Acta Mathematica Academiae Paedagogicae Nyíregyháziensis 33 (2017), 373–385

www.emis.de/journals
ISSN 1786-0091

EINSTEIN METRICS ON WARPED PRODUCT FINSLER SPACES

M. KHAMEFOROUSH YAZDI, Y. ALIPOUR FAKHRI AND M. M. REZAII

Abstract. In this paper, we prove that a warped product Finsler metric is an Einstein metric if and only if some partial differential equations are satisfied. Several results are obtained in special cases, for example, the case of Riemannian, Locally Minkowski, and Berwald spaces. Moreover, we present the static vacuum Einstein equations on Finsler manifold.

1. Introduction

The warped product is an important concept in geometry and physics. This concept was first introduced by Bishop and O’Neill to construct Riemannian manifolds with negative curvature [11]. It has been applied for the construction of Einstein metrics on noncompact complete Riemannian manifolds and other important examples in relativity and differential geometry [8],[11]. Besse produced a non-trivial Einstein warped product on a compact Riemannian manifold [10]. S. Kim established compact base manifolds with a positive scalar curvature which do not admit any non-trivial Einstein warped product [15].

One of the important problems in Finsler geometry is to characterize and construct the Einstein metrics, constant Ricci curvature metrics and, as a special case, constant flag curvature metrics. Many valuable results have been achieved, most of which are related to a special class of Finsler metrics named (α, β)-metrics due to its computability. In 2004, D. Bao, C. Robles and Shen classified Randers metrics with constant flag curvature [7]. Also with the help of the navigation problem, D. Bao and C. Robles give a characterization for Einstein metrics of Randers type [6].

Warped product extended for Finslerian metrics by the work of Kozma et al [16]. Some objects of Riemannian manifolds are expanded to the warped product Finsler manifolds in [4], [5]. Two authors of this paper presented some necessary and sufficient conditions which the spray manifold is projectively equivalent to the warped product Finsler manifolds [18]. Also, they found

2010 Mathematics Subject Classification. 53C60, 53C20, 53C25. Key words and phrases. Finsler space, Warped product, Einstein metric. 373

the necessary and sufficient conditions for the Sasaki-Finsler metric of the warped product Finsler manifold to be bundle like for the vertical foliation [2]. In [19] and [20] , Tayebi and his collaborates studied the warped and doubly warped product structure in Finsler geometry. They consider warped product Finsler metrics with scalar flag curvature and some well-known non- Riemannian curvature properties such as Berwald, Landsberg, and relatively isotropic (mean) Landsberg curvatures. Inspired by the mentioned works, we consider Einstein warped product Finsler metrics and present necessary and sufficient conditions for the warped product Finsler space to be Einstein . Moreover, several results are obtained in the special cases, for example, the case of Riemannian, Locally Minkowski and Berwald spaces are considered. Also, we present the static vacuum Einstein equations on Finsler manifold.

2. Preliminaries

Let F_1 = (M_1, F_1) and F_2 = (M_2, F_2) be two Finsler manifolds and f : M_1 → R be a non-negative smooth function. Consider F = (M, F ) where M is the product manifold M_1 × M_2 and the function F is defined as

F^2(x_1, x_2, y_1, y_2) = F^2_1 (x_1, y_1) + f(x_1)^2F^2_2 (x_2, y_2). (1) The function F is smooth on T M^0 and is obviously positively homogeneous of degree 1 with respect to (y_1, y_2). For the function F ,

(g_{ab}(x, y)) = ( 1 2 ∂^2F^2 ∂y^a∂y^b ) = ( ĝ_{ij} (x_1, y_1) 0 0 f^2(x_1)ǧ_{αβ}(x_2, y_2) ) (2) are the components of a positive definite quadratic form at every point (x, y). Therefore F = (M, F ) defines a Finsler manifold and is called a warped product of F_1 and F_2. The warped product Finsler metric F is denoted by F = F_1 ×_f F_2 and the function f is called warping function [2],[16].

Notation. Lowercase Latin letters like {i, j, k, l, . . .} , {α, β, γ, . . .} and {a, b, c, d, . . .} are used in the upper position for variable indices. They belong to the set {1, . . . , m_1}, {1, . . . , m_2} and {1, . . . , m_1 + m_2} respectively, according to the spaces F_1, F_2 or F = F_1 ×_f F_2 they represent. Variables of F_1 and F_2 have lower indices 1 and 2 respectively, like x^i_1, y^j_1 and x^α_2 , y^β_2 .

When there is no appropriate position to place indices 1 and 2, objects of F_1 and F_2 will be hat and check respectively, like ĝ_{ij} and ǧ_{αβ}, to indicate their relevant spaces.

The inverse g^{ab} of g_{ab} is given by

(g^{ab}(x, y)) = ( ĝ^{ij}(x_1, y_1) 0 0 f^{−2}(x_1)ǧ^{αβ}(x_2, y_2) ) . (3)

The local coordinates (x_1, x_2, y_1, y_2) on T M^0 are transformed by the rules

x̃^i_1 = x̃^i_1(x^1, . . . , x^{m1}_1 ), ỹ^i_1 =

∂x̃^i_1 ∂x^j_1 y^j_1,

x̃^α_2 = x̃^α_2 (x^1_2, . . . , x^{m2}_2 ), ỹ^α_2 =

∂x̃^α_2 ∂x^β_2 y^β_2 .

And for^∂_{∂ya} , we have

∂ ∂y^i_1 = ∂x̃^j_1 ∂x^i_1 ∂ ∂ỹ^j_1 , ∂ ∂y^α_2 = ∂x̃^j_2 ∂x^i_2 ∂ ∂ỹ^j_2 . (4)

So, the vertical distribution VT M^0 is spanned by {^∂_{∂yi1} ,^∂_{∂yα2} } and the horizontal distribution HT M^0 is spanned by {^δ_{δxi1} ,^δ_{δx}α_2 } which δ δx^i_1 = ∂ ∂x^i_1 − G j i ∂ ∂y^j_1 − G β i ∂ ∂y^β_2 , δ δx^α_2 = ∂ ∂x^α_2 − G j α ∂ ∂y^j_1 − G β α ∂ ∂y^β_2 . (5)

The geodesic coefficients G^a = (G^i, G^α) are local defined functions as

G^i = Ĝ^i − 1 4 ĝ^{ih}

∂f^2 ∂x^h_1

F^2_2 , G^α = Ǧ^α + 1 2 1 f^2 y^α_2 y^h_1

∂f^2 ∂x^h_1 . (6)

Now, the coefficients G^a_b = (G^i_j, G^i_β, G^α_j , G^α_β ) of the non-linear connection are given by

G^i_j = Ĝ^i_j − 1 4 ∂ĝ^{ih} ∂y^j_1

∂f^2 ∂x^h_1

F^2_2 ,

G^i_β = − 1 4 ĝ^{ih}

∂f^2 ∂x^h_1

∂F^2_2 ∂y^β_2 , G^α_j = 1 2 1 f^2 y^α_2

∂f^2 ∂x^j_1 , G^α_β = Ǧ^α_β + 1 2 1 f^2 y^h_1

∂f^2 ∂x^h_1 δ^α_β .

(7)

Corollary 2.1. The coefficients G^a_{bc} = (G^i_{jk}, G^i_{βk}, G^i_{βγ} , G^α_{jk}, G^α_{jγ} , G^α_{βγ} ) of the nonlinear connection on the warped product Finsler manifold are gotten as

G^i_{jk} = Ĝ^i_{jk} − 1 4 ∂^2ĝ^{ih} ∂y^j_1∂y^k_1

∂f^2 ∂x^h_1

F^2_2 = G^i_{kj},

G^i_{βk} = − 1 4 ∂ĝ^{ih} ∂y^k_1

∂f^2 ∂x^h_1

∂F^2_2 ∂y^β_2

= G^i_{kβ},

G^i_{βγ} = − 1 2 ĝ^{ih}

∂f^2 ∂x^h_1 ǧ_{βγ} = G^i_{γβ} ,

G^α_{jk} = 0,

G^α_{jγ} = 1 2 1 f^2

∂f^2 ∂x^j_1 δ^α_γ = G^α_{γj} ,

G^α_{βγ} = Ǧ^α_{βγ} = G^α_{γβ}.

(8)

Proof. Using G^a_{bc} =^{∂Gab}_{∂yc} , for detailed see [2]. □

3. The Laplacian of the Sasaki Finsler metrics It is well known that various kinds of Laplace operators play a very important role in differential geometry and physics, especially in the theory of harmonic integral and Bochner technique. In [14], Chunping and Tongde generalized the Laplace operator in Riemannian manifolds to Finsler vector bundles as such bundles arise naturally in Finsler geometry. Using the h-Laplace operator, they proved some integral formulas for horizontal Finsler vector fields and scalar fields on vector bundles.

Let (M, F ) be a Finsler manifold. Then the tangent bundle T M endowed with the Sasaki-type metric constructed from the given Finsler metric F is a Riemannian vector bundle. Consider

dV = det(g_{ij} )dx^1 ∧ . . . ∧ dx^m ∧ δy^1 ∧ . . . ∧ δy^m (9) be the volume form associated with the Riemannian structure, G = g_{ij}dx^i ⊗ dx^j + g_{ij}δy^i ⊗ δy^j, on T M and L_X be the Lie derivative with respect to X ∈ X (T M), then the notations as gradient and divergent on T M can be introduced. The divergence of X = X^{i δ}_{δxi} + X̄^{i ∂}_{∂yi} is defined by

L_X dV = (div X)dV.

(10)

We denote div_h X =: div(X^{i δ}_{δxi} ) and div_v X =: div(X̄^{i ∂}_{∂yi} ), then we have the following Lemma.

Lemma 3.1. Let X = X^{i δ}_{δxi} + X̄^{i ∂}_{∂yi} ∈ X (T M) then

div X = div_h X + div_v X,

(11) where

div_h X = ∇ δ_{δxi} X^i − P^k_{ik}X^i, div_v X = ∇ ∂_{∂yi} X̄^i + C^k_{ik}X̄^i, which P^k_{ij} = G^k_{ij} − F^k_{ij}.

Proof. Applying proposition (3.1) of [14] on Finsler spaces. □ Now if we define grad(f) = ∇f by

G(∇f, X) = Xf, ∀X ∈ X (T M), f ∈ C^∞(T M) then in the adapted frame {^δ_{δxi} ,^∂_{∂yi} }, we have ∇f = ∇_hf + ∇_vf,

(12) where ∇_hf = g^{ij} δf δx^j δ δx^i

, ∇_vf = g^{ij} ∂f ∂y^j ∂ ∂y^i . If f ∈ C^∞(M) then we have

G(∇_hf^2, ∇_hf^2) = g^{ij}

∂f^2 ∂x^i

∂f^2 ∂x^j . (13)

Now the h(v)-Laplace operator on T M is defined by Δ_h := div_h ∘∇_h, Δ_v := div_v ∘∇_v.

(14) Lemma 3.2. Let (M, F ) be Finsler space and f ∈ C^∞(T M). Then Δf = Δ_hf + Δ_vf,

(15) where Δ_hf = δg^{ij} δx^i δf δx^j

+ g^{ij} δ δx^i ( δf δx^j

) − P^k_{ik}g^{ij} δf δx^j , Δ_vf =

∂g^{ij} ∂y^i ∂f ∂y^j

+ g^{ij} ∂ ∂y^i ( ∂f ∂y^j

) + g^{ij} ∂f ∂y^j

C^k_{ik}.

Proof. See [14]. □ Consider the Finsler manifold to be Riemannian space and f : M → R, so the horizontal Laplacian of f^2 is given by Δ_hf^2 =

∂g^{ij} ∂x^i

∂f^2 ∂x^j

+ g^{ij}

∂^2f^2 ∂x^i∂x^j

+ G^k_{ik}g^{ij}

∂f^2 ∂x^j . (16) When the Finsler space is locally Minkowski space, the horizontal Laplacian of f ∈ C^∞(M) is gotten by

Δ_hf^2 = g^{ij}

∂^2f^2 ∂x^i∂x^j . (17)

4. Einstein Metrics

The importance of the Ricci tensor can be seen from the Bonnet-Myers theorem. The Riemannian version of this result is one of the most useful comparison theorems in differential geometry [13]. It was first extended to the Finsler manifolds by the work of Auslander [3]. Akbar-Zadeh generalized the concept of Ricci tensor on Finsler geometry [1]. In this section, we perform the concept of Ricci tensor on warped product Finsler manifolds and present some conditions for the warped product Finsler metric to be Einstein.

Let us begin by introducing Ricci scalar for the warped product Finsler space F = (M, F ) as follows

ℜic := R^a = R^i + R^α,

(18)

where

R^i := 1 F^2

(R^i_{jik}y^j_1y^k_1 + R^i_{βiγ} y^β_2 y^γ_2 ),

R^α := 1 F^2

(R^α_{jαk}y^j_1y^k_1 + R^α_{βαγ} y^β_2 y^γ_2 ),

and R^a_{bcd} are the h-curvature tensor field of the Cartan connection of F. We define Ricci tensor from the Ricci scalar as follows

Ric_{bc} :=

∂^2(^1_2 F^2ℜic) ∂y^b∂y^c . (19)

The definition of the Ricci tensor is not practical if one wants to compute it. So we use the generalized Berwarld’s formula on warped product Finsler manifold that is defined as

K^a_a := 2^{∂Ga}_{∂xa} −^{∂Ga}_{∂yb}^{∂Gb}_{∂ya} − y^{b ∂Ga}_{∂xb∂ya} + 2G^{b ∂Ga}_{∂yb∂ya} .

(20)

The Ricci scalar is related to the generalized Berwald’s Formula in the following manner:

F^2R^a = K^a_a .

(21)

Then the Ricci tensor of the warped product Finsler space is given by

Ric_{kl} = R̂ic_{kl} + 1 2 F^2_2 [− 1 2 ∂^3ĝ^{ih} ∂x^i_1∂y^k_1 ∂y^l_1

∂f^2 ∂x^h_1 + 1 4 y^j_1

∂^4ĝ^{ih} ∂x^j_1∂y^i_1∂y^k_1 ∂y^l_1

∂f^2 ∂x^h_1 − 1 2 ∂^2ĝ^{ih} ∂y^k_1 ∂y^l_1

∂^2f^2 ∂x^h_1 ∂x^i_1 + 1 4 y^j_1

∂^3ĝ^{ih} ∂y^i_1∂y^k_1 ∂y^l_1

∂^2f^2 ∂x^j_1∂x^h_1 + 1 4 1 f^2

∂^2ĝ^{ih} ∂y^k_1 ∂y^l_1

∂f^2 ∂x^h_1

∂f^2 ∂x^i_1 − 1 2 1 f^2 y^h_1

∂f^2 ∂x^h_1

∂f^2 ∂x^s_1

∂^3ĝ^{is} ∂y^i_1∂y^k_1 ∂y^l_1 ] − 1 2 ∂^2 ln f^2 ∂x^k_1 ∂x^l_1 + 1 2 1 f^2

Ĝ^j_{kl} ∂f^2

∂x^j_1 + 1 8 ∂f^2 ∂x^s_1

F^2_2 [Ĝ^i_{klj}

∂ĝ^{js} ∂y^i_1

+ Ĝ^i_{kj}

∂^2ĝ^{js} ∂y^i_1∂y^l_1

+ Ĝ^i_{lj}

∂^2ĝ^{js} ∂y^i_1∂y^k_1

+ Ĝ^i_j

∂^3ĝ^{js} ∂y^i_1∂y^k_1 ∂y^l_1 ] + 1 8 ∂f^2 ∂x^h_1

F^2_2 [Ĝ^j_{kli}

∂ĝ^{ih} ∂y^j_1

+ Ĝ^j_{ki}

∂^2ĝ^{ih} ∂y^j_1∂y^l_1

+ Ĝ^j_{li}

∂^2ĝ^{ih} ∂y^j_1∂y^k_1

+ Ĝ^j_i

∂^3ĝ^{ih} ∂y^j_1∂y^k_1 ∂y^l_1 ] − 1 4 ∂f^2 ∂x^s_1

F^2_2 [Ĝ^j_{kl}

∂^2ĝ^{is} ∂y^j_1∂y^i_1

+ Ĝ^j_k

∂^3ĝ^{is} ∂y^j_1∂y^i_1∂y^l_1

+ Ĝ^j_l

∂^3ĝ^{is} ∂y^j_1∂y^i_1∂y^k_1

(22)

+Ĝ^j

∂^4ĝ^{is} ∂y^j_1∂y^i_1∂y^k_1 ∂y^l_1 ]+ 1 8 y^β_2

∂^3ĝ^{ih} ∂y^i_1∂y^k_1 ∂y^l_1

∂f^2 ∂x^h_1

∂F^2_2 ∂x^β_2 − 1 4 Ǧ^β ∂^3ĝ^{is} ∂y^i_1∂y^k_1 ∂y^l_1

∂f^2 ∂x^s_1

∂F^2_2 ∂y^β_2 − 1 4 ∂f^2 ∂x^h_1

F^2_2 [Ĝ^i_{ji}

∂^2ĝ^{jh} ∂y^k_1 ∂y^l_1

+ Ĝ^i_{lji}

∂ĝ^{jh} ∂y^k_1

+ Ĝ^i_{kji}

∂ĝ^{jh} ∂y^l_1

+ Ĝ^i_{klji}ĝ^{jh}] + 1 2 ∂f^2 ∂x^h_1

∂f^2 ∂x^s_1

F^4_2 [− 1 16 ∂^3ĝ^{ih} ∂y^j_1∂y^k_1 ∂y^l_1

∂ĝ^{js} ∂y^i_1 − 1 16 ∂^2ĝ^{ih} ∂y^j_1∂y^k_1

∂^2ĝ^{js} ∂y^i_1∂y^l_1 − 1 16 ∂^2ĝ^{ih} ∂y^j_1∂y^l_1

∂^2ĝ^{js} ∂y^i_1∂y^k_1 − 1 16 ∂ĝ^{ih} ∂y^j_1

∂^3ĝ^{js} ∂y^i_1∂y^k_1 ∂y^l_1 + 1 8 ∂^2ĝ^{jh} ∂y^k_1 ∂y^l_1

∂^2ĝ^{is} ∂y^j_1∂y^i_1 + 1 8 ∂ĝ^{jh} ∂y^k_1

∂^3ĝ^{is} ∂y^j_1∂y^i_1∂y^l_1 + 1 8 ∂ĝ^{jh} ∂y^l_1

∂^3ĝ^{is} ∂y^j_1∂y^i_1∂y^k_1 + 1 8 ĝ^{jh}

∂^4ĝ^{is} ∂y^j_1∂y^i_1∂y^k_1 ∂y^l_1 ]

Ric_{kν} = 1 2 ∂F^2_2 ∂y^ν_2 [− 1 2 ∂^2ĝ^{ih} ∂x^i_1∂y^k_1

∂f^2 ∂x^h_1 − 1 2 ∂ĝ^{ih} ∂y^k_1

∂^2f^2 ∂x^h_1 ∂x^i_1 + 1 4 Ĝ^i_{kj} ∂ĝ^{js}

∂y^i_1

∂f^2 ∂x^s_1 + 1 4 Ĝ^i_j ∂^2ĝ^{js}

∂y^i_1∂y^k_1

∂f^2 ∂x^s_1 + 1 4 Ĝ^j_{ki} ∂ĝ^{ih} ∂y^j_1

∂f^2 ∂x^h_1 + 1 4 Ĝ^j_i ∂^2ĝ^{ih} ∂y^j_1∂y^k_1

∂f^2 ∂x^h_1 + 1 4 y^j_1

∂^3ĝ^{ih} ∂x^j_1∂y^i_1∂y^k_1

∂f^2 ∂x^h_1 + 1 4 y^j_1

∂^2ĝ^{ih} ∂y^i_1∂y^k_1

∂^2f^2 ∂x^j_1∂x^h_1 − 1 2 Ĝ^j_k ∂^2ĝ^{is} ∂y^j_1∂y^i_1

∂f^2 ∂x^s_1 − 1 2 Ĝ^j ∂^3ĝ^{is}

∂y^j_1∂y^i_1∂y^k_1

∂f^2 ∂x^s_1 − 1 2 ∂ĝ^{jh} ∂y^k_1

∂f^2 ∂x^h_1

Ĝ^i_{ji} − 1 2 ĝ^{jh}

∂f^2 ∂x^h_1

Ĝ^i_{kji} (23) + 1 4 1 f^2

∂ĝ^{ih} ∂y^k_1

∂f^2 ∂x^h_1

∂f^2 ∂x^i_1 − 1 2 1 f^2 y^h_1

∂f^2 ∂x^h_1

∂f^2 ∂x^s_1

∂^2ĝ^{is} ∂y^i_1∂y^k_1 ]+ 1 8 y^β_2

∂^2ĝ^{ih} ∂y^i_1∂y^k_1

∂f^2 ∂x^h_1

∂^2F^2_2 ∂x^β_2 ∂y^ν_2 + 1 2 ∂f^2 ∂x^h_1

∂f^2 ∂x^s_1

∂F^4_2 ∂y^ν_2 [− 1 16 ∂^2ĝ^{ih} ∂y^j_1∂y^k_1

∂ĝ^{js} ∂y^i_1 − 1 16 ∂ĝ^{ih} ∂y^j_1

∂^2ĝ^{js} ∂y^i_1∂y^k_1 + 1 8 ∂ĝ^{jh} ∂y^k_1

∂^2ĝ^{is} ∂y^j_1∂y^i_1

+ 1 8 ĝ^{jh}

∂^3ĝ^{is} ∂y^j_1∂y^i_1∂y^k_1 ] − 1 4 ∂^2ĝ^{is} ∂y^i_1∂y^k_1

∂f^2 ∂x^s_1

[Ǧ^β_ν

∂F^2_2 ∂y^β_2

+ Ǧ^β

∂^2F^2_2 ∂y^β_2 ∂y^ν_2 ]

Ric_{μν} = Řic_{μν} + 1 2 ∂^2F^2_2 ∂y^μ_2 ∂y^ν_2 [− 1 2 ∂ĝ^{ih} ∂x^i_1

∂f^2 ∂x^h_1 − 1 2 ĝ^{ih}

∂^2f^2 ∂x^h_1 ∂x^i_1 + 1 4 y^j_1

∂^2ĝ^{ih} ∂x^j_1∂y^i_1

∂f^2 ∂x^h_1 + 1 4 y^j_1

∂ĝ^{ih} ∂y^i_1

∂^2f^2 ∂x^j_1∂x^h_1 − 1 2 Ĝ^j ∂^2ĝ^{is}

∂y^j_1∂y^i_1

∂f^2 ∂x^s_1 − 1 2 ĝ^{jh}

∂f^2 ∂x^h_1

Ĝ^i_{ji}+ 1 4 1 f^2 ĝ^{ih}

∂f^2 ∂x^h_1

∂f^2 ∂x^i_1 − 1 2 1 f^2 y^h_1

∂f^2 ∂x^h_1

∂f^2 ∂x^s_1

∂ĝ^{is} ∂y^i_1 + 1 4 Ĝ^i_j ∂ĝ^{js} ∂y^i_1

∂f^2 ∂x^s_1 + 1 4 Ĝ^j_i ∂ĝ^{ih}

∂y^j_1

∂f^2 ∂x^h_1 ] (24) − 1 4 ∂ĝ^{is} ∂y^i_1

∂f^2 ∂x^s_1

[Ǧ^β_{μν}

∂F^2_2 ∂y^β_2

+ Ǧ^β_μ

∂F^2_2 ∂y^β_2 ∂y^ν_2

+ Ǧ^β

∂^3F^2_2 ∂y^β_2 ∂y^μ_2 ∂y^ν_2

+ Ǧ^β_ν

∂F^2_2 ∂y^β_2 ∂y^μ_2 ] + 1 2 ∂f^2 ∂x^h_1

∂f^2 ∂x^s_1

∂^2F^4_2 ∂y^μ_2 ∂y^ν_2 [− 1 16 ∂ĝ^{ih} ∂y^j_1

∂ĝ^{js} ∂y^i_1 + 1 8 ĝ^{jh}

∂^2ĝ^{is} ∂y^j_1∂y^i_1 ] + 1 8 y^β_2

∂ĝ^{ih} ∂y^i_1

∂f^2 ∂x^h_1

∂^3F^2_2 ∂x^β_2 ∂y^μ_2 ∂y^ν_2 + 1 2 1 f^2 y^h_1

∂f^2 ∂x^h_1

Ǧ^α_{μνα}

Definition 4.1. Warped product Finsler metric F is called an Einstein metric if there exists a constant K ∈ R such that

Ric_{ab} = Kg_{ab}.

(25)

In this case, the warped product Finsler space F = (M, F ) is called an Einstein manifold. In Riemannian geometry, the warped product manifold (M, g) = M_1 ×_f M_2 is Einstein with Ric = Kg if and only if (M_2, ǧ) is Einstein, i.e., Řic = K_2ǧ for a constant K_2 and the followings hold [17]:

Kĝ = R̂ic − d f H^f , K = K_2 f^2 − Δf f − (d − 1)| ∇f f |^2_ĝ,

(26)

where dim M_1 ≥ 2, dim M_2 = d ≥ 2 and Δf = trH^f = tr(Hessf).

Now, we want to generalize this result on warped product Finsler manifolds. In fact, we answer Chern’s question on warped product Finsler space. He asked, ”whenever a smooth manifold admits an Einstein Finsler metric?”

Theorem 4.2. Let F = F_1 ×_f F_2 be a warped product Finsler space. Consider the warped product Finsler metric F is an Einstein metric of constant K then the following conditions hold:

R̂ic_{kl} = Kĝ_{kl} − 1 2 ∂ ln f^2 ∂x^j_1

Ĝ^j_{kl} + 1 2 ∂^2 ln f^2 ∂x^k_1 ∂x^l_1 , (27)

Δ̂_hf^2 − 1 2 1 f^2

Ĝ( ^∇_hf^2, ^∇_hf^2) + 2Kf^2 − 2ǧ^{μν}Řic_{μν} + P^j_{ij}ĝ^{ih} ∂f^2 ∂x^h_1 = ∂f^2 ∂x^s_1 ( 1 2 Ĝ^i_j ∂ĝ^{js}

∂y^i_1

− Ĝ^j

∂^2ĝ^{is} ∂y^j_1∂y^i_1

) + y^h_1 ǧ^{μν}

∂ ln f^2 ∂x^h_1

Ǧ^α_{μνα} − ∂f^2 ∂x^h_1 ( 1 2 Ĝ^j_i ∂ĝ^{ih}

∂y^j_1

+ ĝ^{jh}Ĝ^i_{ji}).

(28)

Proof. Using (2), (23) and (25), we obtain

1 2 ∂F^2_2 ∂y^ν_2 [− 1 2 ∂^2ĝ^{ih} ∂x^i_1∂y^k_1

∂f^2 ∂x^h_1 − 1 2 ∂ĝ^{ih} ∂y^k_1

∂^2f^2 ∂x^h_1 ∂x^i_1 + 1 4 Ĝ^i_{kj} ∂ĝ^{js}

∂y^i_1

∂f^2 ∂x^s_1 + 1 4 Ĝ^i_j ∂^2ĝ^{js} ∂y^i_1∂y^k_1

∂f^2 ∂x^s_1 + 1 4 Ĝ^j_{ki} ∂ĝ^{ih} ∂y^j_1

∂f^2 ∂x^h_1 + 1 4 Ĝ^j_i ∂^2ĝ^{ih}

∂y^j_1∂y^k_1

∂f^2 ∂x^h_1 + 1 4 y^j_1

∂^3ĝ^{ih} ∂x^j_1∂y^i_1∂y^k_1

∂f^2 ∂x^h_1 + 1 4 y^j_1

∂^2ĝ^{ih} ∂y^i_1∂y^k_1

∂^2f^2 ∂x^j_1∂x^h_1 − 1 2 Ĝ^j_k ∂^2ĝ^{is} ∂y^j_1∂y^i_1

∂f^2 ∂x^s_1 − 1 2 Ĝ^j ∂^3ĝ^{is} ∂y^j_1∂y^i_1∂y^k_1

∂f^2 ∂x^s_1 − 1 2 ∂ĝ^{jh} ∂y^k_1

∂f^2 ∂x^h_1

Ĝ^i_{ji} − 1 2 ĝ^{jh}

∂f^2 ∂x^h_1

Ĝ^i_{kji} + 1 4 1 f^2

∂ĝ^{ih} ∂y^k_1

∂f^2 ∂x^h_1

∂f^2 ∂x^i_1 − 1 2 1 f^2 y^h_1

∂f^2 ∂x^h_1

∂f^2 ∂x^s_1

∂^2ĝ^{is} ∂y^i_1∂y^k_1

] = − 1 8 y^β_2

∂^2ĝ^{ih} ∂y^i_1∂y^k_1

∂f^2 ∂x^h_1

∂^2F^2_2 ∂x^β_2 ∂y^ν_2 − 1 2 ∂f^2 ∂x^h_1

∂f^2 ∂x^s_1

∂F^4_2 ∂y^ν_2 [− 1 16 ∂^2ĝ^{ih} ∂y^j_1∂y^k_1

∂ĝ^{js} ∂y^i_1 − 1 16 ∂ĝ^{ih} ∂y^j_1

∂^2ĝ^{js} ∂y^i_1∂y^k_1 + 1 8 ∂ĝ^{jh} ∂y^k_1

∂^2ĝ^{is} ∂y^j_1∂y^i_1 + 1 8 ĝ^{jh}

∂^3ĝ^{is} ∂y^j_1∂y^i_1∂y^k_1 ] + 1 4 ∂^2ĝ^{is} ∂y^i_1∂y^k_1

∂f^2 ∂x^s_1

[Ǧ^β_ν

∂F^2_2 ∂y^β_2

+ Ǧ^β

∂^2F^2_2 ∂y^β_2 ∂y^ν_2 ]

(29)

Differentiating (29) with respect to y^l_1 and then contracting it with^1_2 y^ν_2 . By inserting this result into (22), Eq. (25) can be written as

R̂ic_{kl} − Kĝ_{kl} + 1 4 Ǧ^β ∂^3ĝ^{is} ∂y^i_1∂y^k_1 ∂y^l_1

∂f^2 ∂x^s_1

∂F^2_2 ∂y^β_2 + 1 2 1 f^2

Ĝ^j_{kl} ∂f^2 ∂x^j_1 − 1 2 ∂^2 ln f^2 ∂x^k_1 ∂x^l_1 = 1 2 ∂f^2 ∂x^h_1

∂f^2 ∂x^s_1

F^4_2 [− 1 16 ∂^3ĝ^{ih} ∂y^j_1∂y^k_1 ∂y^l_1

∂ĝ^{js} ∂y^i_1 − 1 16 ∂^2ĝ^{ih} ∂y^j_1∂y^k_1

∂^2ĝ^{js} ∂y^i_1∂y^l_1 − 1 16 ∂^2ĝ^{ih} ∂y^j_1∂y^l_1

∂^2ĝ^{js} ∂y^i_1∂y^k_1 − 1 16 ∂ĝ^{ih} ∂y^j_1

∂^3ĝ^{js} ∂y^i_1∂y^k_1 ∂y^l_1 + 1 8 ∂^2ĝ^{jh} ∂y^k_1 ∂y^l_1

∂^2ĝ^{is} ∂y^j_1∂y^i_1 + 1 8 ∂ĝ^{jh} ∂y^k_1

∂^3ĝ^{is} ∂y^j_1∂y^i_1∂y^l_1 + 1 8 ∂ĝ^{jh} ∂y^l_1

∂^3ĝ^{is} ∂y^j_1∂y^i_1∂y^k_1 + 1 8 ĝ^{jh}

∂^4ĝ^{is} ∂y^j_1∂y^i_1∂y^k_1 ∂y^l_1 ]

(30)

If we differentiate (30) with respect to y^ν_2 and then contract it with y^ν_2 and replace this result to (30), we gain (27). By applying (24) and (25), we have

Kf^2ǧ_{μν} − Řic_{μν} − 1 8 y^β_2

∂ĝ^{ih} ∂y^i_1

∂f^2 ∂x^h_1

∂^3F^2_2 ∂x^β_2 ∂y^μ_2 ∂y^ν_2 = 1 2 ∂^2F^2_2 ∂y^μ_2 ∂y^ν_2 [− 1 2 ∂ĝ^{ih} ∂x^i_1

∂f^2 ∂x^h_1 − 1 2 ĝ^{ih}

∂^2f^2 ∂x^h_1 ∂x^i_1 + 1 4 y^j_1

∂^2ĝ^{ih} ∂x^j_1∂y^i_1

∂f^2 ∂x^h_1 + 1 4 y^j_1

∂ĝ^{ih} ∂y^i_1

∂^2f^2 ∂x^j_1∂x^h_1 − 1 2 Ĝ^j ∂^2ĝ^{is} ∂y^j_1∂y^i_1

∂f^2 ∂x^s_1 − 1 2 ĝ^{jh}

∂f^2 ∂x^h_1

Ĝ^i_{ji} + 1 4 1 f^2 ĝ^{ih}

∂f^2 ∂x^h_1

∂f^2 ∂x^i_1 − 1 2 1 f^2 y^h_1

∂f^2 ∂x^h_1

∂f^2 ∂x^s_1

∂ĝ^{is} ∂y^i_1 + 1 4 Ĝ^i_j ∂ĝ^{js} ∂y^i_1

∂f^2 ∂x^s_1 + 1 4 Ĝ^j_i ∂ĝ^{ih}

∂y^j_1

∂f^2 ∂x^h_1 ] + 1 2 1 f^2 y^h_1

∂f^2 ∂x^h_1

Ǧ^α_{μνα} − 1 4 ∂ĝ^{is} ∂y^i_1

∂f^2 ∂x^s_1

[Ǧ^β_{μν}

∂F^2_2 ∂y^β

+ Ǧ^β_μ

∂F^2_2 ∂y^β_2 ∂y^ν_2

+ Ǧ^β

∂^3F^2_2 ∂y^β_2 ∂y^μ_2 ∂y^ν_2

+ Ǧ^β_ν

∂F^2_2 ∂y^β_2 ∂y^μ_2 ] + 1 2 ∂f^2 ∂x^h_1

∂f^2 ∂x^s_1

∂^2F^4_2 ∂y^μ_2 ∂y^ν_2 [− 1 16 ∂ĝ^{ih} ∂y^j_1

∂ĝ^{js} ∂y^i_1 + 1 8 ĝ^{jh}

∂^2ĝ^{is} ∂y^j_1∂y^i_1 ] Let us different of the above equation with respect to y^k_1 and contract it by y^k_1 , then replace this result to (31), we obtain

Kf^2ǧ_{μν} − Řic_{μν} = ǧ_{μν} [− 1 2 ∂ĝ^{ih} ∂x^i_1

∂f^2 ∂x^h_1 − 1 2 ĝ^{ih}

∂^2f^2 ∂x^h_1 ∂x^i_1 − 1 2 Ĝ^j ∂^2ĝ^{is} ∂y^j_1∂y^i_1

∂f^2 ∂x^s_1 − 1 2 ĝ^{jh}

∂f^2 ∂x^h_1

Ĝ^i_{ji} + 1 4 1 f^2 ĝ^{ih}

∂f^2 ∂x^h_1

∂f^2 ∂x^i_1 + 1 4 Ĝ^i_j ∂ĝ^{js} ∂y^i_1

∂f^2 ∂x^s_1 + 1 4 Ĝ^j_i ∂ĝ^{ih} ∂y^j_1

∂f^2 ∂x^h_1 ] (31)

+ 3ǧ_{μν} F^2_2 [ 1 8 ∂ĝ^{ih} ∂y^j_1

∂ĝ^{js} ∂y^i_1 − 1 4 ĝ^{jh}

∂^2ĝ^{is} ∂y^j_1∂y^i_1 ] + 1 2 1 f^2 y^h_1

∂f^2 ∂x^h_1

Ǧ^α_{μνα}

Differentiating of (31) again with respect to y^l_1 and then contracting it with y^l_1 and inserting into (31). Therefore by Lemma 3.2, we obtain equation (28). □ The converse of the above theorem is established by placing an additional condition.

Theorem 4.3. Let F = F_1×_f F_2 be a warped product Finsler space. The warped product Finsler metric F is an Einstein metric of constant K if equations (27), (28) and the following condition hold:

F^2_2 [ 1 2 y^j_1

∂^2ĝ^{ih} ∂x^j_1∂y^i_1

∂f^2 ∂x^h_1 + 1 2 y^j_1

∂ĝ^{ih} ∂y^i_1

∂^2f^2 ∂x^h_1 ∂x^j_1 − 1 f^2 y^h_1

∂f^2 ∂x^h_1

∂ĝ^{is} ∂y^i_1

∂f^2 ∂x^s_1 ] = ∂ĝ^{is} ∂y^i_1

∂f^2 ∂x^s_1

Ǧ^β ∂F^{22} ∂y^β_2 − 1 2 y^β_2

∂ĝ^{ih} ∂y^i_1

∂f^2 ∂x^h_1

∂F^2_2 ∂x^β_2

(32) − ∂f^2 ∂x^s_1

∂f^2 ∂x^h_1

F^4_2 [ 1 4 ĝ^{jh}

∂^2ĝ^{is} ∂y^j_1∂y^i_1 − 1 8 ∂ĝ^{ih} ∂y^j_1

∂ĝ^{js} ∂y^i_1 ] .

Proof. Let us contract Eq. (32) with^1_4 and then different it with respect to y^k_1 and y^ν_2 . Also, differentating (28) with respect to y^k_1 and contracting it with −^1_4^{∂F 22}_{∂yν2} . By inserting these results into (23), we obtain Ric_{kν} = 0.

Now, we different (28) with respect to y^k_1 and y^l_1 and then contract it with −^1_4 F^2_2 and different also Eq. (32) with respect to y^k_1 and y^l_1. Then replace these results into (22). By using (27) we get Ric_{kl} = Kĝ_{kl}.

Finally, differentiating (32) with respect to y^μ_2 and y^ν_2 and using (28) and (24) we obtain Ric_{μν} = Kf^2ǧ_{μν} . Therefore the warped product Finsler metric F is an Einstein metric of constant K. □ Applying Theorems (4.2), (4.3) and Lemma (3.1), we may derive new results about special warped product Finsler spaces. As an example, we have the following Corollary.

Corollary 4.4. The warped product Finsler space F = F_1 ×_f F_2 when the base space is a Riemannian and the fiber space is a locally Minkowski space, is Einstein of constant K if and only if the following equations are satisfied

Kĝ_{kl} = R̂ic_{kl} + 1 2 ∂ ln f^2 ∂x^j_1

Ĝ^j_{kl} − 1 2 ∂^2 ln f^2 ∂x^k_1 ∂x^l_1 ,

Kf^2 = 1 4 1 f^2

Ĝ( ^∇_hf^2, ^∇_hf^2) − 1 2 Δ̂_hf^2.

Corollary 4.5. Let (M, F ) be a warped product Finsler space where the base space is a locally Minkowski space. Consider F is an Einstein metric with constant K. Then the constant K depends on the warping function and the Ricci tensor of the fiber space is given by

Řic_{μν} = 1 2 ǧ^{μν} [ Δ̂_hf^2 − 1 2 1 f^2

Ĝ( ^∇_hf^2, ^∇_hf^2) − ĝ^{kl}f^2 ∂ ln f^2 ∂x^k_1 ∂x^l_1 ] − y^h_1

∂ ln f^2 ∂x^h_1

Ǧ^α_{μνα}.

In Finsler geometry, the warped product Finsler space is Riemannian if and only if the fiber and the base space are Riemannian [2]. Thus we can state the following Corollary.

Corollary 4.6. Let (M, F ) be a warped product Finsler space that is Riemannian space. The warped product Finsler metric F = F_1 ×_f F_2 is an Einstein metric of constant K if and only if the fiber space is an Einstein of constant K_2 i.e Řic_{μν} = K_2ǧ_{μν} and the followings hold:

R̂ic_{kl} = Kĝ_{kl} − 1 2 ∂ ln f^2 ∂x^j_1

Ĝ^j_{kl} + 1 2 ∂^2 ln f^2 ∂x^k_1 ∂x^l_1 ,

K_2 − Kf^2 = 1 2 Δ̂_hf^2 − 1 4 1 f^2

Ĝ( ^∇_hf^2, ^∇_hf^2).

This corollary exactly holds when the base space is Riemannian and the fiber space is Berwald space.

In Riemannian geometry, the static vacuum Einstein equations on a manifold M are given by

(33) fRic = D^2f, Δf = 0,

where f : M → R is a positive function, D^2 is the Hessian and Δ = trD^2 is the Laplacian on (M, g). These equations are equivalent to the statement that the manifold N = M ×_f S^1 or N = M ×_f R with Riemannian metric of the form g_N = g_M + f^2dt^2 is Ricci-flat, i.e. Ric_{gN} = 0. These equations have been extensively studied in the physics literature on classical relativity, where the solutions represent space-times outside regions of matter which are translation and reflection invariant in the time direction t. However, many of the global properties of solutions have not been rigorously examined, either from mathematical or physical points of view, for example see [12].

Lemma 4.7. The static vacuum Einstein equations on a Finsler manifold M are given by

R̂ic_{kl} = 1 2 ∂^2 ln f^2 ∂x^k_1 ∂x^l_1 − 1 2 ∂ ln f^2 ∂x^j_1

Ĝ^j_{kl},

Δ̂_hf^2 = 1 2 1 f^2

Ĝ( ^∇_hf^2, ^∇_hf^2).

Solutions of these equations define a Ricci-flat warped product Finsler manifold N, of the form N = M ×_f S^1 or N = M ×_f R.

Proof. Using (22), (23) and (24). □

References

[1] H. Akbar-Zadeh, Sur les espaces de Finsler a courbures sectionnelles constantes, Acad.

Roy. Belg. Bull. Cl. Sci. 74 (5) (1988), 199-202.

[2] Y. Alipour-Fakhri and M.M. Rezaii, The warped Sasaki-Matsumoto metric and bundlelike condition, J. Math. Phys. 51(12) (2010) 122701-13.

[3] L. Auslander, On curvature in Finsler geometry, Trans. Amer. Math. Soc. 79 (2) (1955) 378-388.

[4] A. Baagherzadeh Hushmandi and M.M. Rezaii, On warped product Finsler spaces of Landsberg type, J. Math. Phys. 52 (9) (2011) 093506. 17.

[5] A. Baagherzadeh Hushmandi and M.M. Rezaii, On the curvature of warped product Finsler spaces and the Laplacian of the SasakiFinsler metrics, J. Math. Phys. 62 (2012) 2077-2098.

[6] D. Bao and C. Robles, Ricci curvature and flag curvature in Finsler geometry, A Sampler of Finsler Geometry, in: MSRI Publications, Cambridge University Press, 50 (2004) 197259.

[7] D. Bao, C. Robles and Z. Shen, Zermelo navigation on Riemannian manifolds, J.

Diff. Geom. 66 (3) (2004) 377-435.

[8] J. Beem, P. Ehrlich and K. Easley, Global Lorentzian Geometry, second ed., Dekker, New York, 1996.

[9] A. Bejancu, H.R. Farran, Geometry of Pseudo-Finsler Submanifolds, Kluwer, Dordrecht, 2000.

[10] A.L. Besse , Einstein Manifolds, Springer, Berlin, 1987.

[11] R.L. Bishop and B. ONeill, Manifolds of negative curvature, Trans. Amer. Math.

Soc. 145 (1969) 1-49.

[12] W.B. Bonnor, Physical interpretation of vacuum solutions of Einsteins equations I, Gen. Rel. and Grav., vol. 24:5, (1992), 551-574.

[13] J. Cheeger and D. Ebin, Comparison theorems in Riemannian geometry, North Holland, Amsterdam, 1975.

[14] Z. Chunping and Zhong Tongde, Horizontal Laplace operator in Real Finsler vector bundles, Acta Math. Sci. 28 (1) (2008) 128-140.

[15] S. Kim, Warped products and Einstein metrics, J. Phys. A: Math. Gen. 39 (2006) L329-L333.

[16] L. Kozma, I.R. Peter and V. Varga, Warped product of Finsler manifolds, Ann.

Univ. Sci. Budapest. Eötvös Sect. Math. 44 (2001) 157-170.

[17] B. O’Neill, Semi-riemannian geometry with application to relativity, Academic, New York, 1983.

[18] M.M. Rezaii and Y. Alipour-Fakhri, On projectively related warped product Finsler manifolds, Int. J. Geom. Methods Mod. Phys. 08 (5) (2011) 953-967.

[19] A.Tayebi and E. Peyghan, On Doubly Warped Products Finsler Manifold, Nonlinear Analysis: RWA, 13(2012), 1703-1720.

[20] A.Tayebi, E. Peyghan and B. Najafi, Doubly warped product Finsler manifolds with some non-Riemannian curvature properties, Ann. Polon. Math. 105 (2012), 293-311.

Received November 9, 2016.

M. Khameforoush Yazdi, Department of Complementary Education, Payame Noor University, Tehran, Iran E-mail address: khamefroosh@phd.pnu.ac.ir

Y. Alipour Fakhri, Department of Mathematics, Payame Noor University, 19395-3697, Tehran, Iran E-mail address: y alipour@pnu.ac.ir

M. M. Rezaii, Faculty of Mathematics and Computer Sciences, Amirkabir University of Technology, 424 Hafez Ave., Tehran, Iran E-mail address: mmreza@aut.ac.ir