Acta Mathematica Academiae Paedagogicae Nyíregyháziensis 33 (2017), 315–329

www.emis.de/journals
ISSN 1786-0091

SOME OPTIMAL INEQUALITIES FOR SCREEN CONFORMAL HALF-LIGHTLIKE SUBMANIFOLDS

MEHMET GÜLBAHAR AND EROL KILIÇ

Abstract. In this paper, some relations involving the main intrinsic and extrinsic invariants for a half-lightlike submanifold of a Lorentzian manifold are given. Some results for screen conformal half-lightlike submanifolds and their leaves are obtained with the help of these relations.

1. Introduction

To establish relationships between intrinsic and extrinsic invariants of a submanifold is one of the most fundamental problems in submanifolds theory. Some principal inequalities for submanifolds of a real space form were initially proved by B.-Y. Chen [5, 6, 7, 8]. Then, the study of this topic has attracted a lot of attention during the last two decades. Related inequalities have been established for different kinds of Riemannian submanifolds in ambient manifolds endowed with different kinds of structures by various geometers (see [2, 22, 24, 25, 26, 27, 29, 30] etc.).

Beside these facts, there exist also some useful relations involving curvatures for submanifolds of a semi-Riemannian manifold. Recently, B.-Y. Chen [9] showed very significant applications of these type inequalities to nondegenerate submanifolds and the authors [21] proved some general inequalities for r-lightlike submanifolds of a semi-Riemannaian manifold. Also, the authors and S. Keleş [17, 18] give some relations involving the curvatures on lightlike hypersurfaces of a Lorentzian manifold.

The main purpose of this paper is to show some relations involving the intrinsic and extrinsic invariants for half-lightlike submanifolds of a Lorentzian manifold. The paper is arranged as follows. In section 2, some basic facts about half-lightlike submanifolds are mentioned. In section 3, curvatures on half-lightlike submanifolds are investigated. In section 4, some inequalities for screen conformal half-lightlike submanifolds are established. In section 5, some

2010 Mathematics Subject Classification. 53C40, 53C42.

Key words and phrases. Curvature, Half-lightlike submanifold, Lorentzian manifold. 315

results related to screen conformal half-lightlike submanifolds and their leaves are obtained.

2. Half-lightlike submanifolds Let (~M, ~g) be an (n + 3)-dimensional Lorentzian manifold with a nondegenerate metric ~g of constant index 1 and (M, g) be an (n + 1)-dimensional lightlike submanifold of (~M, ~g), where g is the induced degenerate metric from ~g. Then there exists a smooth distribution Rad T_pM, called radical space of the tangent space T_pM at p ∈ M, defined by

Rad T_pM = {ξ ∈ T_pM : g_p(ξ, X) = 0 for all X ∈ T_pM}.

(2.1) The complementary non-degenerate vector bundle S(T M) of Rad T M in T M is called screen bundle of M. Thus, we have T M = Rad T M ⊕_{orth} S(T M),

(2.2) where ⊕_{orth} denotes the orthogonal direct sum. The submanifold (M, g, S(T M)) is called a half-lightlike submanifold if rank of the radical space is one [12, 14].

Let (M, g, S(T M)) be an (n + 1)-dimensional half-lightlike submanifold of (~M, ~g). Then there exist a one dimensional non-degenerate sub-bundle D spanned by u and a one-dimensional degenerate sub-bundle ltr(T M) spanned by N such that ~g(ξ, u) = 0, ~g(N, ξ) = ∓1,

(2.3) ~g(N, u) = ~g(N, N) = 0, ~g(u, u) ≠ 0.

Here, D is called screen transversal bundle and ltr(T M) is called lightlike transversal bundle [13, 16]. From the equations (2.2) and (2.3), we have the following decomposition:

T ~M = S(T M) ⊕_{orth} D ⊕_{orth} (Rad T M ⊕ ltr(TM)) ,

(2.4) where ⊕ denotes the direct sum but it is not orthogonal.

Let ~∇ be the Levi-Civita connection of ~M. The Gauss and Weingarten formulas are given by ~∇_X Y = ∇_X Y + h(X, Y ), (2.5) ~∇_X N = −A_N X + ∇^t_X N, (2.6) ~∇_X u = −A_uX + ∇^t_X u (2.7) for all X, Y ∈ Γ(T M), where ∇_X Y, A_N X, A_uX ∈ Γ(T M) and h(X, Y ), ∇^t_X N, ∇^t_X u ∈ Γ(tr(T M)). Here, h and A_N are called second fundamental form and shape operator of M, respectively. From the equations (2.4), (2.5), (2.6) and (2.7), we have h(X, Y ) = B(X, Y )N + D(X, Y )u,

(2.8)

∇^t_X N = ρ_1(X)N + ρ_2(X)u

(2.9) and ∇^t_X u = ϵ_1(X)N + ϵ_2(X)u.

(2.10) Thus, we write (2.5), (2.6) and (2.7) again as follows: ~∇_X Y = ∇_X Y + B(X, Y )N + D(X, Y )u, (2.11) ~∇_X N = −A_N X + ρ_1(X)N + ρ_2(X)u, (2.12) ~∇_X u = −A_uX + ϵ_1(X)N + ϵ_2(X)u.

(2.13) From (2.3) and (2.11), we see that B is symmetric, it is independent of choosing screen distribution and it vanishes on Rad T M.

Let P be the projection morphism of Γ(T M) to Γ(S(T M)). We also write from (2.2) that ∇_X P Y = ∇^∗_X P Y + h^∗(X, Y ),

(2.14) ∇_X ξ = −A^∗_ξ (X) − ρ_1(X)ξ,

(2.15) where ∇^∗_X P Y, A^∗_ξ (X) ∈ Γ(S(T M)) and h^∗(X, Y ) ∈ Γ(Rad T M). Here, A^∗_ξ is called local shape operator and h^∗ is called local second fundamental form given by h^∗(X, Y ) = C(X, P Y )ξ.

(2.16) Using (2.3), (2.11), (2.12), (2.13), (2.14) and (2.15), we have the followings: B(X, Y ) = g(A^∗_ξ X, Y ),

(2.17) C(X, P Y ) = g(A_N X, P Y ),

(2.18) D(X, P Y ) = g(A_uX, P Y ),

(2.19) D(X, Y ) = g(A_uX, P Y ) − ϵ_1(X)η(Y ).

(2.20)

The manifold (M, g, S(T M)) is called a totally geodesic half-lightlike submanifold if B(X, Y ) = D(X, Y ) = 0, ∀X, Y ∈ Γ(T M).

(2.21) Furthermore, (M, g, S(T M)) is called irrotational [23] if h vanishes on Rad T M and it is called totally geodesic if h vanishes on Γ(T M), identically [13]. If there exists a smooth transversal vector field H such that h(X, Y ) = g(X, Y )H

(2.22) for all X, Y ∈ Γ(T M), then the submanifold is called totally umbilical [15]. Furthermore, (M, g, S(T M)) is called minimal if it is irrotational and trace_{S(T M)}h = 0,

(2.23) where trace_{S(T M)} denotes the trace restricted to S(T M) with respect to the degenerate metric g [4].

Let (M, g, S(T M)) be an (n + 1)-dimensional half-lightlike submanifold and {e_1, . . . , e_n} be an orthonormal basis of Γ(S(T M)). Let us consider

μ_1 = 1 n n� j=1 B(e_j , e_j) and μ_2 = 1 n n� j=1 D(e_j, e_j ).

(2.24)

Then it is clear from (2.23) and (2.24) that M is minimal if and only if μ_1 = μ_2 = 0.

Let φ be a non-zero function on a neigborhood U of M. Then M is called screen locally conformal if A_N and A^∗_ξ related by A_N = φA^∗_ξ ,

(2.25) i.e., C(X, P Y ) = φB(X, Y )

(2.26) for all X, Y ∈ Γ(T M) [10].

3. Curvatures on half-lightlike submanifolds Let (M, g, S(T M)) be an (n+1)-dimensional half-lightlike submanifold of an (n+3)-dimensional Lorentzian manifold (~M, ~g). Let us denote the Riemannian curvature tensors of ~M and M by ~R and R, respectively. Then the following relations between these tensors hold:

(3.1) ~g( ~R(X, Y )P Z, P W ) = g(R(X, Y )P Z, P W ) + B(X, P Z)C(Y, P W ) − B(Y, P Z)C(X, P W ) + [D(X, P Z)D(Y, P W ) − D(Y, P Z)D(X, P W )],

(3.2) ~g( ~R(X, Y )P Z, ξ) = (∇_X B)(Y, P Z) − (∇_Y B)(X, P Z) + ρ_1(X)B(Y, P Z) − ρ_1(Y )B(X, P Z) + ε_1(X)D(Y, P Z) − ε_1(Y )D(X, P Z),

(3.3) ~g( ~R(X, Y )P Z, N) = g(R(X, Y )P Z, N) + [ρ_2(Y )D(X, P Z) − ρ_2(X)D(Y, P Z)],

(3.4) ~g( ~R(X, Y )ξ, N) = g(R(X, Y )ξ, N) + ρ_2(X)ϵ_1(Y ) − ρ_2(Y )ϵ_1(X) for all X, Y, Z, U ∈ Γ(T M) [16].

Now let us choose a 2-dimensional non-degenerate plane section Π = Span{X, Y } in T_pM, p ∈ M. Then the sectional curvature at p is expressed by [3]

K(Π) = g(R(X, Y )Y, X) g(X, X)g(Y, Y ) − g(X, Y )^2 . (3.5)

From the equations (3.1) and (3.5), we get the following lemma: Lemma 3.1. Let (M, g, S(T M)) be a half-lightlike submanifold of a Lorentzian manifold. Then we have

(3.6) K(Π) = ~K(Π) + B(Y, Y )C(X, X) − B(X, Y )C(Y, X) + D(X, X)D(Y, Y ) − D(X, Y )^2 for any non-degenerate plane section Π = Span{X, Y } in T_pM, p ∈ M.

From the equation (2.18) and Lemma 3.1, it is clear that the sectional curvature map defined on any half-lightlike submanifold doesn’t need to be symmetric and thus it hasn’t a geometric meaning which is different from the Riemannian context.

Now, we recall the following result of K. L. Duggal and A. Bejancu [13]: Theorem 3.2. Let (M, g, S(T M)) be an r-lightlike submanifold of a semi- Riemannian manifold (~M, ~g). Then the following assertions are equivalent:

i) S(T M) is integrable.

ii) h^∗ is symmetric on Γ(S(T M)).

iii) A_N is self-adjoint on Γ(S(T M)) with respect to g. As a consequence of Theorem 3.2, we can state the following:

Corollary 3.3. Let (M, g, S(T M)) be a half-lightlike submanifold of a semi- Riemannian manifold (~M, ~g). The sectional curvature map is symmetric if and only if S(T M) is integrable.

Remark 3.4. Taking into consideration Corollary 3.3, we see that the sectional curvature of any half-lightlike submanifold includes important geometric meanings as in the Riemannian context when its screen distribution is integrable.

The screen Ricci tensor, denoted by Ric_{S(T M)}, is defined by Ric_{S(T M)}(X, Y ) = trace|_{S(T M)}{Z → R(X, Z)Y }

(3.7) for any X, Y, Z ∈ Γ(S(T M)) [17, 22]. The screen Ricci curvature at a unit vector field X in Γ(S(T M)) is given by

Ric_{S(T M)}(X) = n� j=1 g(R(X, e_j)e_j, X),

(3.8)

where {e_1, . . . , e_n} is an orthonormal basis of Γ(S(T M)).

The screen scalar curvature at a point p ∈ M, denoted by r_{S(T M)}(p), is defined by

r_{S(T M)}(p) = 1 2 n� i,j=1

g(R(e_i, e_j )e_j, e_i) = 1 2 n� i,j=1

K_{ij}.

(3.9)

Using Lemma 3.1 and the equation (3.9), we have the following lemma:

Lemma 3.5. Let (M, g, S(T M)) be an (n + 1)-dimensional half-lightlike submanifold (~M, ~g) with integrable screen distribution S(T M). Suppose {e_1, . . . , e_n} is an orthonormal basis of Γ(S(T M)). Then we have

(3.10) 2r_{S(T M)}(p) = 2~r_{S(T M)}(p) + n� i,j=1

[B(e_i, e_i)C(e_j , e_j) − B(e_i, e_j )C(e_j, e_i)]

+ n� i,j=1

[D(e_i, e_i)D(e_j , e_j) − D(e_i, e_j)^2],

where ~r_{S(T M)}(p) is the scalar curvature of screen distribution of ~M (See the equation (2.3) in [19]) defined by

~r_{S(T M)}(p) = 1 2 n� i,j=1

~g( ~R(e_i, e_j)e_j , e_i).

(3.11)

Putting (2.24) and (2.26) in Lemma 3.5, we obtain the following corollary:

Corollary 3.6. If (M, g, S(T M)) be an (n + 1)-dimensional screen conformal half-lightlike submanifold of a Lorentzian manifold (~M, ~g), then we have

2r_{S(T M)}(p) = 2~r_{S(T M)}(p) + φn^2μ^2_1 + n^2μ^2

(3.12) − n� i,j=1

[φB(e_i, e_j)^2 + D(e_i, e_j)^2].

Now, we shall mention the other curvatures, namely the null sectional curvature, the Ricci type tensor and the scalar curvature for a half-lightlike submanifold.

Let ξ be a null vector of T_pM. A plane Π is called a null plane if it contains ξ and e_i such that ~g(ξ, e_i) = 0 and ~g(e_i, e_i) ≠ 0. The null sectional curvature of Π is defined by

K^{null}(Π) ≡ K^{null}(e_i) = g(R_p(e_i, ξ)ξ, e_i) g_p(e_i, e_i) . (3.13)

We note that the null sectional curvature measures differences in length of two spacelike geodesic constructed from the degenerate plane section Π and it is independent of the choice of the spacelike vector e_i but it depends quadratically on the null vector ξ. For more details, we refer to [1] and [3].

Proposition 3.7. [16] Let (M, g, S(T M)) be a screen conformal half lightlike submanifold of a Lorentzian space form ~M(c) of constant curvature c. The null sectional curvature of M is given by

K^{null}(e_i) = D(ξ, ξ)D(e_i, e_i) − D(e_i, ξ)D(ξ, e_i).

(3.14)

From Proposition 3.7, it is clear that the null sectional curvature vanishes on irrotational screen locally conformal half-lightlike submanifolds of a semi- Riemannian space form.

The Ricci type tensor, denoted by R^{(0,2)}, defined by

R^{(0,2)}(X, Y ) = n� j=1 g(R(e_j, X)Y, e_j) + ~g(R(ξ, X)Y, N)

(3.15)

for any X, Y ∈ Γ(T M).

From the equations (3.1)-(3.4), it can be shown that the Ricci type tensor doesn’t need to be symmetric as the sectional curvature map. This tensor is called Ricci tensor if it is symmetric.

Taking the trace in the equation (3.15), it can be obtained a scalar at p ∈ M such that

τ(p) = n� i,j=1

K_{ij} + n� i=1 � K^{null}(e_i) + K_N (e_i) � , (3.16)

where K_N (e_i) = ~g(R(ξ, e_i)e_i, N) for i ∈ {1, . . . , n}.

Remark 3.8. The scalar τ(p) is called scalar curvature at p ∈ M if the tensor R^{(0,2)} is symmetric. Otherwise, τ(p) can’t be called scalar curvature since it is not possible to calculate it from a tensor quantity R^{(0,2)} (See [11]).

4. Some optimal inequalities for half-lightlike submanifolds We begin this section with the following algebraic lemma:

Lemma 4.1. [28] If a_1, . . . , a_n are n-real numbers (n > 1), then 1 n ( n� i=1 a_i)^2 ≤ n� i=1 a^2_i ,

(4.1)

with equality if and only if a_1 = . . . = a_n.

Now, we are going to establish an inequality involving the intrinsic and extrinsic invariants for screen conformal half-lightlike submanifolds of a Lorentzian manifold.

Theorem 4.2. Let (M, g, S(T M)) be an (n+1)-dimensional screen conformal half-lightlike submanifold of an (n+3)-dimensional Lorentzian manifold ~M with φ > 0. Then

2r_{S(T M)}(p) ≤ 2~r_{S(T M)}(p) + n(n − 1)(φμ^2_1 + μ^2).

(4.2)

The equality case of (4.2) holds for all p ∈ M if and only if S(T M) is totally umbilical in M.

Proof. Let {e_1, . . . , e_n} be an orthonormal basis of Γ(S(T M)). Then we have from Corollary 3.6 that

(4.3) 2r_{S(T M)}(p) = 2~r_{S(T M)}(p) + φn^2μ^2_1 − φ n� i≠j=1

B(e_i, e_j )^2 − φ n� i=1 B(e_i, e_i)^2

+ n^2μ^2 − n� i≠j=1

D(e_i, e_j )^2 − n� i=1 D(e_i, e_i)^2.

If we use Lemma 4.1 in (4.3), we obtain (4.2).

The equality case of (4.2) is true if and only if B_{11} = · · · = B_{nn}, B_{ij} = 0, for i ≠ j ∈ {1, . . . , n}, D_{11} = · · · = D_{nn}, D_{ij} = 0, for i ≠ j ∈ {1, . . . , n}, which imply that S(T M) is totally umbilical in M. □ Considering Theorem 4.2, we get the following corollaries:

Corollary 4.3. Let (M, g, S(T M)) be an (n + 1)-dimensional irrotational screen conformal half-lightlike submanifold of an (n+3)-dimensional Lorentzian manifold ~M with φ > 0. Then we have 2r_{S(T M)}(p) ≤ 2~r_{S(T M)}(p) + n(n − 1)(φμ^2_1 + μ^2).

(4.4) The equality case of (4.4) holds for all p ∈ M if and only if M is totally umbilical.

Corollary 4.4. Let (M, g, S(T M)) be an (n + 1)-dimensional screen conformal half-lightlike submanifold of an (n + 3)-dimensional Lorentzian space form R^{n+3}_1 (c) of constant curvature c. If φ > 0, then we have 2r_{S(T M)}(p) ≤ n(n − 1)(c + φμ^2_1 + μ^2).

(4.5) The equality case of (4.5) holds for all p ∈ M if and only if M is totally umbilical.

Corollary 4.5. Let (M, g, S(T M)) be an (n+1)-dimensional screen conformal half-lightlike submanifold of an (n+3)-dimensional semi-Euclidean space E^{n+3}_1 . If φ > 0, then we gave 2r_{S(T M)}(p) ≤ n(n − 1)(φμ^2_1 + μ^2).

(4.6) The equality case of (4.6) holds for all p ∈ M if and only if M is totally umbilical.

Now, we recall the following theorem of D. H. Jin in [20]:

Theorem 4.6. Let (M, g, S(T M)) be a half-lightlike submanifold of semi- Riemannian manifold ~M. If the coscreen distribution D is a conformal Killing on ~M, then there exists a smooth function δ such that D(X, Y ) = δg(X, Y )

(4.7) for all X, Y ∈ T M.

From Theorem 4.2 and Theorem 4.6, we obtain the following corollary: Corollary 4.7. Let (M, g, S(T M)) be an (n+1)-dimensional screen conformal half-lightlike submanifold of an (n + 3)-dimensional Lorentzian manifold ~M. If the equality case of (4.2) holds for all p ∈ M, then D is a homothetic Killing on ~M with δ = 1.

If we put (3.3), (3.12) and (3.14) in (3.16), we have the following lemma: Lemma 4.8. Let (M, g, S(T M)) be an (n + 1)-dimensional screen conformal half-lightlike submanifold of an (n + 3)-dimensional Lorentzian space form R^{n+3}_1 (c). Suppose {e_1 . . . , e_n} is an orthonormal basis of Γ(S(T M)). Then we have

(4.8) τ(p) = � c + φμ^2_1 + μ^2 � n^2 − n� i=1 D(e_i, ξ) [D(e_i, ξ) + ρ_2(e_i)]

+ nμ_2 (D(ξ, ξ) + ρ_2(ξ)) − n� i,j=1 � φB(e_i, e_j)^2 + D(e_i, e_j)^2 � . Using Lemma 4.8, we get the followings:

Theorem 4.9. Let (M, g, S(T M)) be an (n + 1)-dimensional screen conformal half-lightlike submanifold of an (n + 3)-dimensional Lorentzian space form R^{n+3}_1 (c). Then we have

(4.9) τ(p) ≤ � c + φμ^2_1 + μ^2 � n^2 +nμ_2 (D(ξ, ξ) + ρ_2(ξ))− n� i=1 [D(e_i, ξ)ρ_2(e_i)] .

If the equality case of (4.9) holds for all p ∈ M, then S(T M) is totally geodesic. Corollary 4.10. If (M, g, S(T M)) is an (n+1)-dimensional irrotational screen conformal half-lightlike submanifold of an (n + 3)-dimensional semi-Euclidean space E^{n+3}_1 . Then we have τ(p) ≤ � φμ^2_1 + μ^2 � n^2 + nμ_2ρ_2(ξ).

(4.10) The equality case of (4.10) holds for all p ∈ M if and only if M is totally geodesic.

If we consider Lemma 4.1 in Lemma 4.8 and use similar arguments as in the proof of Theorem 4.2, we obtain the following theorem:

Theorem 4.11. Let (M, g, S(T M)) be an (n + 1)-dimensional screen conformal half-lightlike submanifold of R^{n+3}_1 (c). Then we have τ(p) ≤ n^2c + n(n − 1)(φμ^2_1 + μ^2) + nμ_2 (D(ξ, ξ) + ρ_2(ξ))

(4.11) − n� i=1 [D(e_i, ξ)ρ_2(e_i)] .

The equality case of (4.11) holds for all p ∈ M if and only if M is totally umbilical.

Corollary 4.12. Let (M, g, S(T M)) be an (n + 1)-dimensional irrotational screen conformal half-lightlike submanifold of R^{n+3}_1 (c). Then τ(p) ≤ n^2c + n(n − 1) � φμ^2_1 + μ^2 � + nμ_2ρ_2(ξ).

(4.12) The equality case of (4.12) holds for all p ∈ M if and only if M is totally umbilical.

5. Some results on leaves of half-lightlike submanifolds Let (M, g, S(T M)) be an (n+1)-dimensional half-lightlike submanifold of an (n + 3)-dimensional Lorentzian manifold (~M, ~g). Suppose S(T M) is integrable and (M^′, g^′) is an n-dimensional leaf of S(T M) immersed in ~M as a codimension 2 with the non-degenerate metric g^′. Denote the induced connection of M^′ by ∇^′. Using the equations (2.11) and (2.16), we can write ~∇_X Y = ∇^′_X Y + B(X, Y )N + C(X, Y )ξ + D(X, Y )u (5.1) for all X, Y ∈ Γ(S(T M)). It follows that the second fundamental form of M^′, denoted by h^′, is given by h^′(X, Y ) = B(X, Y )N + C(X, Y )ξ + D(X, Y )u

(5.2) for all X, Y ∈ Γ(S(T M)). Hence, we have ‖h^′(X, Y )‖^2 = 2B(X, Y )C(X, Y ) + D(X, Y )^2.

(5.3) The mean curvature vector H^′(p) at p ∈ M^′ is a vector field satisfying

(5.4) H^′(p) = 1 n � trace|_{S(T M)}(h^′) �

= 1 n �_n � i=1 [B(e_i, e_i)N + C(e_i, e_i)ξ + D(e_i, e_i)u] � = μ_1N+μ_2u+ n� i=1 C(e_i, e_i)ξ.

If M is screen conformal, from the equations (2.26) and (5.4), we get ‖H^′(p)‖^2 = 2φμ^2_1 + μ^2.

(5.5)

Now, we recall the following Theorem and Corollary of K. Duggal and B. Sahin (See Theorem 4.4.6 and Corollary 4.4.8 in [16]).

Theorem 5.1. Let (M, g, S(T M)) be a screen conformal half-lightlike submanifold of a semi-Riemannian manifold ~M with a leaf M^′ of S(T M). Then a) M is totally geodesic, b) M is totally umbilical, c) M is minimal if and only if M^′ is so immersed as a submanifold of ~M and ε_1 vanishes on M.

Corollary 5.2. Let (M, g, S(T M)) be an irrotational screen conformal halflightlike submanifold of a semi-Riemannian manifold ~M with a leaf M^′ of S(T M). Then

a) M is totally geodesic, b) M is totally umbilical, c) M is minimal if and only if M^′ is so immersed as a submanifold of ~M.

Corollary 5.3. Let (M, g, S(T M)) be an (n+1)-dimensional screen conformal half-lightlike submanifold and M^′ be an n-dimensional leaf of S(T M) immersed in R^{n+3}_1 (c). Then we have

2r_{S(T M)}(p) ≤ n(n − 1) � c + ‖H^′(p)‖^2 − φμ^2_1 � . (5.6)

The equality case of (5.6) holds for all p ∈ M^′ if and only if both M^′ and M are totally umbilical.

Proof. If we put (5.5) in (4.5), we easily obtain (5.6). The rest part of proof is clear from Theorem 5.1. □

Corollary 5.4. Let (M, g, S(T M)) be an (n+1)-dimensional screen conformal half-lightlike submanifold and M^′ be an n-dimensional leaf of S(T M) immersed in E^{n+3}_1 . Then we have

2r_{S(T M)}(p) ≤ n(n − 1) � ‖H^′(p)‖^2 − φμ^2_1 � . (5.7)

The equality case of (5.7) holds for all p ∈ M^′ if and only if both M^′ and M are totally umbilical.

Corollary 5.5. Let (M, g, S(T M)) be an (n+1)-dimensional screen conformal half-lightlike submanifold and M^′ be an n-dimensional leaf of S(T M) immersed in R^{n+3}_1 (c). Then we have

τ(p) ≤ n^2c + n(n − 1) � ‖H^′(p)‖^2 − φμ^2_1 � + nμ_2 (D(ξ, ξ) + ρ_2(ξ))

(5.8) − n� i=1 [D(e_i, ξ)ρ_2(e_i)] .

The equality case of (5.8) holds for all p ∈ M^′ if and only if both M^′ and M are totally umbilical.

Proof. If we put (5.5) in (4.11), the proof of this theorem is straightforward. □

Corollary 5.6. Let (M, g, S(T M)) be an (n + 1)-dimensional irrotational screen conformal half-lightlike submanifold and M^′ be an n-dimensional leaf of S(T M) immersed in E^{n+3}_1 . Then we have

τ(p) ≤ n(n − 1) � ‖H^′(p)‖^2 − φμ^2_1 � + nμ_2ρ_2(ξ).

(5.9)

The equality case of (5.9) holds for all p ∈ M^′ if and only if both M^′ and M are totally umbilical.

Corollary 5.7. Let (M, g, S(T M)) be an (n+1)-dimensional screen conformal half-lightlike submanifold and M^′ be an n-dimensional leaf of S(T M) immersed in R^{n+3}_1 (c). Then we have τ(p) ≤ n^2c + n^2 � ‖H^′(p)‖^2 − φμ^2_1 � + nμ_2 (D(ξ, ξ) + ρ_2(ξ))

(5.10) − n� i=1 [D(e_i, ξ)ρ_2(e_i)] .

If the equality case of (5.10) holds for all p ∈ M^′, then both M^′ and M are totally geodesic.

Proof. If we put (5.5) in (4.9), the proof of this theorem is straightforward. □ Corollary 5.8. Let (M, g, S(T M)) be an (n + 1)-dimensional irrotational screen conformal half-lightlike submanifold and M^′ be an n-dimensional leaf of S(T M) immersed in E^{n+3}_1 . Then we have τ(p) ≤ n^2 � ‖H^′(p)‖^2 − φμ^2_1 � + nμ_2ρ_2(ξ).

(5.11) The equality case of (5.11) holds for all p ∈ M^′ if and only if both M^′ and M are totally geodesic.

Example 5.9. Consider in R^7_1 with signature (−, +, +, +, +, +, +) a submanifold M given by the equations

x_4 = (x^2_1 − x^2)^{12} , x_3 = (1 − x^2_5)^{12} , x_6 = (1 − x^2_7)^{12} , x_2, x_5, x_7 > 0.

(5.12) Then we have

Rad T M = Span{ξ = x_1∂x_1 + x_2∂x_2 + x_4∂x_4}, S(T M) = Span{Z_1 = x_4∂x_1 + x_1∂x_4, Z_2 = −x_5∂x_3 + x_3∂x_5, Z_3 = −x_6∂x_7 + x_7∂x_6, Z_4 = x_6∂x_7 + x_7∂x_6}, and D = Span{u = x_3∂x_3 + x_5∂x_5}.

Hence, M is a half lightlike submanifold of R^7_1 with S(T M) = Span{U_1, U_2, U_3, U_4}. Also, the lightlike transversal bundle ltr(T M) is spanned by N = 1 2 {−x_1∂x_1 + x_2∂x_2 + x_4∂x_4}.

Thus, we have ~∇_{Z1} ξ = Z_1, ~∇_{Z2} ξ = ~∇_{Z3} ξ = ~∇_{Z4} ξ = 0, ~∇_ξξ = ξ, ~∇_{Z1} N = 1

2x_1

Z_1, ~∇_{Z2} N = ~∇_{Z3} N = ~∇_{Z4} N = 0, ~∇_ξN = −N

and (M, g, S(T M) is screen conformal with φ =^1_{2x1} . From (2.5), (2.6) and (2.7), we get B(Z_1, Z_1) = −x^2, D(Z_2, Z_2) = −1

(5.13) and the other components of B and D vanishes.

Consider M^′ to be a 4-dimensional leaf of S(T M). Then it follows that

T M^′ = Span{Z_1, Z_2, Z_3, Z_4}.

By a straightforward computation, it can be obtained that the M^′ satisfies corollaries of this section.

Acknowledgements

The second author of this study is supported by 113F388 coded project of the Scientific and Technological Research Council of Turkey (TÜBİTAK). The authors thank the reviewer for comments that greatly improved the paper.

References

[1] A. L. Albujer and S. Haesen. A geometrical interpretation of the null sectional curvature.

J. Geom. Phys., 60(3):471–476, 2010.

[2] K. Arslan, R. Ezentas, I. Mihai, C. Murathan, and C. Özgür. Ricci curvature of submanifolds in locally conformal almost cosymplectic manifolds. Math. J. Toyama Univ., 26:13–24, 2003.

[3] J. K. Beem, P. E. Ehrlich, and K. L. Easley. Global Lorentzian geometry, volume 202 of Monographs and Textbooks in Pure and Applied Mathematics. Marcel Dekker, Inc., New York, second edition, 1996.

[4] C. L. Bejan and K. L. Duggal. Global lightlike manifolds and harmonicity. Kodai Math.

J., 28(1):131–145, 2005.

[5] B.-Y. Chen. Some pinching and classification theorems for minimal submanifolds. Arch.

Math. (Basel), 60(6):568–578, 1993.

[6] B.-Y. Chen. A Riemannian invariant and its applications to submanifold theory. Results Math., 27(1-2):17–26, 1995. Festschrift dedicated to Katsumi Nomizu on his 70th birthday (Leuven, 1994; Brussels, 1994).

[7] B.-Y. Chen. Mean curvature and shape operator of isometric immersions in real-space-forms. Glasgow Math. J., 38(1):87–97, 1996.

[8] B.-Y. Chen. Relations between Ricci curvature and shape operator for submanifolds with arbitrary codimensions. Glasg. Math. J., 41(1):33–41, 1999.

[9] B.-Y. Chen. Pseudo-Riemannian geometry, δ-invariants and applications. World Scientific Publishing Co. Pte. Ltd., Hackensack, NJ, 2011. With a foreword by Leopold Verstraelen.

[10] K. L. Duggal. On canonical screen for lightlike submanifolds of codimension two. Cent.

Eur. J. Math., 5(4):710–719 (electronic), 2007.

[11] K. L. Duggal. On scalar curvature in lightlike geometry. J. Geom. Phys., 57(2):473–481, 2007.

[12] K. L. Duggal and A. Bejancu. Lightlike submanifolds of codimension two. Math. J.

Toyama Univ., 15:59–82, 1992.

[13] K. L. Duggal and A. Bejancu. Lightlike submanifolds of semi-Riemannian manifolds and applications, volume 364 of Mathematics and its Applications. Kluwer Academic Publishers Group, Dordrecht, 1996.

[14] K. L. Duggal and D. H. Jin. Half lightlike submanifolds of codimension 2. Math. J.

Toyama Univ., 22:121–161, 1999.

[15] K. L. Duggal and D. H. Jin. Totally umbilical lightlike submanifolds. Kodai Math. J., 26(1):49–68, 2003.

[16] K. L. Duggal and B. Sahin. Differential geometry of lightlike submanifolds. Frontiers in Mathematics. Birkhäuser Verlag, Basel, 2010.

[17] M. Gülbahar, E. Kiliç, and S. Keleş. Chen-like inequalities on lightlike hypersurfaces of a Lorentzian manifold. J. Inequal. Appl., pages 2013:266, 18, 2013.

[18] M. Gülbahar, E. Kılıç, and S. Keleş. Some inequalities on screen homothetic lightlike hypersurfaces of a Lorentzian manifold. Taiwanese J. Math., 17(6):2083–2100, 2013.

[19] S. Hong, K. Matsumoto, and M. M. Tripathi. Certain basic inequalities for submanifolds of locally conformal Kaehler space forms. SUT J. Math., 41(1):75–94, 2005.

[20] D. H. Jin. Half lightlike submanifolds with totally umbilical screen distributions. J.

Korean Soc. Math. Educ. Ser. B Pure Appl. Math., 17(1):29–38, 2010. [21] E. Kılıç and M. Gülbahar. On the sectional curvature of lightlike submanifolds. J.

Inequal. Appl., pages 2016:57, 16, 2016.

[22] E. Kılıç, M. M. Tripathi, and M. Gülbahar. Chen-Ricci inequalities for submanifolds of Riemannian and Kaehlerian product manifolds. Ann. Polon. Math., 116(1):37–56, 2016.

[23] D. N. Kupeli. Singular semi-Riemannian geometry, volume 366 of Mathematics and its Applications. Kluwer Academic Publishers Group, Dordrecht, 1996. With the collaboration of Eduardo García-Río on Part III.

[24] A. Mihai. Inequalities on the Ricci curvature. J. Math. Inequal., 9(3):811–822, 2015. [25] I. Mihai. Ricci curvature of submanifolds in Sasakian space forms. J. Aust. Math. Soc., 72(2):247–256, 2002.

[26] C. Özgür and A. De. Chen inequalities for submanifolds of a Riemannian manifold of nearly quasi-constant curvature. Publ. Math. Debrecen, 82(2):439–450, 2013.

[27] S. S. Shukla and P. K. Rao. Ricci curvature of quaternion slant submanifolds in quaternion space forms. Acta Math. Acad. Paedagog. Nyházi. (N.S.), 28(1):69–81, 2012.

[28] M. M. Tripathi. Certain basic inequalities for submanifolds in (κ, μ)-spaces. In Recent advances in Riemannian and Lorentzian geometries (Baltimore, MD, 2003), volume 337 of Contemp. Math., pages 187–202. Amer. Math. Soc., Providence, RI, 2003.

[29] G.-E. Vîlcu. On Chen invariants and inequalities in quaternionic geometry. J. Inequal.

Appl., pages 2013:66, 14, 2013.

[30] P. Zhang, L. Zhang, and W. Song. Chen’s inequalities for submanifolds of a Riemannian manifold of quasi-constant curvature with a semi-symmetric metric connection. Taiwanese J. Math., 18(6):1841–1862, 2014.

Received February 11, 2016.

Mehmet Gülbahar, Department of Mathematics, Faculty of Science and Art, Siirt University, Siirt, Turkey E-mail address: mehmetgulbahar85@gmail.com

Erol Kiliç, İnönü University, Faculty of Science and Art, Department of Mathematics, Malatya, Turkey E-mail address: erol.kilic@inonu.edu.tr