Acta Mathematica Academiae Paedagogicae Nyíregyháziensis 32 (2016), 89–99

www.emis.de/journals
ISSN 1786-0091

EXISTENCE OF LOCAL SOLUTIONS FOR SOME INTEGRO-DIFFERENTIAL EQUATIONS OF ARBITRARY FRACTIONAL ORDER

MOHAMMED M. MATAR AND TARIQ O. SALIM

Abstract. In this paper we investigate the existence and uniqueness of a local solution for different types of fractional integro-differential equations of any order. The results are obtained by using fixed point theorems. An example is introduced to illustrate the theorem.

1. Introduction

Fractional differential equations have been gained much attention during the past decades. The extensive results on initial and boundary value problems of fractional order for the problems of existence and uniqueness of solutions are due to the appropriate applicability of such problems to many realistic phenomenon. More precisely, the fractional differential equations are appeared in many engineering and scientific disciplines such as physics, chemistry, biology, economics, control theory, signal and image processing, biophysics, blood flow phenomena, aerodynamics, and fitting of experimental data (see [7]-[9] and references therein). The fact that fractional differential equations are considered as alternative models to nonlinear differential equations which induced extensive researches in various fields including the theoretical part. The existence and uniqueness problems of fractional nonlinear differential equations as a basic theoretical part are investigated by many authors (see [1]-[15]) and references therein). In [3] and [14], the authors obtained sufficient conditions for the existence of solutions for a class of boundary value problem for fractional differential equations in the cases of 0 < α ≤ 1 and 1 < α ≤ 2 respectively by using the Caputo fractional derivative and nonlocal conditions. Whereas, The authors in [1] considered the existence problem of solutions for a class of boundary value problems for fractional differential equations of order 2 < α ≤ 3 involving the Caputo fractional derivative. The existence

2010 Mathematics Subject Classification. 34A12, 34G20, 26A33.

Key words and phrases. Fractional integro-differential equations, existence and uniqueness, fixed point theorem. 89

and uniqueness of initial value problems for some fractional differential equations are investigated by many authors (see [4], [6], and [8]). The fractional integro-differential equations in different orders are investigated by [10]-[13] using Banach, Schaefer and Krasnoleskii fixed point theorems. The existence of local solutions to initial value problem of Cauchy type for fractional differential equations involving Caputo definition are deeply investigated in the books ([7], [15], and references therein). In fact, the equivalent Volterra or Fredholm integral equations to Cauchy problem for nonlinear fractional differential equations introduced in the cited articles are essential to prove the existence of such systems. Motivated by these works, we study in this paper the existence and uniqueness of a local solution to initial-value and boundary-valued Cauchy problem for some fractional integro-differential equations at any inner point of a finite interval involving the Caputo derivative. The results are obtained by applying the fixed point theorems on the corresponding Volterra and Fredholm integral equations.

2. Equivalent integral forms

Let X = C(J, R) be a Banach space of all continuous real valued functions defined on the interval J = [t_0, T ], t_0 ≥ 0, T < ∞, α ∈ (n − 1, n], and n ∈ N.

A function f is said to be fractional integrable of order α > 0 (see [7], and [15]) if for all t > t_0,

I^αf(t) = (I^αf) (t) = 1 Γ (α) t∫ t_0

(t − s)^{α−1} f(s)ds,

exists and if α = 0, then I^0f(t) = f(t). The Caputo fractional derivative of x is defined as^C D^α_{t0} x(t) = I^{n−α}

(_{dnx}

dt^n ) (t), for t > t_0, provided that D^nx is fractional integrable of order n − α.

In what follows, we assume that all functions below are fractional integrable functions of any order less than or equal to n on their domains.

For a given fractional differential equation, we obtain in this section some equivalent integral forms in order to use in the proof of the existence problems. We begin these forms by the following basic linear form.

Theorem 1. Let f, g ∈ X, and F be fractional integrable with order α. Then, the fractional integro-differential system

C D^α_{t0} x(t) = g(t) + t∫ t_0

f(s)ds, t ∈ J − {t_∗}

(2.1)

x^{(k)}(t_∗) = b_k ∈ R, k = 0, 1, 2, . . . , n − 1, t_∗ ∈ J is equivalent to the Volterra integral equation

(2.2) x(t) = n−1∑ k=0 (t − t_∗)^k k! ( b_k − I^{α−k}F (t_∗) ) + I^αF (t), t ∈ J,

where F (t) = g(t) + t∫ t_0

f(s)ds.

Proof. See [13, Theorem 3.1]. □ In accordance with the proof of Theorem 1, it is not hard to deduce some equivalent forms of different nonlinear integro-differential systems. In what follows, assume that G(t, x(t)) = g(t, x(t)) + t∫ t_0

f(s, x(t))ds.

Corollary 1. The nonlinear fractional integro-differential system

C D^α_{t0} x(t) = g(t, x(t)) + t∫ t_0

f(s, x(t))ds, , t ∈ J − {t_∗}

(2.3)

x^{(k)}(t_∗) = b_k ∈ R, k = 0, 1, 2, . . . , n − 1, t_∗ ∈ J is equivalent to the integral equation

x(t) = n−1∑ k=0 (t − t_∗)^k k! b_k + 1 Γ (α) t∫ t_0

(t − s)^{α−1} G(s, x(s))ds

− n−1∑ k=0 (t − t_∗)^k k!Γ (α − k)

t_∗∫

t_0

(t_∗ − s)^{α−k−1} G(s, x(s))ds,

for t ∈ J.

Corollary 2. The nonlinear fractional integro-differential system

C D^α_{t0} x(t) = g(t, x(t)) + t∫ t_0

f(s, x(t))ds, t ∈ [t_0, T )

x^{(k)}(T ) = b_k ∈ R, k = 0, 1, 2, . . . , n − 1, is equivalent to the integral equation

x(t) = n−1∑ k=0 (−1)^k

(T − t)^k k! b_k + 1 Γ (α) t∫ t_0

(t − s)^{α−1} G(s, x(s))ds

(2.4)

+ n−1∑ k=0 (−1)^{k+1}

(T − t)^k k!Γ (α − k) T∫ t_0

(T − s)^{α−k−1} G(s, x(s))ds, for t ∈ J.

Corollary 3. The nonlinear fractional integro-differential system

C D^α_{t0} x(t) = g(t, x(t)) + t∫ t_0

f(s, x(t))ds, t ∈ (t_0, T )

(2.5)

x(t_0) = b_0 ∈ R, x^{(k)}(T ) = b_k ∈ R, k = 1, 2, . . . , n − 1 is equivalent to the integral equation

x(t) = b_0 − n−1∑ k=1 (−1)^k k! ( (T − t_0)^k − (T − t)^k ) b_k

(2.6)

+ 1 Γ (α) t∫ t_0

(t − s)^{α−1} G(s, x(s))ds

+ n−1∑ k=1 (−1)^k k!Γ (α − k) ( (T − t_0)^k − (T − t)^k

)^T∫

t_0

(T − s)^{α−k−1} G(s, x(s))ds,

for t ∈ J.

Now, consider the fractional integro-differential equation C D^α_{t0} x(t) = H(t, κ(t), ϱ(t)), t ∈ J − {t_∗}

(2.7) x^{(k)}(t_∗) = b_k ∈ R, k = 0, 1, 2, . . . , n − 1, t_∗ ∈ J

where κ(t) = t∫ t_0

f(t, s, x(s))ds, and ϱ(t) = T∫ t_0

g(t, s, x(s))ds are respectively

the Volterra and Fredholm integral operators with values in X. The function H : J × X × X → R is fractional integrable with order α. In accordance of Theorem 1, one can deduce the equivalent mixed Volterra-Fredholm integral form of (2.7) as

x(t) = n−1∑ k=0 (t − t_∗)^k k! b_k + 1 Γ (α) t∫ t_0

(t − s)^{α−1} H(s, κ(s), ϱ(s))ds

(2.8)

− n−1∑ k=0 (t − t_∗)^k k!Γ (α − k)

t_∗∫

t_0

(t_∗ − s)^{α−k−1} H(s, κ(s), ϱ(s))ds.

3. Existence and uniqueness problems We investigate in this section the existence of solution for the fractional integro-differential systems (2.3)-(2.7) by using the well-known Banach and Schaefer’s fixed point Theorems. Let J_1 = [t_∗ − h, t_∗ + h] ⊂ (t_0, T ), where

0 < h < min{t_∗ − t_0, T − t_∗}, and X_1 = C(J_1, R) be the space of all real valued continuous functions.

H1. Let f, g : J × X → R be jointly continuous Lipschitzian functions that is, there exist positive constants A and B such that ‖f(t, x) − f(t, y)‖ ≤ A‖x − y‖, ‖g(t, x) − g(t, y)‖ ≤ B‖x − y‖, for any t ∈ J, and x, y ∈ X. Moreover, let C = sup_{t∈J} ‖f(t, 0)‖, D = sup_{t∈J} ‖g(t, 0)‖, and L = max{A, B, C, D}.

Therefore, in accordance with Corollary 1, the fractional nonlinear system

C D^α_{t∗−h}x(t) = g(t, x(t)) + t∫ t_∗−h

f(s, x(t))ds, t ∈ J_1 − {t_∗}

(3.1)

x^{(k)}(t_∗) = b_k ∈ R, k = 0, 1, 2, . . . , n − 1, is equivalent to the integral equation

x(t) = n−1∑ k=0 (t − t_∗)^k k! b_k + 1 Γ (α) t∫ t_∗−h

(t − s)^{α−1} G(s, x(s))ds

(3.2)

− n−1∑ k=0 (t − t_∗)^k k!Γ (α − k)

t_∗∫

t_∗−h

(t_∗ − s)^{α−k−1} G(s, x(s))ds.

where G is fractional integrable of order α. Accordingly, we define the operator Ψ on X_1 as follows:

Ψx(t) = n−1∑ k=0 (t − t_∗)^k k! b_k + 1 Γ (α) t∫ t_∗−h

(t − s)^{α−1} G(s, x(s))ds

(3.3)

− n−1∑ k=0 (t − t_∗)^k k!Γ (α − k)

t_∗∫

t_∗−h

(t_∗ − s)^{α−k−1} G(s, x(s))ds.

The next hypothesis is essential to state and prove the first main result in this section.

H2. Let θ_1, and r_1 be positive real numbers such that

θ_1 = L(1 + 2h)h^α ( 2^α Γ (α + 1) + n−1∑ k=0 1 k!Γ (α − k + 1) ) < 1,

r_1 ≥ θ_1 +

∑_{n−1} k=0 h^k

k! |b_k| 1 − θ_1 . Moreover, let Ω_1 = {x ∈ X_1 : ‖x‖ ≤ r_1}.

Theorem 2. Let H1 and H2 be satisfied, then, there exists a unique solution for the fractional integro-differential system (3.1) in X_1.

Proof. The Banach fixed point theorem is used to show that Ψ defined by (3.3) has a fixed point on the closed subspace Ω_1 of the Banach space X_1. This fixed point satisfies the integral equation (3.2), hence is a solution of (3.1). For any t ∈ J_1, the continuity of f(t, x(t)) and g(t, x(t)) implies the continuity of G(t, x(t)) and hence the continuity of Ψx(t). By using H1, we have

|Ψx(t)| ≤ n−1∑ k=0 |t − t_∗|^k k! |b_k|

+ n−1∑ k=0 |t − t_∗|^k k! (B ‖x‖ + D) + (A ‖x‖ + C) (t − t_∗ + h) Γ (α − k + 1) h^{α−k} + (B ‖x‖ + D) + (A ‖x‖ + C) (t − t_∗ + h) Γ (α + 1)

(t − t_∗ + h)^α ≤ n−1∑ k=0 h^k k! |b_k| + n−1∑ k=0 h^α k! L (‖x‖ + 1) (1 + 2h) Γ (α − k + 1) + L (‖x‖ + 1) (1 + 2h)

Γ (α + 1)

(2h)^α ≤ n−1∑ k=0 h^k k! |b_k|

+L(1 + 2h)h^α ( 2^α Γ (α + 1) + n−1∑ k=0 1 k!Γ (α − k + 1) )

+L(1 + 2h)h^α ( 2^α Γ (α + 1) + n−1∑ k=0 1 k!Γ (α − k + 1) ) ‖x‖ .

Hence, if x ∈ Ω_1, it is obvious that Ψx ∈ Ω_1. Next, let x, y ∈ Ω_1, then

|Ψx(t) − Ψy(t)| ≤ n−1∑ k=0 |t − t_∗|^k k! (B + A (t − t_∗ + h)) ‖x − y‖ Γ (α − k + 1) h^{α−k} + (B + A (t − t_∗ + h)) ‖x − y‖ Γ (α + 1)

(t − t_∗ + h)^α

≤ L(1 + 2h)h^α ( 2^α Γ (α + 1) + n−1∑ k=0 1 k!Γ (α − k + 1) ) ‖x − y‖

≤ θ_1 ‖x − y‖ , since θ_1 < 1, then Ψ is a contraction mapping on Ω_1. Hence, Ψ has a fixed point which is the unique solution to (3.1). □

Next result is getting the existence of a local solution for the Cauchy problem (2.4). Let J_2 = [T − h, T ] ⊂ (t_0, T ], where 0 < h < T − t_0, and X_2 = C(J_2, R) be the space of all real valued continuous functions on J_2. The system

C D^α_{T −h}x(t) = g(t, x(t)) + t∫ T −h

f(s, x(t))ds, t ∈ [T − h, T ),

(3.4)

x^{(k)}(T ) = b_k ∈ R, k = 0, 1, 2, . . . , n − 1 is equivalent to the Volterra-Fredholm integral equation

x(t) = n−1∑ k=0 (−1)^k

(T − t)^k k! b_k + 1 Γ (α) t∫ T −h

(t − s)^{α−1} G(s, x(s))ds

− n−1∑ k=0 (−1)^k

(T − t)^k k!Γ (α − k) T∫ T −h

(T − s)^{α−k−1} G(s, x(s))ds

for x ∈ X_2, and t ∈ J_2.

The modified version of H2 can be given by the following: H3. Let θ_2, and r_2 be positive real numbers such that

θ_2 = L(1 + h)h^α ( 1 Γ (α + 1) + n−1∑ k=0 1 k!Γ (α − k + 1) ) < 1,

r_2 ≥ θ_2 +

∑_{n−1} k=0 h^k

k! |b_k| 1 − θ_2 . Moreover, let Ω_2 = {x ∈ X_2 : ‖x‖ ≤ r_2}.

The proof of the next result is similar to that one of Theorem 2, hence it is omitted.

Corollary 4. Let H1 and H3 be satisfied, then, there exists a unique solution for the fractional integro-differential system (3.4) in X_2.

Now, consider the initial value problem of the fractional integro-differential system

C D^α_{t0} x(t) = g(t, x(t)) + t∫ t_∗

f(s, x(t))ds, , t ∈ (t_0, T ),

(3.5)

x^{(k)}(t_0) = b_k ∈ R, k = 0, 1, 2, . . . , n − 1, that has an equivalent Volterra integral equation given by

x(t) = n−1∑ k=0 (t − t_0)^k k! b_k + 1 Γ (α) t∫ t_0

(t − s)^{α−1} G(s, x(s))ds for t ∈ J_0 = [t_0, t_0 + h], x ∈ X_0 = C(J_0, R).

To establish the existence and uniqueness results to the system (3.5), we replace the next hypothesis instead of H2. H4. Let θ_0, and r_0 be positive real numbers such that

θ_0 =

L(h + 1) Γ (α + 1) h^α < 1, and r_0 ≥ θ_0 +

∑_{n−1} k=0 h^k

k! |b_k| 1 − θ_0 . Moreover, let Ω_0 = {x ∈ X_0 : ‖x‖ ≤ r_0}.

Corollary 5. Let H1, and H4 be satisfied, then, there exists a unique solution for the fractional integro-differential system (3.5) in X_0.

Next, we consider the system (2.5)-(2.6). H5. Let θ_3, and r_3 be positive real numbers such that

θ_3 = L(1 + T − t_0)(T − t_0)^α ( 1 Γ (α + 1) + n−1∑ k=1 1 k!Γ (α − k + 1) ) < 1,

r_3 ≥ θ_3 +

∑_{n−1} k=0 (T −t_0 )^k

k! |b_k| 1 − θ_3 . Moreover, let Ω_3 = {x ∈ X_3 : ‖x‖ ≤ r_3}.

Corollary 6. Let H1, and H5 be satisfied, then, there exists a unique solution for the fractional integro-differential system (2.5) in X.

Remark 1. By modifications on the hypotheses H1–H5, we can obtain all the previous results of the existence and uniqueness of solution for the fractional integro-differential systems (2.7) and (2.8).

We close this article by obtaining a sufficient condition of existence problem for the system (2.7) by using Schaefer’s fixed point theorem.

Theorem 3 ([5]). Let X be a Banach space. Assume that Ψ : X → X is completely continuous operator and the set V = {x ∈ X : x = μΨx, 0 < μ < 1} is bounded. Then Ψ has a fixed point in X.

Define the operator Ψ on X by (see 2.8)

Ψx(t) = n−1∑ k=0 (t − t_∗)^k k! b_k + 1 Γ (α) t∫ t_0

(t − s)^{α−1} H(s, κ(s), ϱ(s))ds

− n−1∑ k=0 (t − t_∗)^k k!Γ (α − k)

t_∗∫

t_0

(t_∗ − s)^{α−k−1} H(s, κ(s), ϱ(s))ds.

H6. Let f, g : D×X → X be continuous functions, where D = {(t, s) : t_0 ≤ s ≤ t ≤ T }, and assume that H satisfying a linear growth condition ‖H(·, x, y)‖ ≤ K(1 + ‖x‖ + ‖y‖), for any x, y ∈ X.

Theorem 4. Assume that H6 is satisfied. Then the fractional integro-differential equation (2.7) has at least one solution.

Proof. The continuity of f and g on D × X implies the continuity of H and hence the continuity of the operator Ψ on X. Define the nonempty closed convex subset Ω = {x ∈ X : ‖x‖ ≤ r} of the Banach space X. If f_{max} = max{‖f(t, s, x)‖ : (t, s, x) ∈ D × Ω} g_{max} = max{‖g(t, s, x)‖ : (t, s, x) ∈ D × Ω} then for any x ∈ Ω, (t, s) ∈ D, we have

(3.6) |Ψx(t)| ≤

K (1 + f_{max} (T − t_0) + g_{max} (T − t_0)) (t − t_0)^α Γ (α + 1) + n−1∑ k=0 (T − t_∗)^k k! ( |b_k| +

K (1 + f_{max} (T − t_0) + g_{max} (T − t_0)) (t_∗ − t_0)^{α−k} Γ (α − k + 1) ) . Hence Ψx has an upper bound M < ∞ on X. Furthermore, if t_0 ≤ t_1 ≤ t_2 ≤ T, then

|(Ψx) (t_2) − (Ψx) (t_1)| ≤ n−1∑ k=0 | |(t_2 − t_∗)k − (t_1 − t_∗)k | | k! × ( |b_k| +

K (1 + f_{max} (T − t_0) + g_{max} (T − t_0)) (t_∗ − t_0)^{α−k} Γ (α − k + 1) )

+ K (1 + f_{max} (T − t_0) + g_{max} (T − t_0)) Γ (α)

t_1∫

t_0 | (t_2 − s)^{α−1} − (t_1 − s)^{α−1} | ds

+ K (1 + f_{max} (T − t_0) + g_{max} (T − t_0)) Γ (α)

t_2∫

t_1

|t_2 − s|^{α−1} ds

≤ n−1∑ k=0 | |(t_2 − t_∗)k − (t_1 − t_∗)k | | k! × ( |b_k| +

K (1 + f_{max} (T − t_0) + g_{max} (T − t_0)) (t_∗ − t_0)^{α−k} Γ (α − k + 1) )

+ K (1 + f_{max} (T − t_0) + g_{max} (T − t_0)) Γ (α + 1)

× (2 |t_2 − t_1|^α + |(t_2 − t_0)^α − (t_1 − t_0)^α|) which is independent of x, and tends to 0 as t_1 → t_2. This implies that Ψ is equicontinuous on J. In consequence, it follows by the Arzela-Ascoli theorem that the operator Ψ is completely continuous. Next, let x ∈ V = {y ∈ Ω : y = μΨy, 0 < μ < 1} , then x = μΨx, for some μ ∈ (0, 1). Using (3.6)), we have |x(t)| = μ |Ψx(t)| ≤ M, for any t ∈ J. Hence ‖x‖ ≤ M, which implies the boundedness of V . As a consequence of Theorem 3, the operator Ψ has at least one fixed point x ∈ Ω, which is the solution of (2.7). This finishes the proof. □ Example 1. Consider the following fractional system

C D^{52}_0 x(t) = t|x(t)| 3 + 3|x(t)| + t∫ 0 s sin x(s) 3 ds, t ∈ (0, 1 2 ) ∪ ( 1 2 , 1]

(3.7)

x ( 1 2 ) = x^′ ( 1 2 ) = x^{′′} ( 1 2 ) = 1.

The functions f(t, x(t)) = t sin^{x(t)}_3 , and g(t, x(t)) =^{t|x(t)|}_{3+3|x(t)|} are jointly continuous functions on [0, 1] × [0, ∞). Moreover, the hypotheses (H1) and (H2) are satisfied such that L =^1_3 , h <^1_2 , and θ_1 < 1. Hence for large r, there exist a unique solution for the fractional differential system (3.7) on C[0, 1].

References

[1] R. P. Agarwal, M. Benchohra, and S. Hamani. Boundary value problems for fractional differential equations. Georgian Math. J., 16(3):401–411, 2009.

[2] K. Balachandran and J. Y. Park. Nonlocal Cauchy problem for abstract fractional semilinear evolution equations. Nonlinear Anal., 71(10):4471–4475, 2009.

[3] M. Benchohra, S. Hamani, and S. K. Ntouyas. Boundary value problems for differential equations with fractional order and nonlocal conditions. Nonlinear Anal., 71(7-8):2391– 2396, 2009.

[4] D. Delbosco and L. Rodino. Existence and uniqueness for a nonlinear fractional differential equation. J. Math. Anal. Appl., 204(2):609–625, 1996.

[5] A. Granas and J. Dugundji. Fixed point theory. Springer Monographs in Mathematics.

Springer-Verlag, New York, 2003.

[6] O. K. Jaradat, A. Al-Omari, and S. Momani. Existence of the mild solution for fractional semilinear initial value problems. Nonlinear Anal., 69(9):3153–3159, 2008.

[7] A. A. Kilbas, H. M. Srivastava, and J. J. Trujillo. Theory and applications of fractional differential equations, volume 204 of North-Holland Mathematics Studies. Elsevier Science B.V., Amsterdam, 2006.

[8] V. Lakshmikantham. Theory of fractional functional differential equations. Nonlinear Anal., 69(10):3337–3343, 2008.

[9] R. L. Magin. Fractional Calculus in Bioengineering. Begell House Publisher, 2006. [10] M. Matar. On existence and uniqueness of the mild solution for fractional semilinear integro-differential equations. J. Integral Equations Appl., 23(3):457–466, 2011.

[11] M. M. Matar. Existence and uniqueness of solutions to fractional semilinear mixed Volterra-Fredholm integrodifferential equations with nonlocal conditions. Electron. J. Differential Equations, pages No. 155, 7, 2009.

[12] M. M. Matar. Boundary value problem for fractional integro-differential equations with nonlocal conditions. Int. J. Open Probl. Comput. Sci. Math., 3(4):481–489, 2010.

[13] M. M. Matar and J. J. Trujillo. Existence of local solutions for differential equations with arbitrary fractional order. Arabian Journal of Mathematics, pages 1–10, 2015.

[14] G. M. N’Guérékata. A Cauchy problem for some fractional abstract differential equation with non local conditions. Nonlinear Anal., 70(5):1873–1876, 2009.

[15] I. Podlubny. Fractional differential equations, volume 198 of Mathematics in Science and Engineering. Academic Press, Inc., San Diego, CA, 1999. An introduction to fractional derivatives, fractional differential equations, to methods of their solution and some of their applications.

[16] T. O. Salim and A. El-Kahlout. Analytical solution of time-fractional advection dispersion equation. Appl. Appl. Math., 4(1):176–188, 2009.

[17] G. M. Zaslavsky. Hamiltonian chaos and fractional dynamics. Oxford University Press, Oxford, 2008. Reprint of the 2005 original.

Received July 12, 2014.

Mohammed M. Matar (corresponding author), Department of Mathematics, Al-Azhar University-Gaza, Palestine E-mail address: mohammed mattar@hotmail.com

Tariq O. Salim, Department of Mathematics, Al-Azhar University-Gaza, Palestine E-mail address: trsalim@yahoo.com