Acta Mathematica Academiae Paedagogicae Nyíregyháziensis 31 (2015), 285–295

www.emis.de/journals
ISSN 1786-0091

ITERATIVE ALGORITHMS FOR DETERMINING MULTIPLICATIVE INVERSES IN BANACH ALGEBRAS

CHIAPO R. SAM

Abstract. By using Banach’s fixed point theorem and properties of strong derivatives of nonlinear mappings, we prove some convergence theorems and error estimations of a family of iterative methods of arbitrary order for determining the inverse elements in a unital Bananch algebra.

1. Introduction

Finding the inverse of an element occurs quite often when solving mathematical problems. In most cases it is not possible to find an exact value of the inverse so numerical methods have to be used. The iterative method introduced by Schulz in 1963 to find the inverse of a non-singular matrix is defined as follows.

Let A be a non-singular square matrix and B_0 be the initial approximation of A^{−1}. (B_0 can be obtained by Gauss- Jordan method or any other direct method for inverting matrices). One forms C_0 = I − AB_0 with ‖C_0‖ ≤ 1 (for some matrix norm) and then

B_1 = B_0(I + C_0), C_1 = I − AB_1 B_2 = B_1(I + C_1), C_2 = I − AB_2 . . . . B_n = B_{n−1}(I + C_{n−1}), C_n = I − AB_n . . . . One can prove that ‖C_n‖ ≤ ‖C_0‖^n, and

lim_{n→∞} B_n = A^{−1}.

2010 Mathematics Subject Classification. 47A05, 47H10, 65J10, 65J15, 65J22. Key words and phrases. Banach algebra, fixed point theorem, iteration, multiplicative inverse. 285

286 CHIAPO R. SAM

Researchers have since extended this method to ones which converge faster (see [4]). Szabó [5] in 1985 extended this method to one of finding the multiplicative inverse of a non singular element of a Banach algebra and the methods were of order 2 and 3. In this study we generalize the iterative methods in [5] to iterative methods of any integer order p ≥ 2. The concept of order of convergence p(≥ 1) of a convergent (one-point and stationary) iterative method

(1) x_{n+1} = F (x_n), n = 0, 1, 2, . . .

with lim_{n→∞} x_n = x is well known: if the non zero and finite limit

lim_{n→∞}

‖x_{n+1} − x‖ ‖x_n − x‖^p = C exists, then the method (1) is said to be of order p [2]. Here C is called asymptotic error constant and, in a sufficiently small neighbourhood of x, the higher the value of p is the faster our method (1) converges to x [3].

If ‖x_{n+1} −x‖ ≤ K ·‖x_n −x‖^p, for sufficiently high values of n (say for n ≥ n_0) and for some constant K ≥ 0, then the order of convergence is at least p.

2. Methods of order 2 and order 3

Szabó in [5] investigated the generalizations and extensions of Hotelling- Schulz method (mentioned above):

starting with a “good”(in some sense, to be described later) approximation x_0 ∈ X of the inverse a^{−1} of a non-singular element a ∈ X, the following iteration was formed

c_0 = e − a · x_0, x_1 = x_0 · (e + c_0) (2) c_1 = e − a · x_1, x_2 = x_1 · (e + c_1) . . . . c_n = e − a · x_n, x_{n+1} = x_n · (e + c_n), (n = 0, 1, 2, . . .)

This method proved to be quadratic (p = 2) and , with the help of the iteration function.

(3) F (x) = x · (2e − a · x),

it could be re-written in the form (1), since c_n = e − a · x_n and x_{n+1} = x_n · (e + c_n) = x_n · (2e − a · x_n) [5].

The following method was described and analysed in [5] and found to be of order 3:

ITERATIVE ALGORITHMS . . . 287

c_0 = e − a · x_0, x_1 = x_0 · (e + c_0 + c^2_0) (4) c_1 = e − a · x_1, x_2 = x_1 · (e + c_1 + c^2_1) . . . . c_n = e − a · x_n, x_{n+1} = x_n · (e + c_n + c^2_n) (n = 0, 1, 2, . . .)

The corresponding iteration function has the for (5) F (x) = x · (3e − 3a · x + (a · x)^2), since

x_{n+1} = x_n · (e + c_n + c^2_n) = x_n · [e + (e − a · x_n) + (e − a · x_n)^2] = x_n · [3e − 3a · x_n + a · x_n · a · x_n].

Similarly, the method of order 4 is x_0 ≈ a^{−1}, c_0 = e − a · x_0 c_n = e − a · x_n, x_{n+1} = x_n · [e + c_n + c^2_n + c^3_n], for n = 0, 1, 2, . . .

and the corresponding iteration function has the form (6) F (x) = x · [4e − 6a · x + 4(a · x)^2 − (a · x)^3]. Here the terms in braces have the (alternating) coefficients of Pascal’s triangle (except its first column).

Now, we consider the general method of order p ∈ [2, ∞) ⋂ N: x_0 ≈ a^{−1} (7) c_0 = e − a · x_0, x_1 = x_0 · [e + c_0 + c^2_0 + · · · + c^{p−1}_0 ] . . . . c_n = e − a · x_n, x_{n+1} = x_n · [e + c_n + c^2_n + · · · + c^{p−1}_n ] for n = 0, 1, 2, . . .. The corresponding iteration function is (8) F (x) = x · [e + (e − a · x) + (e − a · x)^2 + · · · + (e − a · x)^{p−1}]. Notation 1: The p-sum e + (e − v) + (e − v)^2 + · · · + (e − v)^{p−1} will be denoted by S^{(p)}v . Thus (8) has the form (9) F (x) = x · S^{(p)}_{a·x}. 3. Main results In order to re-write the form of F and use the contraction principle we need the following lemmas.

Lemma 3.1. In any real or complex algebra X with identity e, we have a · (e − x · a)^j = (e − a · x)^j · a, for j ∈ N.

288 CHIAPO R. SAM

Proof. We prove by induction on j. For j = 1 we have a · (e − x · a) = a − a · x · a = (e − a · x) · a We assume the claim holds for j = k that is a · (e − x · a)^k = (e − a · x)^k · a. For j = k + 1 we have

a · (e − x · a)^{k+1} = a · (e − x · a)^k · (e − x · a) = (e − a · x)^k · a · (e − x · a) by the hypothesis = (e − a · x)^k · (a − a · x · a) = (e − a · x)^k · (e − a · x) · a = (e − a · x)^{k+1} · a. □ Lemma 3.2. In any real or complex algebra X with identity e, we have that (e − v)^p = e − v · S^{(p)}_v for v ∈ X, p ∈ N.

Proof. We prove by induction on p. The claim evidently holds for p = 1 since S^{(1)}v = e. Assume the claim holds for p = k, that is (e − v)^k = e − v · S^{(k)}v . For p = k + 1, we have (e − v)^{k+1} = (e − v) · (e − v)^k

= (e − v) · (e − v · S^{(k)}_v ) by the hypothesis = (e − v) − (v − v^2) · S^{(k)}_v = (e − v) − v · (e − v) · S^{(k)}_v = (e − v) − v · [(e − v) + (e − v)^2 + · · · + (e − v)^k] = e − v · [e + (e − v) + (e − v)^2 + · · · + (e − v)^k] = e − v · S^{(k+1)}_v .□ Lemma 3.3. Our iteration function F in (8) has the forms

F (x) = x · S^{(p)}_{a·x} = S^{(p)}_{x·a} · x = x · p∑ j=1 (−1)^{j−1} · ( p j ) · (a · x)^{j−1}

= [_p ∑ j=1 (−1)^{j−1} · ( p j ) · (x · a)^{j−1} ] · x = a^{−1} · [e − (e − a · x)^p] = [e − (e − x · a)^p] · a^{−1}.

Proof. Lemma 3.2 gives v · S^{(p)}v = e − (e − v)^p, putting v = a · x and using (8) and (9) we obtain

a · F (x) = a · x · S^{(p)}_{a·x} = e − (e − a · x)^p

(10) = ( p 1 ) · (a · x) − ( p 2 ) · (a · x)^2 + ( p 3 ) · (a · x)^3 − . . .

+ (−1)^{p−1} · (a · x)^p

= a · p∑ j=1 (−1)^{j−1} · ( p j ) · x · (a · x)^{j−1}

ITERATIVE ALGORITHMS . . . 289 and F (x) = x · p∑ j=1 (−1)^{j−1} · ( p j ) · (a · x)^{j−1} = a^{−1} · [e − (e − a · x)^p],

e − a · F (x) = (e − a · x)^p. Lemma 3.1 applies to give

a · S^{(p)}_{x·a} = a · p∑ j=1 (e − x · a)^{j−1} = p∑ j=1 a · (e − x · a)^{j−1}

(11)

= p∑ j=1 (e − a · x)^{j−1} · a = S^{(p)}_{x·a} · a

By exchanging a and x one gets (12) F (x) = x · S^{(p)}_{a·x} = S^{(p)}_{x·a} · x. By putting v = a · x in Lemma 3.2, (9) and (11) yield (13) (e − a · x)^p = e − x · a · S^{(p)}_{x·a} = e − x · S^{(p)}_{a·x} · a = e − F (x) · a and F (x) · a = e − (e − x · a)^p = p∑ j=1 (−1)^{j−1} · ( p j ) · (x · a)^j

= p∑ j=1 (−i)^{j−1} · ( p j ) · (x · a)^{j−1} · x · a.

Thus,

F (x) =

[_p ∑ j=1 (−1)^{j−1} · ( p j ) · (x · a)^{j−1} ] · x = [e − (e − x · a)^p] · a^{−1}. □

Theorem 3.4. Let X be an arbitrary real or complex Banach algebra with identity e. Let a ∈ X be any non singular element, q ∈ [0, 1) and G := {x ∈ X : D_x + E_x ≤ q}, where D_x := ‖e − a · x‖ and E_x := ‖e − x · a‖.

Then given p ∈ [2, ∞) ⋂ N and x_0 ∈ G, the sequence {x_n} generated by the method (7) and the corresponding iteration function F in (8) have the following properties:

(1) F has exactly one fixed point in G: F (a^{−1}) = a^{−1}; (2) lim_{n→∞} x_n = a^{−1}, for any x_0 ∈ G;

(3) the real sequence {‖x_n − a^{−1}‖} is decreasing; (4) ‖x_n − a^{−1}‖ ≤

‖x_0‖ 1 − q

· q^{pn} , for n = 0, 1, 2, . . . (“a priori” error estimate), and the order of convergence is not less than p;

290 CHIAPO R. SAM

(5) if q ≤^1_2 , then ‖x_n − a^{−1}‖ ≤ ‖x_n − x_{n−1}‖, for n = 0, 1, 2, . . . (“a posteriori” error estimate).

Proof. We are going to use the fixed point theorem by Banach [1].

G is non empty, since a^{−1} ∈ G. X is a normed algebra over R or C, so it is also a topological algebra, and the scalar multiplication, addition and multiplication are continuous operations. The set G ⊂ X is closed because of continuity of the norm.

In order to show convexity of G, we choose x, y ∈ G arbitrarily. Then

D_x + E_x ≤ q and D_y + E_y ≤ q.

If t ∈ (0, 1) ⊂ R, then z := ty + (1 − t)x ∈ G, since

D_z + E_z = ‖e − ta · y + (1 − t)a · x‖

(14) +‖e − ty · a + (1 − t)x · a‖ = ‖te − ta · y + (1 − t)e − (1 − t)a · x‖

+‖te − ty · a + (1 − t)e + (1 − t)x · a‖ ≤ t‖e − a · y‖ + (1 − t)‖e − a · x‖

+t‖e − y · a‖ + (1 − t)‖e − x · a‖ = t(D_y + E_y) + (1 − t)(D_x + E_x) ≤ tq + (1 − t)q = q

and G is convex.

In order to show F (G) ⊂ G, let x ∈ G i.e. D_x + E_x ≤ q. The formulae (10) and (13) apply to give

D_{F (x)} + E_{F (x)} = ‖e − a · F (x)‖ + ‖e − F (x) · a‖ = ‖(e − a · x)^p‖ + ‖(e − x · a)^p‖ ≤ D^p_x + E^p_x ≤ (D_x + E_x)^p < q^p < q

and F (x) ∈ G. In order to prove contraction property of F in G, the value of the differential F^′(x)h as the linear term in

F (x + h) − F (x) = (x + h) · p∑ j=1 (−1)^{j−1} · ( p j ) · (a · x + a · h)^{j−1}

−x · p∑ j=1 (−1)^{j−1} · ( p j ) · (a · x)^{j−1}

shall first be found. This linear (in h ) term is

ITERATIVE ALGORITHMS . . . 291

F^′(x)h = h · p∑ j=1 (−1)^{j−1} ( p j ) (a · x)^{j−1}

+x · p∑ j=1 (−1)^{j−1} ( p j ) ∑ r,s≥0 r+s=j−2

(a · x)^r · (a · h) · (a · x)^s

= p∑ j=1 (−1)^{j−1} ( p j ) h · (a · x)^{j−1}

+ p∑ j=1 (−1)^{j−1} ( p j ) ∑ r,s≥0 r+s=j−2

x · (a · x)^r · a · h · (a · x)^s

and here x · (a · x)^r · a · h · (a · x)^s = (x · a)^{r+1} · h · (a · x)^s.

Thus

F^′(x)h = p∑ j=1 (−1)^{j−1} ( p j ) ∑ r,s≥0 r+s=j−1

(x · a)^r · h · (a · x)^s

= p−1∑ k=0 (−1)^k ( p k + 1 ) ∑ r,s≥0 r+s=k

(x · a)^r · h · (a · x)^s.

Hence we obtain

‖F^′(x)‖ = sup_{‖h‖=1} ‖F^′(x)h‖

= sup_{‖h‖=1} ‖ p∑ k=0 (−1)^k ( p k + 1 ) ∑ r,s≥0 r+s=k

(x · a)^r · h · (a · x)^s‖

= sup_{‖h‖=1} ‖ p−1∑ k=0 ∑ r,s≥0 r+s=k

( p k + 1 ) (−x · a)^r · h · (−a · x)^s‖

= sup_{‖h‖=1} ‖ ∑ i,j≥0 i+j=p−1

(e − x · a)^i · h · (e − a · x)^j ‖

≤ sup_{‖h‖=1} ∑ i,j≥0 i+j=p−1

‖(e − x · a)^i · h · (e − a · x)^j ‖

≤ sup_{‖h‖=1} ∑ i,j≥0 i+j=p−1

‖(e − x · a‖^i ‖h‖ ‖e − a · x‖^j

292 CHIAPO R. SAM = ∑ i,j≥0 i+j=p−1

D^i_x E^j_x

= D^{p−1}_x + D^{p−2}_x E_x + D^{p−3}_x E^2_x + · · · + D_xE^{p−1}_x + E^{p−1}_x ≤ (D_x + E_x)^{p−1} ≤ q^{p−1} ≤ q < 1, for x ∈ G, h ∈ X.

Let x and y be two arbitrary elements in G. By using the generalization of Lagrange’s mean value theorem in normed spaces [1], we obtain ‖F (x) − F (y)‖ ≤ ‖F^′(v)‖‖x − y‖, where v = x + t(y − x), t ∈ (0, 1).

We have that v = ty + (1 − t)x ∈ G, since G is convex, and ‖F^′(v)‖ ≤ q. Thus our map is a contraction and the above mentioned fixed point theorem applies to give that

(1) there exist a unique u ∈ G with F (u) = u, and u = a^{−1}, since a^{−1} = F (a^{−1});

(2) the sequence {x_n} generated by the iteration x_{n+1} = F (x_n), n = 0, 1, 2, . . . converges to the fixed point a^{−1} of F in (8), for any x_0 ∈ G;

(3) the sequence of absolute errors {‖x_n − a^{−1}‖}^∞_{n=0} decreases.

First we claim the (15) c_n = c^{pn}_0 , for n = 0, 1, 2, . . . .

This can be proved using induction on n.

For n = 0, the statement is true since c_0 = c^{p0}_0 = c^1_0. Assume the statement is true for n = k, ie c_k = c^{pk}_0 . Then we show that the statement is true for n = k + 1 ie c_{k+1} = c^{pk+1}_0 .

c_{k+1} = e − a · x_{k+1} = e − a · x_k · [e + c_k + c^2_k + . . . + c^{p−1}_k ] = e − (e − c_k) · [e + c_k + c^2_k + · · · + c^{p−1}_k ] = c^p_k = (c^{pk}_0 )^p = c^{pk+1}_0 . One can use (7) to obtain

a · x_n = e − c_n, x_n = a^{−1} · (e − c_n) = a^{−1} − a^{−1} · c_n and ‖x_n − a^{−1}‖ = ‖(a^{−1} − a^{−1} · c_n) − a^{−1}‖ = ‖a^{−1} · c_n‖

≤ ‖a^{−1}‖ ‖c_n‖ ≤ ‖a^{−1}‖ ‖c^{pn}_0 ‖ ≤ ‖a^{−1}‖ ‖c_0‖^{pn} = ‖a^{−1}‖ ‖e − a · x‖^{pn} ≤ ‖a^{−1}‖ (D_{x0} + E_{x0} )^{pn} ≤ ‖a^{−1}‖q^{pn} , for n ∈ N.

The Sandwich theorem implies lim_{n→∞} x_n = a^{−1}, since lim_{n→∞} q^{pn} = 0. (7) applies to give a · x_0 = e − c_0 and a^{−1} = x_0 · (e − c_0)^{−1}. Due to Banach’s theorem on bounded inverse (see [1] pp. 61), (e − c_0)^{−1} exist,

ITERATIVE ALGORITHMS . . . 293 and (16) ‖(e − c_0)^{−1}‖ ≤ 1 1 − ‖c_0‖ ≤ 1 1 − q since

‖c_0‖ = ‖e − a · x_0‖ = D_{x0} ≤ D_{x0} + E_{x0} ≤ q < 1.

Thus, ‖a^{−1}‖ ≤ ‖x_0‖‖(e − c_0)^{−1}‖ ≤

‖x_0‖ 1 − q

, and ‖x_n − a^{−1}‖ ≤

‖x_0‖ 1 − q

· q^{pn} , for n ∈ N.

The order of convergence can be read from this error estimation. Beyond this fact, a lower bound for the order of convergence can directly be obtained by using Lemma 3.3:

‖x_{n+1} − a^{−1}‖ = ‖F (x_n) − a^{−1}‖ = ‖[a^{−1} − a^{−1} · (e − a · x_n)^p] − a^{−1}‖ = ‖a^{−1} · (e − a · x_n)^p‖ ≤ ‖a^{−1}‖ · ‖(e − a · x_n)^p‖ ≤ ‖a^{−1}‖ · ‖(e − a · x_n)‖^p ≤ ‖a^{−1}‖ · ‖a · (a^{−1} − x_n)‖^p

≤ ‖a^{−1}‖ · ‖a‖^p · ‖x_n − a^{−1}‖^p ≤

‖x_0‖ · ‖a‖^p 1 − q

· ‖x_n − a^{−1}‖^p

= K · ‖x_n − a^{−1}‖^p, for n ∈ N,

where K =

‖x_0‖ · ‖a‖^p 1 − q depends neither on n nor on x_n. So, our method has an order of convergence not less than p.

(4) Let q ≤^1_2 , we have

‖x_n − a^{−1}‖ = ‖(x_n − x_{n+1}) + (x_{n+1} − a^{−1})‖

≤ ‖x_n − x_{n+1}‖ + ‖x_{n+1} − a^{−1}‖ = ‖F (x_{n−1}) − F (x_n)‖ + ‖F (x_n) − F (a^{−1})‖ ≤ ‖F^′(v)‖ · ‖x_{n−1} − x_n‖ + ‖F^′(w)‖ · ‖x_n − a^{−1}‖, where v = x_n + t(x_{n+1} − x_n) and w = x_n + T (a^{−1} − x_n) for some t, T ∈ (0, 1). G is convex, so v, w ∈ G, and ‖x_n − a^{−1}‖ ≤ q‖x_n − x_{n−1}‖ + q‖x_n − a^{−1}‖. Thus, (1 − q)‖x_n − a^{−1}‖ ≤ q‖x_n − x_{n−1}‖ and since q ≤^1_2 , we obtain

‖x_n − a^{−1}‖ ≤ q 1 − q

‖x_n − x_{n−1}‖ ≤ 1 2 1 −^1_2

‖x_n − x_{n−1}‖ = ‖x_n − x_{n−1}‖, for n ∈ N. □

Remark 3.5. The functions in (3), (5) and (6) are the first three examples of F , for p = 2, 3 and 4, respectively.

294 CHIAPO R. SAM

Remark 3.6. Roughly speaking, the theorem claims that for any p ∈ N − {1}, our iteration method (7), starting from any element x_0 ∈ G, monotonically converges to the uniquely determined inverse of the non singular element a ∈ X. The order of convergence is p, and this fact is reflected in the ”a priori” error estimation.

Remark 3.7. Our result is not surprising since for every x ∈ G, we have ‖e − a · x‖ ≤ q < 1 and

x · [e + (e − a · x) + (e − a · x)^2 + . . .] = x · ∞∑ n=0 (e − a · x)^n

= x[e − (e − a · x)]^{−1} = x(a · x)^{−1} = a^{−1}.

It means that the members of the collection of our iteration functions of the form (8) and the corresponding iterative methods for p = 2, 3, 4, . . . are the p^{th} partial sums of the geometric series ∞∑ n=0 x · (e − a · x)^n of the inverse a^{−1} of a non singular element a ∈ X.

Remark 3.8. Any element x_0 ∈ G has an inverse, and x^{−1}_0 = (a · x_0)^{−1} · a. Proof. Due to (16), (e − c_0)^{−1} exists, and (7) yields e − c_0 = a · x_0, (a · x_0)^{−1} exists. But a is non-singular, therefore (a · x_0)^{−1} · a is also invertible and [(a · x_0)^{−1} · a]^{−1} = a^{−1} · (a · x_0) = x_0. Hence x_0 has an inverse x^{−1}_0 = (a · x_0)^{−1} · a. □ Remark 3.9. For the iteration function F in Lemma 3 we have lim_{p→∞} F (x) = a^{−1}, since lim_{p→∞} q^p = 0, and (15) applies to give lim_{p→∞}(e − a · x)^p = 0 and lim_{p→∞} F (x) = a^{−1}.

Remark 3.10. In our main theorem, G can be considered as an ”immediate” convergence neighbourhood of the attractive fixed point a^{−1} of the iteration function F of order p ≥ 2. 4. Numerical results We consider the vector space consisting of all n × n matrices equipped with the norm ‖A‖ = max ∑ 1≤j≤n

a_{ij} .

The initial element is chosen as (see [4])

A_0 =

A^T ‖A‖_1‖A‖_∞ .

ITERATIVE ALGORITHMS . . . 295

p 2 3 4 5 6 7 8 9 10 20 30 steps 12 8 6 6 5 5 5 4 4 3 3 Table 1. Number of steps till convergence.

The above technique was applied in evaluating the inverse of the matrix

A = 4 3 2 1 3 4 3 2 2 3 4 3 1 2 3 4 for different values of p. Table 1 below shows the number of steps needed to estimate the inverse of A to within an error less than 0.0005, i.e ‖x_n − A^{−1}‖ < 0.0005.

From the table above it is clear that as p increases the method converges faster.

Acknowledgement.

I would like to thank Professor Zoltán Szabó for his guidance, suggestions and proof reading of this article.

References

[1] K. Atkinson and W. Han. Theoretical numerical analysis, volume 39 of Texts in Applied Mathematics. Springer, Dordrecht, third edition, 2009. A functional analysis framework.

[2] D. Kincaid and W. Cheney. Numerical analysis. Brooks/Cole Publishing Co., Pacific Grove, CA, 1991. Mathematics of scientific computing.

[3] B. F. Plybon. An Introduction To Applied Numerical Analysis. Prindle, Weber & Schmidt Series In Mathematics. PWS-Kent Pub. Co., Boston, 1992.

[4] F. Soleymani. On a fast iterative method for approximate inverse of matrices. Commun.

Korean Math. Soc., 28(2):407–418, 2013.

[5] Z. Szabó. Iterative methods of order two and three for computing inverse elements in Banach algebra with identity. Publ. Math. Debrecen, 32(3-4):153–164, 1985.

Received July 15, 2014.

Department of Mathematics, University of Botswana, P/Bag 00704, Gaborone, Botswana E-mail address: samcr@mopipi.ub.bw