Acta Mathematica Academiae Paedagogicae Nyíregyháziensis 33 (2017), 273–290

www.emis.de/journals
ISSN 1786-0091

THE GEOMETRY OF TANGENT BUNDLES AND ALMOST COMPLEX STRUCTURES

SILAS LONGWAP AND FORTUNÉ MASSAMBA

Abstract. In this paper, we study the geometry of a tangent bundle of a Riemannian manifold endowed with a Sasaki metric. Using O’Neill tensors given in [7], we prove some characteristic theorems comparing the geometries of a smooth manifold and its tangent bundle. We also show that there exists an almost complex structure on a Riemannian manifold which is not holomorphic to the canonical almost complex structure of its tangent bundle.

1. Introduction

The differential geometric properties of tangent bundle of smooth manifolds have been studied by different authors using different approaches with different notations. Many authors found interest in this topic because of its applications in many areas of Mathematics and Physics. The geometry of tangent bundle was initiated by one of Sasaki’s papers [10] published in 1958. He used a given Riemannian metric g to construct a metric g^s called the Sasaki metric on the tangent bundle T M of a smooth manifold M. In [2], Dombrowski gave an explicit expression for the Lie bracket of the tangent bundle T M. Again, the Levi-Civita connection of the Sasaki metric on T M and its Riemannian curvature tensor are calculated by Kowalski in [6]. Sigmundur and Elias in [5] have written a detailed and unified presentation of some of the best known results on the geometry of tangent bundles of Riemannian manifolds.

After the study of the geometry of tangent bundle of a smooth manifold, it is important to also have a look at the submersion between the tangent bundle T M of M and the base manifold M itself.

Immersions and submersions are special tools in differential geometry, they play an important role in Riemannian geometry and other aspects of the differential geometry. The theory of Riemannian submersions was initiated by

2010 Mathematics Subject Classification. Primary 53C25; Secondary 53B20, 53B35. Key words and phrases. Tangent bundle; Sasakian metric; O’Neill tensor; Almost complex structure. 273

O’Neil [7] an Gray [4]. In [12], the Riemannian submersions were considered between almost Hermitian manifolds by Watson under the name almost Hermitian submersions. Almost Hermitian submersion have been actively studied between different kinds of subclasses of almost Hermitian manifolds, for example [11]. Most of the studies related to Riemannian or almost Hermitian submanifolds can be found in [3]. Note that Riemannian submersions are related to physics and have their applications in the Yang-Mills theory, the Kaluza-Klein theory, super-string theories, etc.

In this paper, we establish and extend some known results in [2] and [5] on the geometry of the tangent bundle of Riemannian manifold endowed with the Sasaki metric, together with a complex structure.

The paper is organized as follows. In Section 2, we recall some basic concepts on the tangent bundle and present the Sasakian metric that is used throughout the paper. In Section 3, we deal with the almost complex structure canonically obtained from the geometric structure of the tangent bundle. We also investigate the effect of the O’Neill tensors in the geometries of the tangent bundle T M and the base space M. We prove some characterization theorems linking the geometries of the tangent bundle to the one of the base space. Finally we end the paper by proving in Section 4 that there exists an almost structure complex on the base which makes the underlying Riemannian submersion a non-holomorphic map.

2. Preliminaries

Let (M, g) be an m-dimensional Riemannian manifold and ∇ be the Levi- Civita connection of g. Then, the tangent space of T M at any point (x, u) ∈ T M splits into the horizontal and vertical subspaces with respect to the Levi- Civita connection ∇ in the Riemannian manifold (M, g) [2, 10]

(2.1) T_{(x,u)}T M = H_{(x,u)}(T M) ⊕ V_{(x,u)}(T M).

This decomposition is obtained using the two natural projections

T T M → T M

which stem from the Riemannian manifold (M, g). The projection map π : T M → M induces a map π_∗ : T T M → T M whose kernel can be interpreted as those vectors b ∈ T_{(x,u)}T M which lie tangentially to the fiber T_{π(x,u)}M of T M. Hence vectors b are vertical and set

(2.2) V_{(x,u)}(T M) := ker(π_{∗|T(x,u)T M} ).

The other projection is the connection map K : T T M → T M associated with the Levi-Civita ∇ on (M, g). This map K is orthogonal to the projection π_∗ in the sense that it geometrically assigns to b ∈ T_{(x,u)}T M its vertical component, i.e., the component tangentially to the fiber T_{π(x,u)}M. The projection K is explicitly defined as follows.

THE GEOMETRY OF TANGENT BUNDLES AND ALMOST COMPLEX STRUCTURES275 Let K : T T M → T M, b → Kb.

Let Z be a vector field in T M. Then, Z : M → T M induces a linear map Z_∗ : T M → T T M such that, for any u ∈ T_xM with x ∈ M, Z_∗u ∈ T_{Zx} T M. The connection map K : T T M → T M is then defined by the property that if b ∈ T T M is of the form b = Z_∗w for some Z ∈ Γ(T M) and w ∈ T M, then [2] (2.3) Kb := K(Z_∗w) = (∇_wZ)_{π(w)}.

This means that the Levi-Civita connection on (M, g) arises by first taking the differential Z_∗w of Z in the direction of w and then projecting it back from T T M to the correct level T M via K in a way that extracts from Z_∗w its component tangentially to T_{π(w)}M, yielding (∇_wZ)_{π(w)}. Hence, we can call a vector b ∈ T_{(x,u)}T M ⊂ T T M with Kb = 0 horizontal and put (2.4) H_{(x,u)}(T M) := ker(K_{|T(x,u)T M} ).

The horizontal and vertical lifts of tangent vectors T M on T M are defined as follows.

Definition 2.1. [2] Let (x, u) ∈ T M be given and X ∈ T_xM be a tangent vector. Then, the the horizontal lift of X to a point (x, u) is the unique vector X^h ∈ H_{(x,u)}(T M) such that π_∗X^h = X. The vertical lift of a vector X at (x, u) ∈ T M is the unique vector X^v ∈ V_{(x,u)}(T M) such that X^v(df) = X(f), for all functions f on M. Here df is the function defined by (df)(x, u) = u(f).

This can now be extended from tangent vectors to vector fields.

Definition 2.2. The horizontal lift of a vector field X ∈ C^∞(T M) on T M is the vector field X^h ∈ C^∞(T T M) whose value at a point (x, u) is the horizontal lift of X(x) at (x, u). The vertical lift of a vector field is defined in the same way. More precisely, if X ∈ C^∞(T M), then there is exactly one vector field X^h ∈ C^∞(T T M) on T M called the horizontal lift of X such that for all Z ∈ T M:

(2.5) π_∗(X^h)_Z = X_{π(Z)} and KX^h_Z = 0_{π(Z)}. The vertical lift X^v is the unique vector field satisfying (2.6) π_∗(X^v)_Z = 0_{π(Z)} and KX^v_Z = X_{π(Z)}.

Note that the mapping X → X^h and X → X^v are isomorphisms between the vector spaces T_xM and the subspaces H_{(x,u)}(T M) and V_{(x,u)}(T M), respectively. Each tangent vector Z ∈ T_{(x,u)}T M can be written as

X^h + Y^v, where X, Y ∈ Γ(T_xM) are uniquely determined by X = π_∗(Z) and Y = K(Z). It should also be noted that if f : R → R is a smooth real-valued function on M, then (2.7) X^h(f ∘ π) = X(f) ∘ π and X^v(f ∘ π) = 0, for any vector field X on M.

Next, we present the Sasaki metric g^s on the tangent bundle T M. This metric was introduced by Sasaki in [10]. In [5], the authors calculated its Levi-Civita connection ∇^s, its Riemannian curvature tensor, and obtained interesting connections between the geometric properties of the manifold (M, g) and its tangent bundle (T M, g^s) equipped with the Sasaki metric. Definition 2.3. Let (M, g) be a Riemannian manifold. Then, the Sasaki metric g^s on the tangent bundle T M of M is given by

(i) g^s_{(x,u)}(X^h, Y^h) = g(X, Y ), (ii) g^s_{(x,u)}(X^v, Y^h) = 0, (iii) g^s_{(x,u)}(X^v, Y^v) = g(X, Y ), for all vector fields X, Y ∈ C^∞(T M) and (x, u) ∈ T M.

Let ∇ be the Levi-Civita connection on (M, g) and R be its Riemannian curvature. These geometric objects are related to its analogous in (T M, g^s), namely, ∇^s and R^s, by the following results due to Gudmundsson and Kappos in [5].

Proposition 2.4 (Gudmundsson, Kappos [5]). Let (M, g) be a Riemannian manifold and ^∇ be the Levi-Civita connection of the tangent bundle (T M, g^s) equipped with the Sasaki metric. Then (∇^s_Xv Y^v)_{(x,u)} = 0,

(2.8)

(∇^s_Xv Y^h)_{(x,u)} = 1 2 (R(u, X)Y )^h,

(2.9)

(∇^s_Xh Y^h)_{(x,u)} = (∇_X Y )^h_{(x,u)} − 1 2 (R(X, Y )u)^v,

(2.10)

(∇^s_Xh Y^v)_{(x,u)} = (∇_X Y )^v_{(x,u)} + 1 2 (R(u, Y )X)^h,

(2.11)

for all vector fields X, Y ∈ C^∞(T M) and (x, u) ∈ T M.

As known, the Sasaki metric is a particular class of the class of natural metrics. Since a natural metric is constructed in such a way that the vertical and horizontal subbundles are orthogonal and the bundle map π : (T M, g^s) → (M, g), is a Riemannian submersion, we need the following result.

Proposition 2.5 (See [3]). Let π : (M^′, g^s) → (M, g) be a Riemannian submersion, and denote by ∇^s and ∇ are the Levi-Civita connections of M^′ and M, respectively. One has:

(1) g^s(X^′, Y^′) = g(X, Y ). (2) π_∗(∇^s_X′ Y^′)^h = ∇_X Y , for all vector fields X^′,Y^′ ∈ Γ(T M^′) and X, Y ∈ Γ(T M) such that π_∗(X^′) = X and π_∗(Y^′) = Y .

THE GEOMETRY OF TANGENT BUNDLES AND ALMOST COMPLEX STRUCTURES277

3. Almost complex structures and O’Neill tensors on the tangent bundle

Let (M, g) be an m-dimensional Riemannian manifold and ∇ be the Levi- Civita connection of g. It is well-known that the tangent bundle T M of M has a structure of almost complex Kählerian manifold with an almost complex structure determined by the isomorphism vertical and horizontal distributions V (T M) and H(T M) on T M (see [2], [8] for more details and any references therein) and the Sasaki metric on T M [10]. This almost complex structure which is naturally associated with the metric g is based on the decomposition (2.1) of the tangent bundle of T M into the horizontal and vertical subbundles at the point (x, u) ∈ T M, i.e.,

T_{(x,u)}T M = H_{(x,u)}(T M) ⊕ V_{(x,u)}(T M).

We have isomorphisms

H_{(x,u)}(T M) ∼= T_xM ∼= V_{(x,u)}(T M).

Now, taking into account the properties of the two projections π_∗ and K, the map ~J : T T M → T T M, given by A → ~JA, is therefore an almost complex structure for T M characterized by [2]

(3.1) π_∗ ∘ ~J = K, K ∘ ~J = −π_∗.

If the tangent bundle T M is endowed with the Sasaki metric, then

(3.2) g^s( ~J Z_1, ~J Z_2) = g^s(Z_1, Z_2),

for any tangent vectors Z_1, Z_2 ∈ T_{(x,u)}T M. This means that the Sasaki metric g^s is ~J-invariant, and the triple (T M, ~J, g^s) is called an almost Hermitian manifold (see [3] for more details).

Let us now introduce the local coordinate representations of T M. Let (U, φ) = (U, (x^1, . . . , x^m)) be a coordinate chart on M. The bundle chart of T M associated with (x^1, . . . , x^m) is (π^{−1}(U), ~φ) = (π^{−1}(U), (x^1, . . . , x^{2m})), where ~φ: π^{−1}(U) → R^m × R^m is defined by

~φ(v) = � (x^1 ∘ π)(v), . . . , (x^m ∘ π)(v), v(x^1), . . . , v(x^m) � , for any v ∈ π^{−1}(U). Thus x^i = x^i ∘ π and x^{m+j} = v(x^j ), for 1 ≤ i, j ≤ m. Denote by Γ^k_{ij} the Christoffel symbols of g. The two complementary distributions on T T M in (2.2) and (2.4) are defined by

V_{(x,u)}(T M) = {a^i ∂ ∂x^{m+i}

|_{(x,u)} : a^i ∈ R},

(3.3)

H_{(x,u)}(T M) = {a^i ∂ ∂x^i

|_{(x,u)} + a^iu^jΓ^k_{ij} ∂ ∂x^{m+k}

|_{(x,u)} : a^i ∈ R},

(3.4)

where (x, u) ∈ T M.

It is easy to see that

π_∗(( ∂ ∂x^i

)_Z ) = ( ∂ ∂x^i

)_{π(Z)} and π_∗( ∂ ∂x^{m+i}

)_Z = 0,

for any Z ∈ T M and i = 1, 2, . . . , m, since

π_∗( ∂ ∂x^i

)(f) = ∂ ∂x^i

(f ∘ π) = ∂ ∂x^i

(f),

and π_∗( ∂ ∂x^{m+i}

)(f) = ∂ ∂x^{m+i}

(f ∘ π) = 0,

for any smooth function f defined on M. This leads to the following result for the horizontal and vertical lifts of a vector field on M.

Let X, Z ∈ C^∞(T M) be vector vectors on M which locally are represented by X = m� i=1 ξ^i ∂ ∂x^i and Z = m� i=1 η^i ∂ ∂x^i . In local coordinates the map Z : M → T M is given by

Z : M → T M, (x^1, . . . , x^n) → (x^1, . . . , x^m, η^1, . . . , η^m). We have

Z_∗X = 2m� k=1 X(x^k ∘ Z) ∂ ∂x^k . Since x^k ∘ Z = x^k ∘ π ∘ Z = x^k and x^{m+k} ∘ Z = Z(x^k) = η^k, for 1 ≤ k ≤ m, one obtains

Z_∗X = m� i=1 X(x^i ∘ Z) ∂ ∂x^i + m� i=1 X(x^{m+i} ∘ Z) ∂ ∂x^{m+i} = m� i=1 ξ^i ∂ ∂x^i + m� i,j=1

ξ^j

∂η^i ∂x^j ∂ ∂x^{m+i} . (3.5)

On the other hand, using the properties of a linear connection, we get

∇_X Z = m� i=1 ∇_X (η^i ∂ ∂x^i )

= m� i=1 m� j=1 ξ^j{

∂η^i ∂x^j + m� k=1 η^kΓ^i_{jk}} ∂ ∂x^i . (3.6)

Now, by (2.3), we have

(3.7) K(Z_∗X) = m� i=1 m� j=1 ξ^j{

∂η^i ∂x^j + m� k=1 η^kΓ^i_{jk}} ∂ ∂x^i .

THE GEOMETRY OF TANGENT BUNDLES AND ALMOST COMPLEX STRUCTURES279

This relation implies that K(Y_∗v) = 0, if and only if m� j=1 ξ^j

∂η^i ∂x^j = − m� j,k=1

ξ^jη^kΓ^i_{jk}.

This means that K(Y_∗v) = 0 if and only if Z_∗X is in the kernel of K and therefore Z_∗X is of the form

Z_∗X = m� i=1 ξ^i ∂ ∂x^i − m� i=1 m� j,k=1

ξ^jη^kΓ^i_{jk} ∂ ∂x^{m+i} . Hence, we have

X^h_{|Z} = m� i=1 ξ^i ∂ ∂x^i − m� i=1 m� j,k=1

ξ^jη^kΓ^i_{jk} ∂ ∂x^{m+i} , (3.8)

and X^v_{|Z} = m� i=1 ξ^i ∂ ∂x^{m+i} . (3.9)

Consequently, we have ( ∂ ∂x^i

)^H = ∂ ∂x^i − m� j,k=1

η^kΓ^j_{ik} ∂ ∂x^{m+j} , (3.10)

and ( ∂ ∂x^i

)^V = ∂ ∂x^{m+i} . (3.11)

Using the relations in (3.1), it follows that (3.12) ~JX^h = X^v, and ~JX^v = −X^h. Now, let w ∈ T_{(x,u)}T M. Then

(3.13) w = m� i=1 w^i ∂ ∂x^i + m� j=1 w^{m+j} ∂ ∂x^{m+j} . Assume that Kw = 0. Then w ∈ H_{(x,u)}(T M) and

(3.14) m� i=1 w^iK( ∂ ∂x^i

) = − m� j=1 w^{m+j} K( ∂ ∂x^{m+j} ). Using (3.10) and (3.11), one has

(3.15) K( ∂ ∂x^{m+i} ) = ∂ ∂x^i and K( ∂ ∂x^i ) = m� j,k=1

η^kΓ^j_{ik} ∂ ∂x^j . Putting the pieces (3.15) into (3.14), we have

(3.16) w^{m+j} = − m� i,k=1

w^iη^kΓ^j_{ik}.

It follows that w can be written as a sum w = w^H + w^V , where

w^H = m� i=1 w^i ∂ ∂x^i − m� j=1 �_m � i,k=1

w^iη^kΓ^j_{ik} � ∂ ∂x^{m+j} , (3.17)

and w^V = m� j=1 � w^{m+j} + m� i,k=1

w^iη^kΓ^j_{ik} � ∂ ∂x^{m+j} . (3.18)

Next, we define anti-invariant Riemannian submersions from an almost Hermitian manifold onto a Riemannian manifold.

Definition 3.1 ([9]). Let N be a complex 2m-dimensional almost Hermitian manifold with Hermitian metric g_N and almost complex structure ~J and N^′ be a Riemannian manifold with Riemannian metric g_N ′ . Suppose that there exists a Riemannian submersion F : N → N^′ such that ker F_∗ is anti-invariant with respect to ~J, i.e., ~J(ker F_∗) ⊆ (ker F_∗)^⊥. Then, we say that F is an antiinvariant Riemannian submersion. Moreover, if ~J(ker F_∗) = (ker F_∗)^⊥, we say that F is a Lagrangian submersion.

Next, applying ~J to (3.17) and (3.18), one has,

~Jw^H = m� i=1 w^i ~J( ∂ ∂x^i ) − m� j=1 ( m� i,k=1

w^iη^kΓ^j_{ik}) ~J( ∂ ∂x^{m+j} )

= m� i=1 w^i ∂ ∂x^{m+i} , (3.19) and ~Jw^V = m� j=1 � w^{m+j} + m� i,k=1

w^iη^kΓ^j_{ik} � ~J( ∂

∂x^{m+j} )

= − m� j=1 � w^{m+j} + m� i,k=1

w^iη^kΓ^j_{ik} � � ∂ ∂x^j − m� l,k=1

η^kΓ^l_{jk} ∂ ∂x^{m+l} � . Letting

~w^j = w^{m+j} + m� i,k=1

w^iη^kΓ^j_{ik},

we have

~Jw^V = −^m � j=1 ~w^j ∂ ∂x^j + m� l,j,k=1

~w^jη^kΓ^l_{jk} ∂ ∂x^{m+l} . (3.20)

THE GEOMETRY OF TANGENT BUNDLES AND ALMOST COMPLEX STRUCTURES281

Using the relations (3.8), (3.9), (3.19) and (3.20), we conclude that

(3.21) ~JV_{(x,u)}(T M) = H_{(x,u)}(T M).

We have the following lemma.

Lemma 3.2. The Riemannian submersion π : (T M, ~J, g^s) → (M, g) is Lagrangian.

As an example, we have the following.

Example 3.3. Let π : R^4 → R^2 be a submersion defined by

π(x_1, x_2, x_3, x_4) = � x_1 − x_4 √ 2 , x_2 − x_3 √ 2 � . Then, by a straightforward calculation, we have

V(R^4) = ker π_∗ = Span{Z_1 = ∂x_1 + ∂x_4, Z_2 = ∂x_2 + ∂x_3} and H(R^4) = (ker π_∗)^⊥ = Span{X_1 = ∂x_1 − ∂x_4, X_2 = ∂x_2 − ∂x_3}.

It is easy to see that π is a Riemannian submersion. Moreover, ~JZ_1 = X_2 and ~JZ_2 = −X_1 imply that ~JV(R^4) = H(R^4). As a result, π is a Lagrangian Riemannian submersion.

The next two theorems confirm the results on the tangent bundle endowed with a Sasakian metric given in [3, Example 1.3]. They shall be proved using the O’Neill’s tensors.

In general, the geometry of Riemannian submersions is characterized by O’Neil’s tensors T and A defined

T_Z W = (∇^s_Zv W^v)^h + (∇^s_Zv W^h)^v,

(3.22) and A_Z W = (∇^s_Zh W^v)^h + (∇^s_Zh W^h)^v,

(3.23)

for any vector fields Z and W on T M at (x, u).

For any Z ∈ Γ(T_{(x,u)}T M), T_Z and A_Z are skew-symmetric operators on (T T M, g^s) reversing the horizontal and the vertical distributions. It is also easy to see that T is vertical, T_Z = T_Z^v and A is horizontal, A_Z = A_Zh . We note that the tensor fields T and A satisfy

T_Z^v W^v = T_W^v Z^v,

(3.24)

and A_Zh W^h = −A_W h Z^h = 1 2 [Z^h, W^h]^v.

(3.25)

Using (3.24) and (3.25), one obtains ∇^s_Zv W^v = T_Z^v W^v + (∇^s_Zv W^v)^v,

(3.26) ∇^s_Zv W^h = T_Z^v W^h + (∇^s_Zv W^h)^h,

(3.27) ∇^s_Zh W^v = A_Zh W^v + (∇^s_Zh W^v)^v,

(3.28) ∇^s_Zh W^h = A_Zh W^h + (∇^s_Zh W^h)^h.

(3.29)

Now, for any Z, W ∈ Γ(T_{(x,u)}T M), we have Z = X^h_1 + Y^v_1 with X_1 = π_∗(Z) and Y_1 = K(Z), and W = X^h_2 + Y^v_2 with X_2 = π_∗(W ) and Y_2 = K(W ). Using this, (2.10) and (2.11), one has,

(A_Z W )_{(x,u)} = (∇^s_Zh W^v)^h_{(x,u)} + (∇^s_Zh W^h)^v_{(x,u)} = (∇^s_Xh_1 Y^v_2 )^h_{(x,u)} + (∇^s_Xh_1 X^h_2 )^v_{(x,u)}.

(3.30) Since

(∇^s_Xh_1 Y^v_2 )_{(x,u)} = (∇_{X1} Y_2)^v_{(x,u)} + 1 2 (R(u, Y_2)X_1)^h,

(3.31)

and ∇^s_Xh_1 X^h_2 )_{(x,u)} = (∇_{X1} X_2)^h_{(x,u)} − 1 2 (R(X_1, X_2)u)^v.

(3.32)

The relation (3.30) becomes

(A_Z W )_{(x,u)} = 1 2 (R(u, Y_2)X_1)^h − 1 2 (R(X_1, X_2)u)^v.

(3.33)

This implies that

π_∗(A_Z W )_{(x,u)} = 1 2 R(u, Y_2)X_1, and K(A_Z W )_{(x,u)} = − 1 2 R(X_1, X_2)u.

(3.34)

We have the following theorem.

Theorem 3.4. Let π : (T M, ~J, g^s) → (M, g) be a Riemannian submersion from an almost Kähler manifold (T M, ~J, g^s) onto a Riemannian manifold (M, g). Then the following assertions are equivalent:

(i) H(T M) = ker K is integrable. (ii) M is flat.

(iii) The almost complex structure ~J is Kähler.

Proof. The equivalence of (i) and (ii) follows from (3.33) and (3.34). The one between (ii) and (iii) is given in [2]. □ Theorem 3.4 can be extended to more comparisons between the geometries of the manifold (M, g) and its tangent bundle T M equipped with the Sasaki metric g^s and the almost complex structure ~J. Therefore, we have the following theorem.

THE GEOMETRY OF TANGENT BUNDLES AND ALMOST COMPLEX STRUCTURES283

Theorem 3.5. Let π : (T M, ~J, g^s) → (M, g) be a Riemannian submersion from a Kähler manifold (T M, ~J, g^s) onto a Riemannian manifold (M, g). Then the following assertions hold:

(i) (T M, g^s, ~J) is flat. (ii) (T M, g^s, ~J) is Einstein.

(iii) (T M, g^s, ~J) is locally symmetric. (iv) (T M, g^s, ~J) is locally homogeneous. (v) (T M, g^s, ~J) has constant scalar curvature.

Likewise (2.8) and (2.9), we have

T_Z W = (∇^s_Zv W^v)^h + (∇^s_Zv W^h)^v = (∇^s_Y v_1 Y^v_2 )^h + (∇^s_Y v_1 X^h_2 )^v = 0.

(3.35)

Therefore, we have the following theorem.

Theorem 3.6. Let π : (T M, ~J, g^s) → (M, g) be a Riemannian submersion from an almost Kähler manifold (T M, ~J, g^s) onto a Riemannian manifold (M, g). Then, the distribution V(T M) = ker π_∗ defines a totally geodesic foliation on T M.

Finally, let us recall the notion of harmonic maps between Riemannian manifolds T M and M (see [1] for more details). Then, the differential π_∗ of π can be viewed as a section of the bundle Hom(T T M, π^{−1}T M) → T M, where π^{−1}T M is the pullback bundle which has fibres (π^{−1}T M)_x = T_{π(x)}M, x ∈ M. Hom(T T M, π^{−1}T M) has a connection ∇^s induced from the Levi-Civita connection ∇ on M and the pullback connection ∇^π. Then, the second fundamental form of π is given by

(3.36) (∇^sπ_∗)(Z, W ) = ∇^π_Z π_∗W − π_∗(∇^s_Z W ),

for any Z, W ∈ Γ(T_{(x,u)}T M).

Note that a differentiable map F Riemannian manifolds is called totally geodesic if ∇^sF_∗ = 0.

Let π : (T M, ~J, g^s) → (M, g) be a Riemannian submersion from an almost Kähler manifold (T M, ~J, g^s) onto a Riemannian manifold (M, g). We know that the second fundamental form of a Riemannian submersion satisfies

(3.37) (∇^sπ_∗)(Z^h, W^h) = 0, for any Z, W ∈ Γ(T_{(x,u)}T M) and using (3.27) and (3.36), we have (∇^sπ_∗)(Z^v, W^v) = ∇^π_Zv π_∗W^v − π_∗(∇^s_Zv W^v) = −π_∗(∇^s_Zv W^v) = π_∗( ~J( ~J∇^s_Zv W^v)) = π_∗( ~J(T_Z^v ~JW^v − (∇^s_Zv ~J)W^v)).

(3.38) On the other hand, for any X ∈ Γ(T_{(x,u)}T M), using (3.29) and (3.36), we get (∇^sπ_∗)(X^h, W^v) = ∇^π_Xh π_∗W^v − π_∗(∇^s_Xh W^v) = π_∗( ~J( ~J∇^s_Xh W^v)) = π_∗( ~J(A_Xh ~JW^v − (∇^s_Xh ~J)W^v)).

(3.39) Therefore, we have the following theorem.

Theorem 3.7. Let π : (T M, ~J, g^s) → (M, g) be a Riemannian submersion from an almost Kähler manifold (T M, ~J, g^s) onto a Riemannian manifold (M, g). If the structure ~J is Kähler, then the Riemannian submersion π is a totally geodesic map.

Proof. Assume that the structure ~J is Kähler. Then ∇^s ~J = 0 on T M and using the Theorem 3.6, the relations (3.38) and (3.39) (∇^sπ_∗)(Z^v, W^v) = π_∗( ~J(∇^s_Zv ~J)W^v) = 0, and (∇^sπ_∗)(X^h, W^v) =π_∗( ~J(A_Xh ~JW^v − (∇^s_Xh ~J)W^v)) = 0, which completes the proof. □ Now, for any X, Z, W ∈ Γ(T_{(x,u)}T M), g^s(∇^s_Xh W^h, Z^v) = g^s(∇^s_Xh ~JW^h − (∇^s_Xh ~J)W^h, ~JZ^v) = g^s(A_Xh ~JW^h − (∇^s_Xh ~J)W^h, ~JZ^v).

(3.40) But g^s(A_Xh ~JW^h, ~JZ^v) = −g^s((∇^sπ_∗(X^h, ~JW^h), ~JZ^v).

(3.41) Therefore we have the following theorem.

Theorem 3.8. Let π : (T M, ~J, g^s) → (M, g) be a Riemannian submersion from an almost Kähler manifold (T M, ~J, g^s) onto a Riemannian manifold (M, g). Then the following assertions are equivalent:

(i) H(T M) = ker K defines a totally geodesic foliation on T M. (ii) A_Xh ~JW^h = 0.

(iii) ∇^sπ_∗(X^h, ~JW^h) = 0, for any X, W ∈ Γ(T_{(x,u)}T M).

THE GEOMETRY OF TANGENT BUNDLES AND ALMOST COMPLEX STRUCTURES285

If π is a Riemannian submersion from a Kähler manifold (T M, ~J, g^s) onto a Riemannian manifold (M, g), then we have the following corollary.

Corollary 3.9. Let π : (T M, ~J, g^s) → (M, g) be a Riemannian submersion from a Kähler manifold (T M, ~J, g^s) onto a Riemannian manifold (M, g). Then H(T M) = ker K defines a totally geodesic foliation on T M.

Now, we obtain some decomposition theorems for the Riemannian submersion π from a Kähler manifold (T M, ~J, g^s) onto a Riemannian manifold (M, g).

Definition 3.10 ([9]). Let G be metric be a Riemannian metric tensor on the manifold N = M × B and assume that the canonical foliations D_M and D_B intersect perpendicularly everywhere. Then G is a metric tensor of (i) a usual product of Riemannian manifolds if and only if D_M and D_B are totally geodesic foliations.

(ii) a twisted product if and only if D_M is a totally geodesic foliation and D_B is a totally umbilical foliation.

We have the following decomposition theorem for the Riemannian submersion π which follows from Theorem 3.6 and Theorem 3.8.

Theorem 3.11. Let π : (T M, ~J, g^s) → (M, g) be a Riemannian submersion from an almost Kähler manifold (T M, ~J, g^s) onto a Riemannian manifold (M, g). Then the tangent bundle T M is a locally product manifold if and only if A_Xh ~JW^h = 0, for any X, W ∈ Γ(T_{(x,u)}T M).

If π is a Riemannian submersion from a Kähler manifold (T M, ~J, g^s) onto a Riemannian manifold (M, g), then we have the following corollary.

Corollary 3.12. Let π : (T M, ~J, g^s) → (M, g) be a Riemannian submersion from a Kähler manifold (T M, ~J, g^s) onto a Riemannian manifold (M, g). Then the tangent bundle T M is a locally product manifold.

Let π : (T M, ~J, g^s) → (M, g) be a Riemannian submersion from an almost Kähler manifold (T M, ~J, g^s) onto a Riemannian manifold (M, g). Let α be the second fundamental form of H(T M). Then we have

g^s(∇^s_Zh W^h, X^v) = g^s((∇^s_Zh W^h)^h + (∇^s_Zh W^h)^v, X^v)

= g^s(α(Z^h, W^h), X^v),

(3.42)

for any X, W ∈ Γ(T_{(x,u)}T M). If H(T M) is a totally umbilical foliation, we have

(3.43) g^s(∇^s_Zh W^h, X^v) = g^s(H, X^v)g^s(Z^h, W^h),

where H is the mean curvature vector field of H(T M).

On the other hand, we have

g^s(∇^s_Zh W^h, X^v) = −g^s( ~JW^h, ~J∇^s_Zh X^v) = −g^s( ~JW^h, A_Zh ~JX^v − (∇^s_Zh ~J)X^v).

(3.44) Thus from (3.42) and (3.44), we have −g^s(H, X^v) ~JZ^h = A_Zh ~JX^v − (∇^s_Zh ~J)X^v, which implies, using (3.25), that g^s(H, X^v)|| ~JZ^h||^2 = g^s(X^v, A_Zh Z^h) = 0.

Since g^s is a Riemannian metric and H ∈ V(T M), we obtain H = 0, that is, H(T M) is totally geodesic. Therefore, we have the following theorem. Theorem 3.13. There exist no Riemannian submersions from an almost Kähler manifold (T M, ~J, g^s) onto a Riemannian manifold (M, g) such that T M is a locally proper twisted product manifold of the form T M_{V(T M)} ×_f T M_{H(T M)}.

4. An almost complex structure in the base space Let π : (T M, ~J, g^s) → (M, g) be a Riemannian submersion from an almost Kähler manifold (T M, ~J, g^s) onto a Riemannian manifold (M, g).

Let J : T M → T M be a smooth tensor field of (1,1)-type on M defined by (4.1) J = π_∗ ∘ ~J ∘ π^{−1}_∗ .

Let X ∈ Γ(T_xM). Then, there exists a tangent vector Z ∈ T_{(x,u)}T M such that X = π_∗(Z) or X = K(Z). Now, if X = π_∗(Z), we have (4.2) J^2X = (π_∗ ∘ ~J) ∘ ~J(Z) = −X. Likewise, if X = K(Z), using relations in (3.1), one obtains (4.3) J^2X = (π_∗ ∘ ~J ∘ π^{−1}_∗ ) ∘ (π_∗ ∘ ~J ∘ π^{−1}_∗ )(K(Z)) = −X. From (4.2) and (4.3), we conclude that, J^2X = −X, for any X ∈ Γ(T_xM).

Next we investigate whether the metric g on M is Hermitian with respect to the structure J defined in (4.1).

Let T M be the tangent bundle of (M, g) endowed with the Sasaki metric g^s. For any X, Y ∈ Γ(T_xM), there are tangent vectors Z_1, Z_2 ∈ T_{(x,u)}T M such that X = π_∗(Z_1) or X = K(Z_1), and Y = π_∗(Z_2) or Y = K(Z_2). Then, for X = π_∗(Z_1) and Y = π_∗(Z_2), using (3.2), (4.1) and Proposition 2.5, we have g(JX, JY ) = g(J ∘ π_∗(Z_1), J ∘ π_∗(Z_2)) = g(π_∗(Z_1), π_∗(Z_2)) = g(X, Y ).

(4.4)

THE GEOMETRY OF TANGENT BUNDLES AND ALMOST COMPLEX STRUCTURES287

For X = π_∗(Z_1) and Y = K(Z_2), using Proposition 2.5, one has, g(JX, JY ) = g((J ∘ π_∗)(Z_1), (J ∘ K)(Z_2)) = g(π_∗(Z_1), π_∗ ∘ ~J(Z_2)) = g(X, Y ).

(4.5) For X = K(Z_1) and Y = π_∗(Z_2), we similarly obtain (4.6) g(JX, JY ) = g(X, Y ).

Now, for X = K(Z_1) and Y = K(Z_2), using (3.2), (4.1) and Proposition 2.5, we have

g(JX, JY ) = g(J ∘ K(Z_1), J ∘ K(Z_2)) = g(π_∗ ∘ ~J ∘ π^{−1}_∗ ∘ K(Z_1), π_∗ ∘ ~J ∘ π^{−1}_∗ ∘ K(Z_2)) = g(K(Z_1), K(Z_2)) = g(X, Y ).

(4.7) From the pieces (4.4), (4.5), (4.6) and (4.7), we conclude that (4.8) g(JX, JY ) = g(X, Y ), for any X, Y ∈ Γ(T_xM) with x ∈ M. Therefore, we have the following theorem.

Theorem 4.1. Let (T M, ~J, g^s) be a tangent bundle, over an m-dimensional smooth Riemannian manifold (M, g), endowed with am Sasakian metric and an almost complex structure ~J. Then, the tensor field of (1,1)-type J : T M −→ T M defined by J = π_∗ ∘ ~J ∘ π^{−1}_∗ , is an almost complex structure on the smooth manifold M. Moreover, the dimension of M is even.

Note that, since (T M, ~J, g^s) and (M, J, g) with J defined in (4.1) are almost Hermitian manifolds, the Riemannian submersion π : (T M, ~J, g^s) → (M, J, g) does not satisfy, in general, the following equality (4.9) J ∘ π_∗ = π_∗ ∘ ~J.

Any Riemannian submersions satisfy the relation (4.9) is called an almost complex map. The details of the latter can be found in [3] and references therein, in which characterizations are given for P -manifolds are given.

The non satisfaction of the structure under study can obviously be observed through the following two evaluations. For any X ∈ Γ(T M), using (2.5), (2.6) and (3.12), one obtains J ∘ π_∗(X^v) = J(π_∗X^v) = 0, and π_∗ ∘ ~J(X^v) = π_∗( ~JX^v) = −π_∗X^h = −X.

(4.10) Therefore, we have the following proposition.

Proposition 4.2. The Riemannian submersion π : (T M, ~J, g^s) → (M, J, g) is not an almost complex map.

Now, we want to introduce the integrability condition on the almost complex structure ~J on the tangent bundle (T M, g^s) over (M, g), endowed with the Sasaki metric g^s, and its effect of the almost complex structure J on M. Definition 4.3. An almost Hermitian manifold (T M, ~J, g^s) (respectively, (M, J, g)) is called Kähler manifold if ~J is parallel with respect to the Levi-Civita connection ∇^s on T M (respectively, if J is parallel with respect to the Levi-Civita connection ∇ on M).

Now assume that (T M, ~J, g^s) is a Kähler manifold. Then (4.11) ∇^s ~J = 0.

Using Proposition 2.5 and for any Z, W ∈ Γ(T_{(x,u)}T M), one has Z = X^h_1 +Y^v_1 , W = X^h_2 + Y^v_2 with X_1 = π_∗(Z), Y_1 = K(Z), X_2 = π_∗(W ) and Y_2 = K(W ), (4.12) ∇^s_Z W = ∇^s_Xh_1 X^h_2 + ∇^s_Xh_1 Y^v_2 + ∇^s_Y v_1 X^h_2 + ∇^s_Y v_1 Y^v_2 . For any X, Y ∈ Γ(T M), there exist Z and W ∈ Γ(T_{(x,u)}T M) such that X = π_∗(Z) or X = K(Z) and Y = π_∗(W ) or Y = K(W ).

Now, if X = π_∗(Z) and Y = π_∗(W ), by Proposition 2.5, (2.5) and (4.1), we have,

(∇_X J)Y = ∇_X JY − J(∇_X Y ) = ∇_{π∗(Z)}J ∘ π_∗(W ) − J(∇_{π∗(Z)}π_∗(W )) = ∇_{π∗(Z)}π_∗ ∘ ~J(W ) − π_∗ ∘ ~J ∘ π^{−1}_∗ (∇_{π∗(Z)}π_∗(W )) = (∇^s_Z ~J)W = 0.

(4.13) If X = π_∗(Z) and Y = K(W ), then in this case K(Z) = 0 and π_∗(W ) = 0, and we have (∇_X J)Y = ∇_X JY − J(∇_X Y ) = ∇_{π∗(Z)}J ∘ K(W ) − J(∇_{π∗(Z)}K(W )) = −∇_{π∗(Z)}π_∗(W ) = 0.

(4.14) If X = K(Z) and Y = π_∗(W ), then π_∗(Z) = K(W ) = 0, and we have (∇_X J)Y = ∇_X JY − J(∇_X Y ) = ∇_{K(Z)}J ∘ π_∗(W ) − J(∇_{K(Z)}π_∗(W )) = ∇_{K(Z)}K(W ) − K(∇^s_{~JZ} W )^h = 0.

(4.15)

THE GEOMETRY OF TANGENT BUNDLES AND ALMOST COMPLEX STRUCTURES289

Lastly, if X = K(Z) and Y = K(W ), then π_∗(Z) = π_∗(W ) = 0, we have

(∇_X J)Y = ∇_X JY − J(∇_X Y )

= −∇_{π∗∘ ~J(Z)}π_∗(W ) − J(∇_{π∗∘ ~J(Z)}π_∗ ∘ ~J(W ))

= −∇_{π∗∘ ~J(Z)}π_∗(W ) − K(∇^s_{~J(Z)} ~JW )^h = 0.

(4.16)

From (4.13), (4.14), (4.15) and (4.16), we have the following theorem.

Theorem 4.4. Let (T M, ~J, g^s) be a tangent bundle endowed with a Sasakian metric and an almost complex structure ~J over an even-dimensional smooth Riemannian manifold (M, J, g) with J an almost complex structure defined in (4.1). If the almost structure ~J is complex, so is J.

Acknowledgments

S. Longwap would like to thank the Simon Foundation through the RGSM- Network project, for their partial financial support during this research. This work is based on the research supported wholly / in part by the National Research Foundation of South Africa (Grant Number: 95931).

References

[1] P. Baird, J. C. Wood. Harmonic Morphisms Between Riemannian Manifolds. London Mathematical Society Monographs. New Series, 29. The Clarendon Press, Oxford University Press, Oxford, 2003.

[2] P. Dombrowski. On the geometry of the tangent bundle. J. Reine Angew. Math. 210 (1962), 73-88.

[3] M. Falcitelli, S. Ianus, and A. M. Pastore. Riemannian submersions and related topics.

World Scientific Publishing Co., Inc., River Edge, NJ, 2004.

[4] A. Gray. Pseudo-Riemannian almost product manifolds and submersions. J. Math.

Mech. 16 (1967) 715-737.

[5] S. Gudmundsson and E. Kappos, On the geometry of tangent bundles. Expo. Math.

20 (2002), no 1, 1-41.

[6] O. Kowalski. Curvature of the Induced Riemannian Metric on the Tangent Bundle of a Riemannian Manifold. J. Reine Angew. Math. 250 (1971), 124-129.

[7] B. O’Neill. The fundamental equations of a submersion. Michigan Math. J. 33 1966, 13, 459469 [8] V. Oproiu and N. Papaghiuc. A Kaehler structure on the nonzero tangent bundle of a space form, Diff. Geom. Appl. 11 (1999) 1-14.

[9] B. Sahin. Anti-invariant Riemannian submersions from almost Hermitian manifolds.

Cent. Eur. J. Math. 8 (2010), no. 3, 437-447.

[10] S. Sasaki. On the differential geometry of tangent bundles of Riemannian manifolds.

Tohoku Math. J. (2) (1958), no 10, 338-354.

[11] M. H. Shahid, F. R. Al-Solamy, J.-B. Yun, and M. Ahmad. Submersion of semiinvariant sub-manifolds of Trans-Sasakian Manifolds. Bull. Malays. Math. Sci. Soc. (2) 36 (2013), no. 1, 63-71.

[12] B. Watson. Almost Hermitian submersions. J. Differential geometry 11 (1976), no. 1, 147-165.

Received July 19, 2016.

Silas Longwap, School of Mathematics, Statistics and Computer Science, University of KwaZulu-Natal, Private Bag X01, Scottsville 3209, South Africa E-mail address: longwap4all@yahoo.com

Fortuné Massamba, School of Mathematics, Statistics and Computer Science, University of KwaZulu-Natal, Private Bag X01, Scottsville 3209, South Africa E-mail address: massfort@yahoo.fr, Massamba@ukzn.ac.za