Acta Mathematica Academiae Paedagogicae Nyíregyháziensis 33 (2017), 305–313

www.emis.de/journals
ISSN 1786-0091

ON N(k) MIXED QUASI EINSTEIN MANIFOLDS AND SOME GLOBAL PROPERTIES

DIPANKAR DEBNATH

This paper has been dedicated to Prof. M. Majumdar and Prof. A. Bhattacharyya

Abstract. In this paper we have studied quasi conformally flat, conharmonically flat and projectively flat N(k)-mixed quasi Einstein manifold, Ricci-semi symmetric N(k)-mixed quasi Einstein manifold N(k)−(MQE)_n, (n > 3) and studied some properties on it.

1. Introduction

The notion of quasi Einstein manifold was introduced in a paper [8] by M. C. Chaki and R. K. Maity. According to them a non-flat Riemannian manifold (M^n, g),(n ≥ 3) is defined to be a quasi Einstein manifold if its Ricci tensor S of type (0, 2) satisfies the condition

(1) S(X, Y ) = ag(X, Y ) + bA(X)A(Y )

and is not identically zero, where a, b are scalars b ≠ 0 and A is a non-zero 1-form such that

(2) g(X, U) = A(X), ∀X ∈ T M.

U being a unit vector field. In such a case a, b are called the associated scalars. A is called the associated 1-form and U is called the generator of the manifold. Such an n-dimensional manifold is denoted by the symbol(QE)_n.

Again, U. C. De and G. C. Ghosh defined generalized quasi Einstein manifold. A non-flat Riemannian manifold is called a generalized quasi Einstein manifold if its Ricci-tensor S of type (0, 2) is non-zero and satisfies the condition

(3) S(X, Y ) = ag(X, Y ) + bA(X)A(Y ) + cB(X)B(Y )

2010 Mathematics Subject Classification. 53C25.

Key words and phrases. N(k)-mixed quasi Einstein manifold, Ricci-semi symmetric manifold. 305

where a, b, c, are non-zero scalars and A, B are two 1-forms such that (4) g(X, U) = A(X) and g(X, V ) = B(X) U, V being unit vectors which are orthogonal, i.e. (5) g(U, V ) = 0.

The vector fields U and V are called the generators of the manifold. This type of manifold are denoted by G(QE)_n.

The k-nullity distribution [15] of a Riemannian manifold M is defined by (6) N(k) : p → N_p(k) = {Z ∈ T_pM \ R(X, Y )Z = k(g(Y, Z)X − g(X, Z)Y )}. for all X, Y ∈ T M and k is a smooth function. M. M. Tripathi and Jeong Jik Kim [14] introduced the notion of N(k)-quasi Einstein manifold which defined as follows: If the generator U belongs to the k-nullity distribution N(k), then a quasi Einstein manifold (M^n, g) is called N(k)-quasi Einstein manifold.

In [13], H. G. Nagaraja introduced the concept of N(k)-mixed quasi Einstein manifold and mixed quasi constant curvature.A non flat Riemannian manifold (M^n, g) is called a N(k)-mixed quasi Einstein manifold if its Ricci tensor of type (0, 2) is non zero and satisfies the condition (7) S(X, Y ) = ag(X, Y ) + bA(X)B(Y ) + cB(X)A(Y ), where a, b, c, are smooth functions and A, B are non zero 1-forms such that (8) g(X, U) = A(X) and g(X, V ) = B(X) ∀X, U, V being the orthogonal unit vector fields called generators of the manifold belong to N(k). Such a manifold is denoted by the symbol N(k) − (MQE)_n.

Again a Riemannian manifold (M^n, g) is called of mixed quasi constant curvature if it is conformally flat and curvature tensorŔ of type (0, 4) satisfies the condition

(9) Ŕ(X, Y, Z, W ) = p[g(Y, Z)g(X, W ) − g(X, Z)g(Y, W )] + q[g(X, W )A(Y )B(Z) − g(X, Z)A(Y )B(W ) + g(X, W )A(Z)B(Y ) − g(X, Z)A(W )B(Y )] + s[g(Y, Z)A(W )B(X) − g(Y, W )A(Z)B(X) + g(Y, Z)A(X)B(W ) − g(Y, W )A(X)B(Z)].

2. Preliminaries We know in a n-dimensional (n > 2) Riemannian manifold the covariant quasi conformal curvature tensor is defined as ([1], [3], [7], [11]) (10) C̃(X, Y, Z, W ) = áŔ(X, Y, Z, W ) + b́[S(Y, Z)g(X, W )

− S(X, Z)g(Y, W ) + g(Y, Z)g(QX, W ) − g(X, W )g(QY, W )] − r n [ á n − 1

+ 2b́][g(Y, Z)g(X, W ) − g(X, Z)g(Y, W )] where g(C(X, Y )Z, W ) = C̃(X, Y, Z, W ).

(11) g(R(X, Y )Z, W ) = R̃(X, Y, Z, W ).

(12)

The projective curvature tensor is denoted by P̃ (X, Y, Z, W ) and in a V_n (n > 2) it is defined as (13) P̃ (X, Y, Z, W ) =Ŕ(X, Y, Z, W ) − 1 n − 1

[S(Y, Z)g(X, W ) − S(Y, W )g(X, W )]. From (7) and (8), we get (14) S(X, X) = a|X|^2 + (b + c)|g(X, U)g(X, V )|, ∀X.

Let θ_1 be the angle between U and any vector X; θ_2 be the angle between V and any vector X. Then

cos θ_1 = g(X, U) √ g(U, U) √ g(X, X) = g(X, U) √ g(X, X)

( as g(U, U) = 1)

and cos θ_2 =^{g(X,V )}√_{g(X,X)} . If b > 0 and c > 0 we have from (14)

(15) (a + b + c)|X|^2 ≥ a|X|^2 + (b + c)|g(X, U)g(X, V )| = S(X, X) Now, contracting (7) over X and Y, we get (16) r = na where r is the scalar curvature.

Again from (7) we have (17) S(U, U) = a (18) S(V, V ) = a If X is a unit vector field, then S(X, X) is the Ricci-curvature in the direction of X.

Q be the symmetric endomorphism of the tangent space at each point corresponding to the Ricci-tensor S, where (19) g(QX, Y ) = S(X, Y ) ∀X, Y ∈ T M. Let l^2 denote the squares of the lengths of the Ricci-tensor S. Then

(20) l^2 = n∑ i=1 S(Qe_i, e_i)

where {e_i}, i = 1, 2, . . . , n is an orthonormal basis of the tangent space at a point of N(k) − (MQE)_n.

Now from (7) we get (21) S(Qe_i, e_i) = ag(Qe_i, e_i)bA(Qe_iB(e_i) + cB(Qe_i)A(e_i) i.e. l^2 = na^2 + b^2 + c^2.

3. Quasi conformally flat N(k)- mixed quasi Einstein manifold Let a N(k)- mixed quasi Einstein manifold is quasi conformally flat. Considering C̃(X, Y )Z = 0. For all vector fields X, Y, Z it follows form (10) that

(22) R(X, Y )Z = r ná [ á n − 1

+ 2b́][g(Y, Z)X − g(X, Z)Y ] − b́ á [S(Y, Z)X − S(X, Z)Y + g(Y, Z)QX − g(X, Z)QY ], or (23) g(R(X, Y )Z, W ) = r ná [ á n − 1

+ 2b́][g(Y, Z)g(X, W ) − g(X, Z)g(Y, W )] − b́ á [S(Y, Z)g(X, W ) − S(X, Z)g(Y, W )

+ g(Y, Z)g(QX, W ) − g(X, Z)g(QY, W )]. Using (7), (8), (12) in (22) we get (24) Ŕ(X, Y, Z, W ) = { r ná [ á n − 1

+ 2b́] −

2ab́ á }[g(Y, Z)g(X, W ) − g(X, Z)g(Y, W )] − bb́ á [g(X, W )A(Y )B(Z) − g(Y, W )A(X)B(Z) + g(Y, Z)A(X)B(W ) − g(X, Z)A(Y )B(W )] − cć á [g(X, W )B(Y )A(Z) − g(Y, W )B(X)A(Z) + g(Y, Z)B(X)A(W ) − g(X, Z)B(Y )A(W )].

Thus from (24) we get Theorem 3.1. A quasi conformally flat N(k) − (MQE)_n is a manifold of mixed quasi constant curvature.

Corollary 3.1. A conharmonically flat N(k)−(MQE)_n is a manifold of mixed quasi constant curvature.

Corollary 3.2. A projectively flat N(k)−(MQE)_n is not a manifold of mixed quasi constant curvature.

4. Ricci Semi-symmetric N(k) − (MQE)_n(n > 3) Chaki and Maity proved that (QE)_n(n > 3) is Ricci Semi-symmetric if and only if A(R(X, Y )Z = 0. Let us suppose that N(k) − (MQE)_n (n > 3) is Ricci-Semi symmetric. Then (25) A(R(X, Y )Z = 0.

From (25) we get (26) A(Q(X)) = 0 where Q be the symmetric endomorphism of the tangent space at each point corresponding to the Ricci tensor S. Then (27) g(QX, Y ) = S(X, Y ). Then from (7) we get (28) A(Q(X)) = aA(X) + cB(X). From (26) and (28) it follows that (29) aA(X) + cB(X) = 0. Thus we can state the following Theorem 4.1. If a N(k) − (MQE)_n is Ricci Semi symmetric than aA(X) + cB(X) = 0.

5. N(k) − (MQE)_n(n > 3) with divergence free quasi conformal curvature tensor We know quasi conformal curvature tensor is said to be conservative if divergence of Ć vanishes , i.e. div Ć = 0. In this section we obtain a sufficient condition for a N(k) − (MQE)_n be a quasi conformally conservative. In a N(k) − (MQE)_n if a, b and c are constant, then contracting (7) we obtain (30) r = na, i.e. dr = 0 where r is the scalar curvature. Using (30) in (10) we get (31) (∇_W Ć)(X, Y, Z) = a_1(∇_W R)(X, Y )Z +b_1[(∇_W S)(Y, Z)X−(∇_W S)(X, Z)Y +g(Y, Z)(∇_W Q)X−g(X, Z)(∇_W Q)Y ]. We know that (32) (div R)(X, Y, Z) = (∇_X S)(Y, Z) − (∇_Y S)(X, Z). Now from (7) we get (33) (∇_X S)(Y, Z) = b[(∇_X A)(Y )B(Z) + (∇_X B)(Z)A(Y )] + c[(∇_X B)(Y )A(Z) + (∇_X A)(X)B(Z)] where b and c are constant. Hence contracting (31) and using (33) we obtain

(34)

(divĆ)(X, Y, Z) = 2b(a_1 + b_1)[(∇_X A)(Y )B(Z) + (∇_X B)(Z)A(Y ) − (∇_Y A)(X)B(Z) − (∇_Y B)(Z)A(X)] + 2c(a_1 + b_1)[(∇_X B)(Y )A(Z) + (∇_X A)(Z)B(Y ) − (∇_Y B)(X)A(Z) − (∇_Y A)(Z)B(X)] + bb_1[(∇_U A)(X) + B(X) div U + (∇_U B)(X) + A(X) div U]g(Y, Z) − cb_1[(∇_U A)(Y ) + B(Y ) div U + (∇_U B)(Y ) + A(Y ) div U]g(X, Z).

Now if we consider the generator U of the manifold is a recurrent vector field [6] with associated 1-form A, not being the 1-form of recurrence, gives ∇_X U = D(X)U, where D is the 1-form of recurrence, we get (35) g(∇_X U, Y ) = g(D(X)U, Y ), i.e. (∇_X A)(Y ) = D(X)A(Y ) so we get

(36)

(div Ć)(X, Y, Z) = 2b(a_1 + b_1)[D(X)A(Y )B(Z) + D(X)B(Z)A(Y ) − D(Y )A(X)B(Z) − D(Y )B(Z)A(X)] + 2c(a_1 + b_1)[D(X)B(Y )A(Z) + D(X)A(Z)B(Y ) − D(Y )B(X)A(Z) − D(Y )A(Z)B(X)] + bb_1[D(U)A(X) + D(U)B(X)]g(Y, Z) − cb_1[D(U)A(Y ) + D(U)B(Y )]g(X, Z).

Since (∇_X A)(U) = 0, it follows from (35) we get D(X) = 0. Hence from (36) we get (div Ć)(X, Y, Z) = 0. Thus we get Theorem 5.1. If in a N(k) − (MQE)_n(n > 3) the associated scalars are constants and generator U of the manifold is a recurrent vector field with the associated 1-form A not being the 1-form of recurrence, then the manifold is quasi-conformally conservative.

6. Sufficient condition for a compact, orientable N(k) − (MQE)_n(n≥3) without boundary to be isometric to a sphere In this section we consider a compact, orientable N(k) − (MQE)_n without boundary having constant associated scalars a, b, c. Then from (16) and (19), it follows that the scalar curvature is constant and so also is the length of the Ricci-tensor.

We further suppose that N(k)−(MQE)_n under consideration admits a nonisometric conformal motion generated by a vector field X. Since l^2 is constant, it follows that (37) £_X l^2 = 0.

where £_X denotes Lie differentiation with respect to X. Now, it is known ([2], [4], [5], [9], [12]) that if a compact Riemannian manifold M of dimension n > 2 with constant scalar curvature admits an infinitesimal non-isometric conformal transformation X such that £_X l^2 = 0 then M is isometric to a sphere. But a sphere is Einstein so that b and c vanish which is a contradiction. This leads to the following theorem.

Theorem 6.1. A compact orientable N(k)-mixed quasi Einstein manifold N(k) − (MQE)_n(n ≥ 3) without boundary does not admit a non-isometric conformal vector field.

7. Killing vector field in a compact orientable N(k) − (MQE)_n(n ≥3) without boundary In this section, we consider a compact, orientable N(k) − (MQE)_n (n ≥ 3) without boundary with a, b, c as associated scalars and U and V as the generators.

It is known [4] that in such a manifold M, the following relation holds (38) ∫ M [S(X, X) − |∇X|^2 − (divX)^2]dv ≤ 0 ∀X.

If X is a Killing vector field, then div X = 0 [4]. Hence (38) takes the form (39) ∫ M [S(X, X) − |∇X|^2]dv = 0.

Let b > 0, c > 0 then by (15) (40) (a + b + c)|X|^2 ≥ S(X, X) Therefore, (41) (a + b + c)|X|^2 − |∇X|^2 ≥ S(X, X) − |∇X|^2 Consequently, (42) ∫ M [(a + b + c)|X|^2 − |∇X|^2]dv ≥ ∫ M [S(X, X) − |∇X|^2]dv

and by (39) (43) ∫ M [(a + b + c)|X|^2 − |∇X|^2]dv ≥ 0 If a + b + c <0, then (44) ∫ M [(a + b + c)|X|^2 − |∇X|^2]dv = 0.

Therefore, X = 0. This leads to the following theorem.

Theorem 7.1. If in a compact, orientable N(k) − (MQE)_n(n ≥3) without boundary the associated scalars are such that b > 0, c > 0 and a + b + c < 0 then there exists no non-zero killing vector field in this manifold.

References

[1] Blair, D. E,- Contact manifolds in Riemannian geometry, Lecture notes on Mathematics 509,(1976) Springer Verlag.

[2] Bhattacharyya, A and De, T- On mixed generalized quasi-Einstein manifold, Diff.geometry and Dynamical system ,Vol. 2007, pp. 40-46.

[3] Bhattacharyya, A and Debnath, D- On some types of quasi Einstein manifolds and generalized quasi Einstein manifolds, Ganita, Vol. 57, no. 2, 2006, 185-191.

[4] Bhattacharyya, A; De, T and Debnath, D- On mixed generalized quasi-Einstein manifold and some properties,An. St. Univ. ”Al.I.Cuza”Iasi S.I.a Mathematica (N.S)53(2007),No.1, 137-148.

[5] Bhattacharyya, A; Tarafdar, M and Debnath, D- On mixed super quasi-Einstein manifold, Diff.geometry and Dynamical system ,Vol.10, 2008, pp. 44-57.

[6] Bhattacharyya, A and Debnath, D- Some types of generalized quasi Einstein, pseudo Ricci- symmetric and weakly symmetric manifold, An. St. Univ. ”Al.I.Cuza” Din Iasi(S.N)Mathematica, Tomul LV, 2009, f.1145-151.

[7] Chaki, M.C and Ghosh, M.L- On quasi conformally flat and quasiconformally conservative Riemannian manifolds, ,An. St. Univ. ”AL.I.CUZA”IASI Tomul XXXVIII S.I.a Mathematica f2 (1997),375-381.

[8] Chaki, M.C and Maity, R.K- On quasi Einstein manifold, Publ. Math. Debrecen 57(2000), 297-306.

[9] Debnath, D and Bhattacharyya, A- Some global properties of mixed super quasi- Einstein manifold, Diff.geometry and Dynamical system ,Vol.11, 2009, pp. 105-111.

[10] De, U.C and Ghosh, G.C- On quasi Einstein manifolds, Periodica Mathematica Hungarica Vol. 48(1-2). 2004, pp. 223-231.

[11] Debnath, D and Bhattacharyya, A- On some types of quasi Eiestein, generalized quasi Einstein and super quasi Einstein manifolds, J.Rajasthan Acad. Phy. Sci, Vol. 10, No.1 March 2011, PP-33-40.

[12] Debnath, D- Some properties of mixed generalized and mixed super quasi Einstein manifolds, Journal of Mathematics, Vol.II, No.2(2009),pp-147-158.

[13] Nagaraja, H.G- On N(k)-mixed quasi Einstein manifolds, European Journal of Pure and Applied Mathematics. Vol. 3, No. 1, 2010, 16-25

[14] Tripathi, M.M and Kim,Jeong Sik- On N(k)- quasi Einstein manifolds, Commun.

Korean Math. Soc. 22(3) (2007), 411-417.

[15] Tanno, S- Ricci curvatures of contact Riemannian manifolds, Tohoku Math. J.

40(1988) 441-448.

Received October 13, 2016.

Department of Mathematics, Bamanpukur High School, Bamanpukur,PO-Sree Mayapur, West Bengal, India, PIN-741313 E-mail address: dipankardebnath123@gmail.com