I^2 = I.

Proposition 3.2. Each Finite-dimensional, approximately left character amenable Banach algebra is semisimple, and hence amenable.

Proof. Let A be a finite-dimensional Banach algebra with radical R. Since A is finite-dimensional, R is nilpotent, and R and R^2 are closed ideals in A. Since A is assume to be approximately left character amenable, then R^2 = R by Theorem 3.1 and so R^2 = R. Thus R^n = R for each n ∈ N, and so R = {0}. Thus A is semisimple and hence amenable. □

The next results follow from [22, Theorem 2.6 (i) and Theorem 2.3] and the fact any statement about left character amenability turns into an analogous statement about right character amenability.

Proposition 3.3. (i) Let A and B be Banach algebras. Suppose A is character amenable and τ : A → B is a continuous homomorphism with τ(A) = B, then B is character amenable.

(ii) Each character amenable Banach algebra has a bounded approximate identity, and hence factors.

Proposition 3.4. Let S be any infinite set, then l^1(S) is not approximately character amenable.

Proof. Suppose l^1(S) is approximately character amenable. Since S is infinite, there is a continuous epimorphism τ : l^1(S) → l^1(N), and so l^1(N) is approximately character amenable by [21, Corollary 3.7]. This is a contradiction because l^1(N) does not have a left approximate identity, so by [21, Proposition 3.4 (iii)], l^1(S) is not approximately character amenable. □

For a locally compact group G. The amenability, approximate amenability and character amenability version of the result below on the group algebra L^1(G) has been proved in [15, Theorem 2.5], [11, Theorem 3.2] and [22, Corollary 2.4] respectively. With these results, it follows that the amenability, approximate amenability and character amenability of L^1(G) as a Banach algebra is equivalent to the amenability of G as a group. The proofs of the amenability, approximate amenability and character amenability cases carries over. Thus, the proof is similar to the argument used in [11, Theorem 3.2] and the famous result of Johnson [15, Theorem 2.5] to the effect that G is amenable if and only if L^1(G) is amenable.

Theorem 3.5. Let G be a locally compact group. Then L^1(G) is approximately character amenable if and only if G is amenable.

The next result describes an hereditary property of approximate character amenability of Fourier algebra A(G). There is no known example of a locally compact group G, for which A(G) does not have an approximate identity. In fact, Leptin’s theorem asserts that A(G) has a bounded approximate identity whenever G is amenable [18].

Proposition 3.6. Let G be a locally compact group such that A(G) has an approximate identity. Suppose H is a closed subgroup of G and A(G) is approximately character amenable, then A(H) is approximately character amenable.

Proof. By [9, Lemma 3.8], A(H) is a quotient of A(G), thus, the result follows from [21, Corollary 3.8]. □

4. Character amenability of Segal algebras

In this section, we shall consider the character amenability properties of some Segal algebras. Segal algebras were first defined by Reiter for group algebras, see [24] and [25]. For the definition of abstract Segal algebras given below see [17].

Let A be a Banach algebra with norm ‖.‖_A and let B be a dense left ideal in A such that

(i) B is a Banach algebra with respect to some norm ‖.‖_B, (ii) there is a constant K > 0 such that

‖b‖_A ≤ K‖b‖_B ∀b ∈ B,

(iii) there is a constant C > 0 such that

‖ab‖_B ≤ C‖a‖_A‖b‖_B ∀a, b ∈ B.

Then we recall from [17] that B is called an abstract Segal algebra in A.

In the case A = L^1(G), we write S^1(G) instead of B and further insist that S^1(G) is closed under left translation; L_xf ∈ S^1(G) for all x ∈ G and f ∈ S^1(G), where L_xf(y) = f(x^{−1}y) for y ∈ G. By well-known techniques, conditions (i)-(iii) above on B = S^1(G), is equivalent to the map

(x, f) → L_xf : G × S^1(G) → S^1(G) is continuous with ‖L_xf‖_S1_{(G)} = ‖f‖_S1_{(G)} for f ∈ S^1(G), x ∈ G.

Every Segal algebra S^1(G) is an abstract Segal algebra in L^1(G) but not conversely. It is shown in [25] that every Segal algebra has a left approximate identity which is bounded in L^1− norm and that it can never have a bounded approximate identity unless it coincides with L^1(G).

For a locally compact group G, we recall from [10] that a Lebesgue-Fourier algebra LA(G) of a locally compact group G is

LA(G) = L^1(G) ∩ A(G), where ‖|f‖| = ‖f‖_1 + ‖f‖_{A(G)} (f ∈ LA(G)), and where the product is the convolution product. As shown in [10], pointwise product also provides a Banach algebra structure on LA(G).

It was also shown in [10], that (LA(G), ‖|.‖|) with convolution product is a Segal algebra in L^1(G) and that (LA(G), ‖|.‖|) with pointwise multiplication is a commutative abstract Segal algebra in A(G).

The following useful results are from [10].

Proposition 4.1. Let G be a locally compact group. The following are equivalent:

(i) G is discrete (ii) LA(G) = L^1(G) (iii) LA(G) with convolution product has a bounded approximate identity.

Proposition 4.2. Let G be a locally compact group. The following are equivalent:

(i) G is compact (ii) LA(G) = A(G) (iii) LA(G) with pointwise product has a bounded approximate identity.

With the above results, we have our results for this section.

Proposition 4.3. Let G be a locally compact group. The following statements are equivalent:

(i) LA(G) with convolution product is character amenable (ii) G is discrete and amenable.

Proof. (i) =⇒ (ii). Since LA(G) is character amenable, then it is both left and right character amenable, and so it has a bounded left and bounded right approximate identities by [22, Theorem 2.3], thus it has a bounded approximate identity by [2, Proposition 11.6], see also [8, Proposition 2.6]. Hence G is discrete by Proposition 4.1 and LA(G) = l^1(G). Now the identity map is a topological isomorphism of LA(G) onto the group algebra l^1(G). Hence l^1(G) is character amenable also, and so the discrete group G is amenable by [22, Corollary 2.4].

(ii) =⇒ (i). If G is discrete and amenable, then l^1(G) is character amenable by [22, Corollary 2.4] and l^1(G) = LA(G) by Proposition 4.1, and so LA(G) is character amenable. □

Proposition 4.4. Let G be a locally compact group. The following statements are equivalent:

(i) LA(G) with pointwise product is character amenable (ii) G is compact, amenable and the Fourier algebra A(G) is character amenable.

Proof. (i) =⇒ (ii). Using argument similar to the proof of Proposition 4.3, LA(G) has a bounded approximate identity since it is character amenable. Hence G is compact by Proposition 4.2 and LA(G) = A(G). Thus the norms ‖|.‖| and ‖.‖_{A(G)} are equivalent by the open mapping theorem and so A(G) is character amenable. Thus the compact group G is amenable [22, Corollary 2.4].

(ii) =⇒ (i). If G is compact, amenable and A(G) is character amenable, then LA(G) = A(G) by Proposition 4.2 and A(G) is amenable by [22, Corollary 2.4]. □

Another examples of Segal algebras are the algebras S_p(G) which were studied in [7]. We recall from [7] that for a locally compact group G, and 1 ≤ p < ∞, S_p(G) = {f ∈ L^1(G) : f̂ ∈ L^p(Γ)} and ‖f‖_p = ‖f‖_1 + ‖f̂‖_p (f ∈ S_p(G)), where Γ denotes the dual group, and for f ∈ L^1(G) the Fourier transform of f on Γ is noted by F(f) = f̂. The algebras (S_p(G), ‖.‖_p) are Segal algebras on G. For further details see [25] and [23].

Proposition 4.5. Let G and H be locally compact abelian groups, and let 1 ≤ p < ∞. Suppose S_p(G) and S_p(H) are character amenable. Then S_p(G × H) is character amenable.

Proof. Since S_p(G) and S_p(H) are character amenable, then S_p(G) ^⊗S_p(H) is character amenable by [21, Corollary 3.11]. It was shown in [7] that S_p(G) ^⊗S_p(H) ∼= S_p(G × H) and that the continuous linear map

T : S_p(G) ^⊗S_p(H) → S_p(G × H)

defined by T (f ⊗ g) = f ⊗ g for f ∈ S_p(G) and g ∈ S_p(H) is a homomorphism with S_p(G) ^⊗S_p(H) = S_p(G × H) (i.e. the image of T is dense in S_p(G × H)). Thus, the result follows by Theorem 3.3(i). □

5. Approximately character amenability of Segal algebras

Theorem 5.1. Let A be a Banach algebra and B an abstract Segal algebra in A. Suppose B does not consist of left and right topological divisors of zero. Then the following statements are equivalent:

(i) B is approximately character amenable; (ii) A = B, and A is approximately character amenable;

(iii) A is Banach algebra isomorphic to B and A is approximately character amenable.

Proof. (i) =⇒ (ii). Since B is approximately character amenable, then B has left and right approximate identities [21, Proposition 3.4], and since B does not consist of left and right topological divisors of zero, then [19, Proposition 3] shows that B has a bounded approximate identity (e_v). B is an abstract Segal algebra in A implies, there exists C > 0, such that

‖ab‖_B ≤ C‖a‖_A‖b‖_B (a, b ∈ B),

and there exists M > 0, such that

‖a‖_A ≤ M‖a‖_B (a ∈ B) (5.1).

Thus, for each a ∈ B, we have

‖a‖_B = lim_v ‖ae_v‖_B ≤ C‖a‖_A lim inf_v ‖e_v‖_B ≤ C ( sup_v ‖e_v‖_B ) ‖a‖_A (5.2).

And so, from (5.1) and (5.2), we have that ‖.‖_A and ‖.‖_B are equivalent on B. Since B is dense in A, It follows that A = B and A is approximately character amenable.

(ii) =⇒ (iii). Since B is an abstract Segal algebra in A, there exists M > 0, such that ‖a‖_A ≤ M‖a‖_B (a ∈ A). Thus B is a Banach algebra isomorphic to A by the open mapping theorem.

(iii) =⇒ (i). This is trivial. □

Let A be a Banach algebra and B an abstract Segal algebra in A. it was shown in [1, Lemma 2.2] that Φ_B = {φ | B : φ ∈ Φ_A}. Using exactly the same argument as in the proof of [1, Proposition 2.3] in conjunction with [21, Theorem 3.3], we have the following result.

Proposition 5.2. Let A be a Banach algebra, B an abstract Segal algebra in A and φ ∈ Φ_A. Then A is approximately left [right] φ-amenable if and only if B is approximately left [right] φ | B-amenable.

Corollary 5.3. Let A be a Banach algebra, B an abstract Segal algebra in A. Suppose A is approximately character amenable. Then B is approximately φ-amenable for all φ ∈ Φ_B . Moreover, B is approximately character amenable if and only if A = B.

Proof. Follows from Proposition 5.2. □

Proposition 5.4. Let G be an amenable locally compact group. Then the Segal algebra S^1(G) in L^1(G) is approximately φ-amenable for all φ ∈ Φ_S1_{(G)}. Moreover, S^1(G) is approximately character amenable if and only if S^1(G) = L^1(G).

Proof. Since G is amenable, then L^1(G) is approximately character amenable by Theorem 3.5. Thus the result follows from Corollary 5.3. □

Proposition 5.5. Let G be a locally compact group. Suppose S^1(G) is approximately character amenable, then G is an amenable group.

Proof. Let I_0 = {f ∈ L^1(G) : ∫ G f(x)dx = 0} be the augmentation ideal in L^1(G), and let I = I_0 ∩ S^1(G). Then I is a codimension - 1 two-sided ideal in S^1(G). Since S^1(G) is approximately character amenable, then I has a right approximate identity by Theorem 3.1. Hence [17, Proposition 2.7] shows that I_0 must also have a right approximate identity. This implies that G is amenable by [26, Theorem 5.2]. □

Finally, by using Proposition 3.4, we show that the Feichtinger Segal algebra on an infinite compact abelian group G is not approximately character amenable. For the definition and details on Feichtinger Segal algebra see [24].

Proposition 5.6. The Feichtinger algebra on an infinite compact abelian group is not approximately character amenable.

Proof. For a compact and abelian group G, the Feichtinger algebra on G is

S_0(G) = {f = ∑ γ∈Ĝ

C_γ X_γ : ‖f‖ = ∑ γ∈Ĝ

|C_γ| < ∞},

where X_γ is the character of G associated with γ ∈ Ĝ.

Hence S_0(G) ∼= l^1(Ĝ), where l^1(Ĝ) is equipped with the pointwise product. But by Proposition 3.4, l^1(S) is not approximately character amenable if S is an infinite set. So S_0(G) is not approximately character amenable. □

Acknowledgement

This work was initiated during a visit of the first author to the University of Pretoria, South Africa. He thanks the University of Pretoria and the Department of Mathematics and Applied Mathematics for their support and hospitality. The authors thank the referee for valuable comments.

References

[1] M. Alaghmandan, R. Nasr-Isfahani, and M. Nemati. Character amenability and contractibility of abstract Segal algebras. Bull. Aust. Math. Soc., 82(2):274–281, 2010.

[2] F. F. Bonsall and J. Duncan. Complete normed algebras. Springer-Verlag, New York- Heidelberg, 1973. Ergebnisse der Mathematik und ihrer Grenzgebiete, Band 80.

[3] J. T. Burnham. Closed ideals in subalgebras of Banach algebras. I. Proc. Amer. Math.

Soc., 32:551–555, 1972.

[4] H. G. Dales. Banach algebras and automatic continuity, volume 24 of London Mathematical Society Monographs. New Series. The Clarendon Press, Oxford University Press, New York, 2000. Oxford Science Publications.

[5] H. G. Dales, F. Ghahramani, and A. Y. Helemskii. The amenability of measure algebras.

J. London Math. Soc. (2), 66(1):213–226, 2002.

[6] H. G. Dales and A. T.-M. Lau. The second duals of Beurling algebras. Mem. Amer.

Math. Soc., 177(836):vi+191, 2005.

[7] H. G. Dales and S. S. Pandey. Weak amenability of Segal algebras. Proc. Amer. Math.

Soc., 128(5):1419–1425, 2000.

[8] R. S. Doran and J. Wichmann. Approximate identities and factorization in Banach modules, volume 768 of Lecture Notes in Mathematics. Springer-Verlag, Berlin-New York, 1979.

[9] B. Forrest. Amenability and bounded approximate identities in ideals of A(G). Illinois J. Math., 34(1):1–25, 1990.

[10] F. Ghahramani and A. T. M. Lau. Weak amenability of certain classes of Banach algebras without bounded approximate identities. Math. Proc. Cambridge Philos. Soc., 133(2):357–371, 2002.

[11] F. Ghahramani and R. J. Loy. Generalized notions of amenability. J. Funct. Anal., 208(1):229–260, 2004.

[12] F. Ghahramani and C. J. Read. Approximate identities in approximate amenability. J.

Funct. Anal., 262(9):3929–3945, 2012.

[13] E. Hewitt and K. A. Ross. Abstract harmonic analysis. Vol. I, volume 115 of Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences]. Springer-Verlag, Berlin-New York, second edition, 1979. Structure of topological groups, integration theory, group representations.

[14] Z. Hu, M. S. Monfared, and T. Traynor. On character amenable Banach algebras. Studia Math., 193(1):53–78, 2009.

[15] B. E. Johnson. Cohomology in Banach algebras. American Mathematical Society, Providence, R.I., 1972. Memoirs of the American Mathematical Society, No. 127.

[16] E. Kaniuth, A. T. Lau, and J. Pym. On ϕ-amenability of Banach algebras. Math. Proc.

Cambridge Philos. Soc., 144(1):85–96, 2008.

[17] M. Leinert. A contribution to Segal algebras. Manuscripta Math., 10:297–306, 1973. [18] H. Leptin. Sur l’algèbre de Fourier d’un groupe localement compact. C. R. Acad. Sci.

Paris Sér. A-B, 266:A1180–A1182, 1968.

[19] R. J. Loy. Identities in tensor products of Banach algebras. Bull. Austral. Math. Soc., 2:253–260, 1970.

[20] O. T. Mewomo. Various notions of amenability in Banach algebras. Expo. Math., 29(3):283–299, 2011.

[21] O. T. Mewomo and N. B. Okelo. On approximate character amenability of Banach algebras. J. Nigerian Math. Soc., 32:303–315, 2013.

[22] M. S. Monfared. Character amenability of Banach algebras. Math. Proc. Cambridge Philos. Soc., 144(3):697–706, 2008.

[23] H. Reiter. L^1-algebras and Segal algebras. Lecture Notes in Mathematics, Vol. 231.

Springer-Verlag, Berlin-New York, 1971.

[24] H. Reiter and J. D. Stegeman. Classical harmonic analysis and locally compact groups, volume 22 of London Mathematical Society Monographs. New Series. The Clarendon Press, Oxford University Press, New York, second edition, 2000.

[25] H. Reiter and J. D. Stegeman. Classical harmonic analysis and locally compact groups, volume 22 of London Mathematical Society Monographs. New Series. The Clarendon Press, Oxford University Press, New York, second edition, 2000.

[26] G. A. Willis. Approximate units in finite codimensional ideals of group algebras. J.

London Math. Soc. (2), 26(1):143–154, 1982.

Received March 29, 2013.

O. T. Mewomo, School of Mathematics, Statistics and Computer Science, University of Kwazulu-Natal, Durban, South Africa E-mail address: mewomoo@ukzn.ac.za

S. M. Maepa, Department of Mathematics and applied Mathematics, University of Pretoria, Pretoria, South Africa E-mail address: charles.maepa@up.ac.za

M. O. Uwala, Department of Mathematics, Federal University of Agriculture, 2240, Abeokuta, Nigeria E-mail address: mosopsj2c@yahoo.com