Acta Mathematica Academiae Paedagogicae Nyíregyháziensis 32 (2016), 79–87

www.emis.de/journals
ISSN 1786-0091

INTEGRAL INEQUALITIES OF HERMITE–HADAMARD TYPE FOR FUNCTIONS WHOSE DERIVATIVES ARE STRONGLY α-PREINVEX

YAN WANG, BO-YAN XI, AND FENG QI

Abstract. In the paper, the authors introduce a new notion “strongly αpreinvex function”, establish an integral identity for the newly introduced function, and find some Hermite–Hadamard type integral inequalities for a function that the power of the absolute value of its first derivative is strongly α-preinvex.

1. Introduction

Let us recall some definitions of various convex functions.

Definition 1.1. A function f : I ⊆ R = (−∞, ∞) → R is said to be convex if

(1.1) f(λx + (1 − λ)y) ≤ λf(x) + (1 − λ)f(y)

holds for all x, y ∈ I and λ ∈ [0, 1].

Definition 1.2 ([1, 2, 14]). A set S ⊆ R^n is said to be invex with respect to the map η : S × S → R^n if for every x, y ∈ S and t ∈ [0, 1]

(1.2) y + tη(x, y) ∈ S.

Definition 1.3 ([8]). Let S ⊆ R^n be an invex set with respect to η : S × S → R^n. For every x, y ∈ S, the η-path P_{xv} joining the points x and v = x + η(y, x) is defined by

(1.3) P_{xv} = {z | z = x + tη(y, x), t ∈ [0, 1]}.

2010 Mathematics Subject Classification. 26D15; Secondary 26A51, 26B12, 41A55. Key words and phrases. Hermite–Hadamard type integral inequalities; invex set; strongly α-preinvex function.

This work was partially supported by the National Natural Science Foundation of China under Grant No. 11361038 and by the Inner Mongolia Autonomous Region Natural Science Foundation Project under Grant No. 2015MS0123, China. 79

Definition 1.4 ([2]). Let S ⊆ R^n be an invex set with respect to η : S × S → R^n. A function f : S → R is said to be preinvex with respect to η, if for every x, y ∈ S and t ∈ [0, 1],

(1.4) f(y + tη(x, y)) ≤ tf(x) + (1 − t)f(y).

Definition 1.5 ([10]). For f : [a, b] → R , if

(1.5) f(λx + (1 − λ)y) ≤ λf(x) + (1 − λ)f(y) − cλ(1 − λ)(x − y)^2

is valid for all x, y ∈ [a, b] and λ ∈ [0, 1],c > 0, then we say that f(x) is a strongly convex function on [a, b].

Let us reformulate some inequalities of Hermite–Hadamard type for the above mentioned convex functions.

Theorem 1.1 ([5, Theorem 2.2]). Let f : I^∘ ⊆ R → R be a differentiable mapping and a, b ∈ I^∘ with a < b. If |f^′(x)| is convex on [a, b], then

(1.6) | | | | f(a) + f(b) 2 − 1 b − a

∫_b a f(x) d x | | | | ≤ b − a 8 ( |f^′(a)| + |f^′(b)| ) . Theorem 1.2 ([2, Theorem 2.1]). Let A ⊆ R be an open invex subset with respect to θ : A × A → R and let f : A → R be a differentiable function. If |f^′| is preinvex on A, then for every a, b ∈ A with θ(a, b) ≠ 0 we have

(1.7) | | | f(b) + f(b + θ(a, b)) 2 − 1 θ(a, b)

∫_{b+θ(a,b)} b f(x) d x | | | ≤ |θ(a, b)| 8 [ |f^′(a)| + | f^′(b) |] . For more information on Hermite–Hadamard type inequalities for various convex functions, please refer to recently published articles [3, 4, 6, 7, 11, 12, 13] and closely related references therein.

In this article, we will introduce a new notion “α-preinvex function”, establish an integral identity for such a kind of functions, and find some Hermite– Hadamard type integral inequalities for a function that the power of the absolute value of its first derivative is α-preinvex.

2. A new definition and two lemmas

The so-called “strongly α-preinvex function” may be introduced as follows.

Definition 2.1. Let S ⊆ R^n be an invex set with respect to η : S × S → R^n. A function f : S → R is said to be strongly α-preinvex with respect to η for α ∈ (0, 1] and c > 0 ,if for every x, y ∈ S and t ∈ [0, 1],

(2.1) f(y + tη(x, y)) ≤ t^αf(x) + (1 − t^α)f(y) − ct(1 − t)(x − y)^2.

For establishing our new integral inequalities of Hermite–Hadamard type for strongly α-preinvex functions, we need the following integral identity.

Lemma 2.1. Let A ⊆ R be an open invex subset with respect to θ : A × A → R and let a, b ∈ A with θ(a, b) ≠ 0. If f : A → R is a differentiable function and f^′ is integrable on the θ-path P_{bc}, c = b + θ(a, b), then 1 θ(a, b)

∫_{b+θ(a,b)} b f(x) d x − f(b + θ(a, b)) = θ(a, b) 4 ∫_1 0 [ (1 + t)f^′ ( b + 1 + t 2 θ(a, b) ) + tf^′ ( b + t 2 θ(a, b) )] d t.

Proof. Since a, b ∈ A and A is an invex set with respect to θ, for every t ∈ [0, 1], we have b + tθ(a, b) ∈ A. Integrating by part gives ∫_1 0 [ (1 + t)f^′ ( b + 1 + t 2 θ(a, b) ) + tf^′ ( b + t 2 θ(a, b) )] d t = 2 θ(a, b) [ −(1 + t)f ( b + 1 + t 2 θ(a, b) )| |^1 0 + ∫_1 0 f ( b + 1 + t 2 θ(a, b) ) d t −tf ( b + t 2 θ(a, b) )| |^1 0 + ∫_1 0 f ( b + t 2 θ(a, b) ) d t ]

= 2 θ(a, b) [ −2f(b + θ(a, b)) + f ( 2b + θ(a, b) 2 )

+ 2 θ(a, b)

∫_{b+θ(a,b)}

2b+θ(a,b) 2 f(x) d x − f ( 2b + θ(a, b) 2 ) + 2 θ(a, b)

∫_{[2b+θ(a,b)]/2} b f(x) d x ]

= 4 θ(a, b) [ 1 θ(a, b)

∫_{b+θ(a,b)} b f(x) d x − f(b + θ(a, b)) ] . The proof of Lemma 2.1 is completed. □

By the same way, we obtain another lemma.

Lemma 2.2. Let A ⊆ R be an open invex subset with respect to θ : A × A → R and let a, b ∈ A with θ(a, b) ≠ 0. If f : A → R is a differentiable function and f^′ is integrable on the θ-path P_{bc}, c = b + θ(a, b), then

f(b) − 1 θ(a, b)

∫_{b+θ(a,b)} b f(x) d x = θ(a, b) 4 ∫_1 0 [ (1 − t)f^′ ( b + 1 + t 2 θ(a, b) ) + (2 − t)f^′ ( b + t 2 θ(a, b) )] d t.

3. Some new integral inequalities of Hermite–Hadamard type We are now in a position to establish some Hermite–Hadamard type integral inequalities for a function that the power of the absolute value of its first derivative is strongly α-preinvex.

Theorem 3.1. Let A ⊆ R be an open invex subset with respect to θ : A × A → R, a, b ∈ A with θ(a, b) ≠ 0. Suppose f : A → R be a differentiable function and f^′ is integrable on the θ-path P_{bc}, c = b + θ(a, b), some α ∈ (0, 1]. If |f^′|^q is strongly α-preinvex on A for q ≥ 1, then | | | 1 θ(a, b)

∫_{b+θ(a,b)} b f(x) d x − f(b + θ(a, b)) | | | (3.1) ≤ |θ(a, b)| 8 ( 1 (α + 2)2^{α−1}

)_{1/q}{ 3 [ 3(2^{α+2} − 1)|f^′(a)|^q

+ (9 × 2^{α−1}(α + 2) − 3(2^{α+2} − 1))|f^′(b)|^q − 11 × 2^{α−4}(α + 2)c(a − b)^2

]_{1/q} + [ 3|f^′(a)|^q + 3(2^{α−1}(α + 2) − 1)|f^′(b)|^q − 5 × 2^{α−4}(α + 2)c(a − b)^2

]_{1/q}} . Proof. Since b + tθ(a, b) ∈ A for every t ∈ [0, 1], by Lemma 2.1 and Hölder’s inequality, we have | | | 1 θ(a, b)

∫_{b+θ(a,b)} b f(x) d x − f(b + θ(a, b)) | | | ≤ |θ(a, b)| 4 ∫_1 0 [ (1 + t) | | |f^′ ( b + 1 + t 2 θ(a, b) )| | | + t | | |f^′ ( b + t 2 θ(a, b) )| | | ] d t ≤ |θ(a, b)| 4 {(∫_1 0 (1 + t) d t

)_{1−1/q}[∫_1 0 (1 + t) | | |f^′ ( b + 1 + t 2 θ(a, b) )| | | q d t ]_{1/q}

+ (∫_1 0 t d t

)_{1−1/q}[∫_1 0 t | | |f^′ ( b + t 2 θ(a, b) )| | | q d t ]_{1/q}}

≤ |θ(a, b)| 4 {( 3 2 )_{1−1/q}[∫_1 0 (1 + t) (( 1 + t 2 )_α |f^′(a)|^q + ( 1 − ( 1 + t 2 )_α)

|f^′(b)|^q −

1 − t^2 4 c(a − b)^2 ) d t ]_{1/q}

+ ( 1 2 )_{1−1/q}[∫_1 0 t (( t 2 )_α

|f^′(a)|^q + ( 1 − ( t 2 )_α)

|f^′(b)|^q −

2t − t^2 4 c(a − b)^2 ) d t ]_{1/q}}

= |θ(a, b)| 8 ( 1 (α + 2)2^{α−1}

)_{1/q}{ 3^{1− 1q} [ (2^{α+2} − 1)|f^′(a)|^q

+ (3 × 2^{α−1}(α + 2) − (2^{α+2} − 1))|f^′(b)|^q − 11 × 3^{−1} × 2^{α−4}(α + 2)c(a − b)^2

]_{1/q} + [ |f^′(a)|^q + (2^{α−1}(α + 2) − 1)|f^′(b)|^q − 5 × 3^{−1} × 2^{α−4}(α + 2)c(a − b)^2

]_{1/q}} . The proof of Theorem 3.1 is completed. □

Corollary 1. Under the conditions of Theorem 3.1, if α = q = 1, we have | | | | 1 θ(a, b)

∫_{b+θ(a,b)} b f(x) d x − f(b + θ(a, b)) | | | | ≤ |θ(a, b)| 12 [4|f^′(a)|^q + 2|f^′(b)|^q − c(a − b)^2].

Theorem 3.2. Let A ⊆ R be an open invex subset with respect to θ : A × A → R, a, b ∈ A with θ(a, b) ≠ 0. Suppose f : A → R be a differentiable function and f^′ is integrable on the θ-path P_{bc}, c = b + θ(a, b), some α ∈ (0, 1]. If |f^′|^q is strongly α-preinvex on A for q > 1, then | | | 1 θ(a, b)

∫_{b+θ(a,b)} b f(x) d x − f(b + θ(a, b)) | | | (3.2) ≤ |θ(a, b)| 4 ( q − 1 (2q − 1)(α + 1)2^α

)_{1−1/q}( 2^{2q−1q−1} − 1

)_{1−1/q}

× {[ (2^α − 1)|f^′(a)|^q + (2^αα + 1)|f^′(b)|^q − 3^{−1} × 2^{α−1}(α + 1)c(a − b)^2

]_{1/q}

+ [ |f^′(a)|^q + (2^α(α + 1) − 1)|f^′(b)|^q − 3^{−1} × 2^{α−1}(α + 1)c(a − b)^2

]_{1/q}} . Proof. Since b + tθ(a, b) ∈ A for every t ∈ [0, 1], by Lemma 2.1, Hölder’s inequality, we have | | | 1 θ(a, b)

∫_{b+θ(a,b)} b f(x) d x − f(b + θ(a, b)) | | | (3.3) ≤ |θ(a, b)| 4 ∫_1 0 [ (1 + t) | | |f^′ ( b + 1 + t 2 θ(a, b) )| | | + t | | |f^′ ( b + t 2 θ(a, b) )| | | ] d t ≤ |θ(a, b)| 4 {(∫_1 0 (1 + t)^{q/(q−1)} d t

)_{1−1/q}[∫_1 0 | | |f^′ ( b + 1 + t 2 θ(a, b) )| | | q d t ]_{1/q}

+ (∫_1 0 t^{q/(q−1)} d t

)_{1−1/q}[∫_1 0 | | |f^′ ( b + t 2 θ(a, b) )| | | q d t ]_{1/q}}

≤ |θ(a, b)| 4 ( q − 1 2q − 1

)_{1−1/q}{(

2^{2q−1q−1} − 1

)_{1−1/q}[∫ 1 0 (( 1 + t 2 )_α

|f^′(a)|^q + ( 1 − ( 1 + t 2 )_α)

|f^′(b)|^q −

1 − t^2 4 c(a − b)^2 ) d t ]_{1/q}

+ [∫_1 0 t (( t 2 )_α

|f^′(a)|^q + ( 1 − ( t 2 )_α)

|f^′(b)|^q −

2t − t^2 4 c(a − b)^2 ) d t ]_{1/q}}

= |θ(a, b)| 4 ( q − 1 2q − 1

)_{1−1/q}( 1 (α + 1)2^α

)_{1−1/q}{( 2^{2q−1q−1} − 1

)_{1−1/q}

× [ (2^α − 1)|f^′(a)|^q + (2^αα + 1)|f^′(b)|^q − 3^{−1} × 2^{α−1}(α + 1)c(a − b)^2

]_{1/q}

+ [ |f^′(a)|^q + (2^α(α + 1) − 1)|f^′(b)|^q − 3^{−1} × 2^{α−1}(α + 1)c(a − b)^2

]_{1/q}} . The proof of Theorem 3.2 is complete. □

Corollary 2. Under the conditions of Theorem 3.2, if α = 1, we have | | | 1 θ(a, b)

∫_{b+θ(a,b)} b f(x) d x − f(b + θ(a, b)) | | | ≤ |θ(a, b)| 4 ( q − 1 2q − 1

)_{1−1/q}( 1 4 )_{1−1/q}{( 2^{2q−1q−1} − 1

)_{1−1/q}

× [ |f^′(a)|^q + 3|f^′(b)|^q − 3^{−1} × 2c(a − b)^2

]_{1/q} + [ |f^′(a)|^q + 3|f^′(b)|^q − 3^{−1} × 2c(a − b)^2

]_{1/q}} . Theorem 3.3. Let A ⊆ R be an open invex subset with respect to θ : A × A → R, a, b ∈ A with θ(a, b) ≠ 0. Suppose f : A → R be a differentiable function and f^′ is integrable on the θ-path P_{bc}, c = b + θ(a, b), some α ∈ (0, 1]. If |f^′|^q is strongly α-preinvex on A for q ≥ 1, then | | |f(b) − 1

θ(a, b)

∫_{b+θ(a,b)} b f(x) d x | | | (3.4) ≤ |θ(a, b)| 8 ( 1 2^{α−1}(α + 1)(α + 2)

)_{1/q}{ [(2^{α+3} − 2^{α+2} − α − 3)|f^′(a)|^q

+ [2^{α−1}(α + 1)(α + 2) − (2^{α+3} − 2^{α+2} − α − 3)]|f^′(b)|^q

− 5 × 2^{α−4} × 3^{−1}(α + 1)(α + 2)c(a − b)^2]^{1/q} + 3^{1−1/q}[(α + 3)|f^′(a)|^q + (3 × 2^{α−1}(α + 1)(α + 2) − α − 3)|f^′(b)|^q

− 11 × 3^{−1} × 2^{α−4}(α + 1)(α + 2)c(a − b)^2]^{1/q} } . Proof. Since b + tθ(a, b) ∈ A for every t ∈ [0, 1], by Lemma 2.2, Hölder’s inequality, we have | | |f(b) − 1 θ(a, b)

∫_{b+θ(a,b)} b f(x) d x | | | ≤ |θ(a, b)| 4 ∫_1 0 [ (1 − t) | | |f^′ ( b + 1 + t 2 θ(a, b) )| | | + (2 − t) | | |f^′ ( b + t 2 θ(a, b) )| | | ] d t ≤ |θ(a, b)| 4 {(∫_1 0 (1 − t) d t

)_{1−1/q}[∫_1 0 (1 − t) | | |f^′ ( b + 1 + t 2 θ(a, b) )| | | q d t ]_{1/q}

+ (∫_1 0 (2 − t) d t

)_{1−1/q}[∫_1 0 (2 − t) | | |f^′ ( b + t 2 θ(a, b) )| | | q d t ]_{1/q}}

≤ |θ(a, b)| 4 {( 1 2 )_{1−1/q}[∫_1 0 (1 − t) (( 1 + t 2 )_α |f^′(a)|^q + ( 1 − ( 1 + t 2 )_α) |f^′(b)|^q − 1 − t^2 4 c(a − b)^2 ) d t ]_{1/q} + ( 3 2 )_{1−1/q}[∫_1 0 (2 − t) (( t 2 )_α

|f^′(a)|^q + ( 1 − ( t 2 )_α)

|f^′(b)|^q −

2t − t^2 4 c(a − b)^2 ) d t ]_{1/q}}

= |θ(a, b)| 8 ( 1 2^{α−1}(α + 1)(α + 2)

)_{1/q}{

[(2^{α+3} − 2^{α+2} − α − 3)|f^′(a)|^q

+ [2^{α−1}(α + 1)(α + 2) − (2^{α+3} − 2^{α+2} − α − 3)]|f^′(b)|^q − 5 × 2^{α−4} × 3^{−1}(α + 1)(α + 2)c(a − b)^2]^{1/q} + 3^{1−1/q}[(α + 3)|f^′(a)|^q + (3 × 2^{α−1}(α + 1)(α + 2) − α − 3)|f^′(b)|^q

− 11 × 3^{−1} × 2^{α−4}(α + 1)(α + 2)c(a − b)^2]^{1/q} } . The proof of Theorem 3.3 is complete. □ Corollary 3. Under the conditions of Theorem 3.3, if α = q = 1, we have | | | |f(b)− 1 θ(a, b)

∫_{b+θ(a,b)} b f(x) d x | | | | ≤ |θ(a, b)| 24 [ 4|f^′(a)|^q+7|f^′(b)|^q−2c(a−b)^2 ] . Theorem 3.4. Let A ⊆ R be an open invex subset with respect to θ : A × A → R, a, b ∈ A with θ(a, b) ≠ 0. Suppose f : A → R be a differentiable function and f^′ is integrable on the θ-path P_{bc}, c = b + θ(a, b),some α ∈ (0, 1]. If |f^′|^q is strongly α-preinvex on A for q > 1, then | | |f(b) − 1 θ(a, b)

∫_{b+θ(a,b)} b f(x) d x | | | (3.5) ≤ |θ(a, b)| 8 ( 1 2^{α−1}(α + 1)

)_{1/q}{ [(2^{α+1} − 1)|f^′(a)|^q + (2^α(α + 1)

+ 3^{1−1/q}[|f^′(a)|^q − (2^{α+1} − 1))|f^′(b)|^q − 3^{−1} × 2^{α−1}(α + 1)c(a − b)^2]^{1/q}

+ (2^α(α + 1) − 1)|f^′(b)|^q − 3^{−1} × 2^{α−1}(α + 1)c(a − b)^2]^{1/q} } . Proof. Since b + tθ(a, b) ∈ A for every t ∈ [0, 1], by Lemma 2.2, Hölder’s inequality, we have | | |f(b) − 1 θ(a, b)

∫_{b+θ(a,b)} b f(x) d x | | | ≤ |θ(a, b)| 4 ∫_1 0 [ (1 − t) | | |f^′ ( b + 1 + t 2 θ(a, b) )| | | + (2 − t) | | |f^′ ( b + t 2 θ(a, b) )| | | ] d t ≤ |θ(a, b)| 4 {(∫_1 0 (1 − t)^{q/(q−1)} d t

)_{1−1/q}[∫_1 0 | | |f^′ ( b + 1 + t 2 θ(a, b) )| | | q d t ]_{1/q}

+ (∫_1 0 (2 − t)^{q/(q−1)} d t

)_{1−1/q}[∫_1 0 | | |f^′ ( b + t 2 θ(a, b) )| | | q d t ]_{1/q}}

≤ |θ(a, b)| 4 {( 1 2 )_{1−1/q}[∫_1 0 (( 1 + t 2 )_α

|f^′(a)|^q + ( 1 − ( 1 + t 2 )_α) |f^′(b)|^q − 1 − t^2 4 c(a − b)^2 ) d t ]_{1/q} + ( 3 2 )_{1−1/q}[∫_1 0 (( t 2 )_α |f^′(a)|^q + ( 1 − ( t 2 )_α)

|f^′(b)|^q −

2t − t^2 4 c(a − b)^2 ) d t ]_{1/q}}

= |θ(a, b)| 8 ( 1 2^{α−1}(α + 1)

)_{1/q}{

[(2^{α+1} − 1)|f^′(a)|^q + (2^α(α + 1)

− (2^{α+1} − 1))|f^′(b)|^q − 3^{−1} × 2^{α−1}(α + 1)c(a − b)^2]^{1/q} + 3^{1−1/q}[|f^′(a)|^q

+ (2^α(α + 1) − 1)|f^′(b)|^q − 3^{−1} × 2^{α−1}(α + 1)c(a − b)^2]^{1/q} } . The proof of Theorem 3.4 is complete. □ Corollary 4. Under the conditions of Theorem 3.4, if α = 1, we have | | |f(b) − 1 θ(a, b)

∫_{b+θ(a,b)} b f(x) d x | | | ≤ |θ(a, b)| 8 ( 1 2 )_{1/q}{

[3|f^′(a)|^q + 3|f^′(b)|^q − 3^{−1} × 2c(a − b)^2]^{1/q}

+ 3^{1−1/q}[|f^′(a)|^q + 3|f^′(b)|^q − 3^{−1} × 2c(a − b)^2]^{1/q} } . Remark. On 8 April 2014, Professor S. S. Dragomir, Australia pointed out that there are errors appeared in the paper [9] as follows. Definition 2.1 from [9] has no meaning if i stands for the imaginary unit. So, no inequalities like in the hypothesis of Theorem 3.1 or eq. (3.1) and others can be stated for general φ. References

[1] T. Antczak. Mean value in invexity analysis. Nonlinear Anal., 60(8):1473–1484, 2005. [2] A. Barani, A. G. Ghazanfari, and S. S. Dragomir. Hermite-Hadamard inequality for functions whose derivatives absolute values are preinvex. J. Inequal. Appl., pages 2012:247, 9, 2012.

[3] S. S. Dragomir. On Hadamard’s inequalities for convex functions. Math. Balkanica (N.S.), 6(3):215–222, 1992.

[4] S. S. Dragomir. Two mappings in connection to Hadamard’s inequalities. J. Math. Anal.

Appl., 167(1):49–56, 1992.

[5] S. S. Dragomir and R. P. Agarwal. Two inequalities for differentiable mappings and applications to special means of real numbers and to trapezoidal formula. Appl. Math. Lett., 11(5):91–95, 1998.

[6] S. S. Dragomir, J. Pečarić, and L. E. Persson. Some inequalities of Hadamard type.

Soochow J. Math., 21(3):335–341, 1995.

[7] S. S. Dragomir, J. E. Pečarić, and J. Sándor. A note on the Jensen-Hadamard inequality.

Anal. Numér. Théor. Approx., 19(1):29–34, 1990.

[8] D. A. Ion. Some estimates on the Hermite-Hadamard inequality through quasi-convex functions. An. Univ. Craiova Ser. Mat. Inform., 34:83–88, 2007.

[9] W.-D. Jiang, D.-W. Niu, and F. Qi. Some inequalities of Hermite–Hadamard type for r-φ-preinvex functions. Tamkang J. Math., 45(1):31–38, 2014.

[10] B. T. Polyak. Existence theorems and convergence of minimizing sequences in extremum problems with restictions. Soviet Math. Dokl., 35(7):72–75, 1966.

[11] F. Qi, Z.-L. Wei, and Q. Yang. Generalizations and refinements of Hermite-Hadamard’s inequality. Rocky Mountain J. Math., 35(1):235–251, 2005.

[12] B.-Y. Xi, R.-F. Bai, and F. Qi. Hermite-Hadamard type inequalities for the m- and (α, m)-geometrically convex functions. Aequationes Math., 84(3):261–269, 2012.

[13] B.-Y. Xi and F. Qi. Some integral inequalities of Hermite-Hadamard type for convex functions with applications to means. J. Funct. Spaces Appl., pages Art. ID 980438, 14, 2012.

[14] X. M. Yang and D. Li. On properties of preinvex functions. J. Math. Anal. Appl., 256(1):229–241, 2001.

Received January 17, 2015.

Yan Wang, College of Mathematics, Inner Mongolia University for Nationalities, Tongliao City, Inner Mongolia Autonomous Region, 028043, China E-mail address: sella110@vip.qq.com

Bo-Yan Xi, College of Mathematics, Inner Mongolia University for Nationalities, Tongliao City, Inner Mongolia Autonomous Region, 028043, China E-mail address: baoyintu78@imun.edu.cn

Feng qi (corresponding author), Department of Mathematics, College of Science, Tianjin Polytechnic University, Jiaozuo City, Henan Province, 454010, China E-mail address: qifeng618@hotmail.com