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NON-DEGENERATE HYPERSURFACES OF A
SEMI-RIEMANNIAN MANIFOLD WITH A

QUARTER-SYMMETRIC NON-METRIC CONNECTION

AJIT BARMAN

Abstract. The object of the present paper is to study a non-degenerate
hypersurface of a semi-Riemannian manifold with a quarter-symmetric non-
metric connection.

1. Introduction

Let M̃ be an (n + 1)-dimensional differentiable manifold of class C∞ and
M an n-dimensional differentiable manifold immersed in M̃ by a differentiable
immersion

i : M → M̃.

i(M) identical toM, is said to be a hypersurface of M̃ . The differential di of the
immersion i will be denoted by B so that a vector fieldX inM corresponds to a
vector field BX in M̃ . We suppose that the manifold M̃ is a semi-Riemannian
manifold with the semi-Riemannian metric g̃ of index ν, 0 ≤ ν ≤ n+ 1. Thus
the index of M̃ is the ν, which will be denoted by indM̃ = ν. If the induced
metric tensor g = g̃|M defined by

g(X,Y ) = g̃(BX,BY ), for all X,Y in χ(M)

is non-degenerate, then the hypersurface M is called a non-degenerate hy-
persurface. Also M is a semi-Riemannian manifold with the induced semi-
Riemannian metric g [6]. If the semi-Riemannian manifolds M̃ and M are
both orientable and we can choose a unit vector field N defined along M such
that

g̃(BX,N) = 0, g̃(N,N) = ε =

{
+1, for spacelike N,

−1, for spacelike N,
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for all X in χ(M), where N is called the unit normal vector field to M and
indM = ind M̃ if ε = 1, indM = ind M̃ − 1 if ε = −1.

The hypersurface of a manifold have been studied by several authors such
as Bucki [1], De and Kamilya [2], De and Mondal [3], O’Neill [6], Yücesan and
Yasar [9], Yücesan and Ayyildiz [8], Yano and Kon [7] and many others.

In 1975, Golab [5] defined and studied quarter-symmetric connection in dif-
ferentiable manifolds with affine connections. A linear connection ∇̃ on an
(n + 1)-dimensional Riemannian manifold M̃ is called a quarter-symmetric
connection [5] if its torsion tensor T̃ satisfies

(1.1) T̃ (X̃, Ỹ ) = η̃(Ỹ )φ̃X̃ − η̃(X̃)φ̃Ỹ ,

where η̃ is a 1-form and ξ̃ is a vector field defined by

(1.2) η̃(X̃) = g̃(X̃, ξ̃),

for all vector fields X̃, Ỹ ∈ χ(M̃) , χ(M̃) is the set of all differentiable vector
fields on M̃ .

In particular, if φ̃X̃ = X̃, then the quarter-symmetric connection reduces to
the semi-symmetric connection [4]. Thus the notion of the quarter-symmetric
connection generalizes the notion of the semi-symmetric connection.

If moreover, a quarter-symmetric connection ∇̃ satisfies the condition

(1.3) ∇̃g̃ 6= 0,

then ∇̃ is said to be a quarter-symmetric non-metric connection.

2. Quarter-symmetric non-metric connection

Let M̃ denotes an (n+1)-dimensional semi-Riemannian manifold with semi-
Riemannian metric g̃ of index ν, 0 ≤ ν ≤ n+ 1. A linear connection ∇̃ on M̃
is called a quarter-symmetric non-metric connection if

(∇̃X̃ g̃)(Ỹ , Z̃) = −η̃(Ỹ )g̃(φ̃X̃, Z̃)− η̃(Z̃)g̃(φ̃X̃, Ỹ ).(2.1)

Throughout the paper, we will denote by M̃ the semi-Riemannian manifold
admitting a quarter-symmetric non-metric connection given by

∇̃X̃ Ỹ = ∇̃∗
X̃
Ỹ + η̃(Ỹ )φ̃X̃,(2.2)

any vector fields X̃ and Ỹ of M̃ . When M is a non-degenerate hypersurface,
we have the following orthogonal direct sum :

χ(M̃) = χ(M)⊕ χ(M)⊥.(2.3)

According to (2.3), every vector field X̃ on M̃ is decomposed as

ξ̃ = Bξ + µN,(2.4)

where µ is scalar function, a contravariant vector field ξ and a semi-Riemannian
metric g on hypersurface Mn respectively.
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We denote∇∗ the connection on the non-degenerate hypersurfaceM induced
from the Levi-Civita connection ∇̃∗ on M̃ with respect to the unit spacelike
or timelike normal vector field N . We have the equality

∇̃∗
BXBY = B(∇∗

XY ) + h∗(X,Y )N,(2.5)

for arbitrary vector fields X and Y of M, where h∗ is the second fundamental
form of the non-degenerate hypersurface M . Let us define the connection ∇
on M which is induced by the quarter-symmetric non-metric connection ∇̃ on
M̃ with respect to the unit spacelike or timelike normal vector field N . We
obtain the equation

∇̃BXBY = B(∇XY ) + h(X, Y )N,(2.6)

where h is the second fundamental form of the non-degenerate hypersurface
M . We call (2.6) the equation of Gauss with respect to the induced connection
∇.

According to (2.2), we have

∇̃BXBY = ∇̃∗
BXBY + η̃(BY )φ̃(BX).(2.7)

Using (2.5) and (2.6) in (2.7), we get

B(∇XY ) + h(X, Y )N = B(∇∗
XY ) + h∗(X,Y )N + η̃(BY )φ̃(BX).(2.8)

which implies

∇XY = ∇∗
XY + η(Y )φX(2.9)

and

h(X,Y ) = h∗(X, Y ),

where η̃(BY ) = Bη(Y ) and φ̃(BX) = BφX.
From (2.9), we conclude that

(∇Xg)(Y, Z) = −η(Y )g(φX,Z)− η(Z)g(φX, Y ),(2.10)

and

T (X, Y ) = η(Y )φX − η(X)φY,(2.11)

for any X,Y, Z in χ(M).
From (2.10) and (2.11), we can state the following theorem:

Theorem 2.1. The connection induced on a non-degenerate hypersurface of
a semi-Riemannian manifold with a quarter-symmetric non-metric connec-
tion with respect to the unit spacelike or timelike normal vector field is also
a quarter-symmetric non-metric connection.

The equation of Weingarten with respect to the Levi-Civita connection ∇̃∗

is

∇̃∗
BXN = −B(A∗

NX),(2.12)
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for any vector field X in M and where A∗
N is a tensor field of type (1, 1) of M

which is defined by

h∗(X, Y ) = εg(A∗
NX, Y ),(2.13)

[6].
Using (2.7), we have

∇̃BXN = ∇̃∗
BXN + εµφ̃(BX),(2.14)

because from (2.4), we obtain

η̃(N) = g̃(ξ̃, N) = g̃(Bξ + µN,N) = µg̃(N,N) = εµ.

Combining (2.12) and (2.14), we get

∇̃BXN = −B((A∗
N − εµφ)X), ε∓ 1.(2.15)

Applying the tensor field AN of type (1, 1) of M defined

AN = A∗
N − εµφ,(2.16)

From (2.15), we have

∇̃BXN = −B(ANX),(2.17)

Combining (2.13) and (2.16), we have

h(X, Y ) = εg(ANX, Y ) + µg(φX, Y ).(2.18)

From (2.16), we can state the following corollary:

Corollary 2.1. Let M be a non-degenerate hypersurface of a semi-Riemannian
manifold M̃ . Then

(i) if M has a spacelike normal vector field, the shape operator AN with
respect to the quarter-symmetric non-metric connection ∇̃ is

AN = A∗
N − µφ,

and
(ii) if M has a timelike normal vector field, the shape operator AN with

respect to the quarter-symmetric non-metric connection ∇̃ is

AN = A∗
N + µφ.

We suppose that e1, e2, . . . , eν , eν+1, . . . , en are principal vector fields corre-
sponding to unit spacelike or timelike normal vector field N with respect to
∇̃∗.

From (2.16), we have

AN(ei) = A∗
N(ei)− εµφ(ei) = k∗

i ei − εµpiei = (k∗
i − εµpi)ei, 1 ≤ i ≤ n,

where k∗
i , 1 ≤ i ≤ n, are the principal curvatures corresponding to the unit

spacelike or timelike normal vector field N with respect to the Levi-Civita
connection ∇̃∗. If we take

ki = k∗
i − εµpi and φ(ei) = piei, 1 ≤ i ≤ n,(2.19)
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then we obtain

A∗
N(ei) = k∗

i ei and AN(ei) = kiei, 1 ≤ i ≤ n,(2.20)

where ki, 1 ≤ i ≤ n, are the principal curvatures corresponding to the unit
spacelike or timelike normal vector field N with respect to the quarter-symmet-
ric non-metric connection ∇̃.

Therefore, we can give the following corollary:

Corollary 2.2. Let M be a non-degenerate hypersurface of a semi-Riemannian
manifold M̃ . Then

(i) if M has a spacelike normal vector field, the principal curvatures corre-
sponding to the unit spacelike normal vector field N with respect to the quarter-
symmetric non-metric connection ∇̃ are ki = k∗

i − µpi, 1 ≤ i ≤ n,
and
(ii) if M has a timelike normal vector field, the principal curvatures corre-

sponding to the unit timelike normal vector field N with respect to the quarter-
symmetric non-metric connection ∇̃ are ki = k∗

i + µpi, 1 ≤ i ≤ n.

3. Equations of Gauss curvature and Codazzi-Mainardi

We denote the curvature tensor of M̃ with respect to the Levi-Civita con-
nection ∇̃∗ by

R̃∗(X̃, Ỹ )Z̃ = ∇̃∗
X̃
∇̃∗

Ỹ
Z̃ − ∇̃∗

Ỹ
∇̃∗

X̃
Z̃ − ∇̃∗

[X̃,Ỹ ]
Z̃

and that of M with respect to the Levi-Civita connection ∇∗ by

R∗(X,Y )Z = ∇∗
X∇∗

YZ −∇∗
Y∇∗

XZ −∇∗
[X,Y ]Z.

Then the equation of Gauss curvature is given by

R∗(X, Y, Z, U) = R̃∗(BX,BY,BZ,BU)

+ε{h∗(X,U)h∗(Y, Z)− h∗(Y, U)h∗(X,Z)},
where

R̃∗(BX,BY,BZ,BU) = g̃(R̃∗(BX,BY )BZ,BU),

R∗(X,Y, Z, U) = g(R∗(X,Y )Z,U)

and the equation of Codazzi-Mainardi [6] is given by

R̃∗(BX,BY,BZ,N) = ε{(∇∗
Xh

∗)(Y, Z)− (∇∗
Y h

∗)(X,Z)}.
We find the equation of Gauss curvature and Codazzi-Mainardi with respect

to the quarter-symmetric non-metric connection. The curvature tensor of the
quarter-symmetric non-metric connection ∇̃ of M̃ is

R̃(X̃, Ỹ )Z̃ = ∇̃X̃∇̃Ỹ Z̃ − ∇̃Ỹ ∇̃X̃Z̃ − ∇̃[X̃,Ỹ ]Z̃.(3.1)

Putting X̃ = BX, Ỹ = BY, Z̃ = BZ in (3.1) and using (2.6) and (2.17), we
get

R̃(BX,BY )BZ = B[R(X,Y )Z + h(X,Z)ANY − h(Y, Z)ANX]
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+[(∇Xh)(Y, Z) − (∇Y h)(X,Z) + h{η(Y )φX − η(X)φY, Z}]N,(3.2)

where
R(X, Y )Z = ∇X∇YZ −∇Y∇XZ −∇[X,Y ]Z

is the curvature tensor of the quarter-symmetric non-metric connection ∇.
Combining (2.18) and (3.2), we obtain

R̃(BX,BY,BZ,BU) = R(X,Y, Z, U) + ε[h(X,Z)h(Y, U)− h(Y, Z)h(X,U)

+µh(Y, Z)g(φX,U)− µh(X,Z)g(φY, U)](3.3)

and

R̃(BX,BY,BZ,N) = ε[(∇Xh)(Y, Z)− (∇Y h)(X,Z)

+h{η(Y )φX − η(X)φY, Z}],(3.4)

where R̃(X̃, Ỹ , Z̃, Ũ) = g̃(R̃(X̃, Ỹ )Z̃, Ũ) and R(X, Y, Z, U) = g(R(X,Y )Z,U).
The above equations (3.3) and (3.4) are Gauss curvature and Codazzi-

Mainardi with respect to the quarter-symmetric non-metric connection respec-
tively.

4. The Ricci and scalar curvatures

Suppose that {Be1, . . . , Beν , Beν+1, . . . , Ben, N} is an orthonormal basis of
χ(M̃). Then the Ricci tensor of M̃ with respect to the quarter-symmetric
non-metric connection is

R̃ic(BY,BZ) =
n∑

i=1

εig̃(R̃(Bei, BY )BZ,Bei)

+εg̃(R̃(N,BY )BZ,N),(4.1)

for all X, Y in χ(M).
Using (2.18) in (3.3), we get

R̃(BX,BY,BZ,BU) = R(X,Y, Z, U) + εg(ANX,Z)g(ANY, U)

+µg(φX,Z)g(ANY, U)

−εg(ANY, Z)g(ANX,U)− µg(ANX,U)g(φY, U).(4.2)

Putting X = ei and U = ei in (4.2) and using (2.19) and (2.20), we have

n∑
i=1

εiR̃(Bei, BY,BZ,Bei) =
n∑

i=1

εig̃(R̃(Bei, BX)BY,Bei) = Ric(Y, Z)

+
n∑

i=1

[εki + µpi − εf ]g(ANY, Z)− µfg(φY, Z),(4.3)

where

f =
n∑

i=1

εig(ANei, ei).
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Using (4.3) in (4.1), we obtain

R̃ic(BY,BZ) = Ric(Y, Z) +
n∑

i=1

[εki + µpi − εf ]g(ANY, Z)− µfg(φY, Z)

+εg̃(R̃(N,BY )BZ,N),(4.4)

where R̃ic and Ric are the Ricci tensor with respect to ∇̃ and ∇ respectively.
The scalar curvature of M̃ with respect to the quarter-symmetric non-metric

connection is

r̃ =
n∑

i=1

εiR̃ic(ei, ei) + εR̃ic(N,N).(4.5)

Putting Y = ei and Z = ei in (4.4), we get

r̃ = r +
n∑

i=1

[εki + µpi − εf ]f − µfα+ 2εR̃ic(N,N),(4.6)

where α = g(φei, ei) and r̃ and r are the scalar curvature with respect to ∇̃
and ∇ respectively.

From the above discussion, we can state the following theorem:

Theorem 4.1. Let M be non-degenerate hypersurface of a semi-Riemannian
manifold M̃ with respect to the quarter-symmetric non-metric connection, then

(i) the Ricci tensor is given by (4.4)
and
(ii) the scalar curvature is given by (4.6).
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