Proceedings of Algoritmy 2000, pp. 157{164

MODELLING OF HEAT AND MOISTURE TRANFER IN POROUS MATERIALS

JOSEF DALÍK AND JIØÍ VALA �

Abstract. The aim of this paper is to demonstrate the mathematical problems of modelling the physical process of heat and moisture transfer in porous materials. The method of discretization in time is applied to derive a discretized (generally non{potential) system of PDEs of elliptic type from the original variational problem of evolution. The convergence of corresponding Rothe sequences is studied.

Key words. heat and moisture transfer, porous materials, PDEs of evolution, Rothe sequences

AMS subject classifications. 35K22, 35K55

1. Introduction. Porous structure is typical for all ceramic materials and for the most building materials. The amount of moisture (including the solid, liquid and gas phases of water) in the porous structure of building materials is one of the essential factors in‚uencing the durability of building constructions. As there exists a strong relation between moisture and heat in porous materials, every reasonable model of moisture transfer has to take into account the heat transfer, too. From the known models, especially [14], [15], [17], we have devoted most attention to the generally acknowledged Kiessl model [14], see [21] and others, in the papers [2], [3].

On the basis of a critical assessment of the above-mentioned models, J. Svoboda [4] proposed an original, physically well{founded model of the moisture and heat transfer in porous media. In this paper we present mathematical tools for the proof of existence of a weak solution of this model.

2. Physical background. State variables of the model are the effective stress P (x, t) = h(x)g − σ/ϱ(x, t) [m^2 s^{−2}] and (absolute) temperature T (x, t) [K]. Here x ∈ ˙ ⊆ R^2, t ∈ (0, t_{max}) = I for some ˛xed positive number t_{max} and h [m] is the relative height, g [ms^{−2}] is the gravitational constant, ϱ [kg m^{−3}] is the density of condensed water (liquid and ice) in the porous structure and σ [N m^{−2}] is the hydrostatic stress in the condensed water.

The di¸erential equations express the laws of conservation of moisture M and of heat H dM dt − ∇ (a_{11}∇P + a_{12}∇T ) = 0 , dH dt − ∇ (a_{21}∇P + a_{22}∇T ) = 0

for x ∈ ˙, t ∈ I. If we denote by u = u(P, T ) [kg m^{−3}] the sorption isotherme expressing the amount of condensed water in 1 m^3 of the porous material, ε [-] the open porosity, V (u) = u/ϱ [-] the part of 1 m^3 of the porous material occupied by condensed water and φ c_0 [kg m^{−3}] the amount of vapour in 1 m^3 of air with relative humidity φ, then the amount of moisture in 1 m^3 of the porous structure is

M = u + (ε − V (u)) φc_0 [kg m^{−3}].

�Department of Mathematics and Descriptive Geometry, Fakulty of Civil Engineering, Technical University in Brno, 602 00 Brno, ői¿kova 17, Czech Republic (dalik.j@fce.vutbr.cz and

vala.j@fce.vutbr.cz)

157

158 J. DALÍK AND J. VALA

Further, if there are τ = T −273.15 [^0C], χ [-] the relative amount of liquid in condensed water (χ(τ ) is a smooth function increasing between -5^0C and 0^0C), ϱ_m [kg m^{−3}] the density of dry porous material, c_m, c_s, c_l, c_v [J kg^{−1} K^{−1}] the heat capacity of porous material, ice, liquid, vapour, respectively, τ_b [^0C] the temperature of boiling water and L_{sl}, L_{lv} [J kg^{−1}] the latent heat of melting of ice at τ = 0^0C, of evaporation at τ = τ_b^0C, respectively and if we put

h_m = c_mτ , h_s = c_sτ , h_l = L_{sl} + c_lτ , h_v = L_{sl} + c_lτ_b + L_{lv} + c_v(τ − τ_b) ,

then

H = h_mϱ_m + h_su(1 − χ) + h_luχ + h_v (ε − V (u)) φc_0 [J m^{−3}]

is the amount of heat in 1 m^3 of the porous material. Finally, if we denote by ξ [kg m^{−3}s] the convectivity of liquid, D [kg m^{−3}s] the diffusivity of vapour and λ [J m^{−3}K^{−1}s^{−1}] the heat conductivity, then

a_{11} = ξ + D , a_{12} = DL_{lv} T , a_{21} = h_lξ + h_vD , a_{22} = λ + h_va_{12} .

Initial conditions

P (x, 0) = P_0(x) and T (x, 0) = T_0(x) for any x ∈˙

and boundary conditions a_{i1} ∂P ∂⃗n + a_{i2} ∂T ∂⃗n = g^i(x, t, P, T ) for any x ∈ ∂˙, t ∈ I and i ∈ {1, 2} make the model complete.

3. General formulation of the problem. In the whole paper we shall apply the standard notation. All classes of special mappings applied here are introduced in [8] or [5], the notation of Lebesgue and Sobolev spaces is compatible with [18], the symbol^∗ is reserved for adjoint spaces, the dot symbol (rarely) for time derivatives and R_0 is used instead of R_+ ∪ {0}, too.

Following [23], we shall formulate the abstract problem in a re‚exive and separable Banach space V (u will be considered in general as an abstract function mapping every time from I into V , although V can be identi˛ed with some Sobolev or similar space of functions in most available applications). Using the method of discretization in time, we shall then consider linear splines u^n instead of u. This enables us to decompose the problem of evolution into particular problems for discrete times. Finally, the limit passage for n → ∞, making use of certain a priori estimates, will verify the existence of a variational solution. Unfortunately, the arguments from [23] cannot be applied directly to realistic problems with more than one unknown ˛elds (unlike simple examples with one ˛eld in [23], pp. 490, 495) that are not generated by the weak di¸erentiation of certain potentials (no other case is studied in [11], [12] [13], [9] or [10]) which is generally not true in our model, derived in [4].

In addition to a re‚exive and separable Banach space V (especially for ρ ∈ R_+ symbol V_ρ is reserved for the set of all v ∈ V such that ‖v‖_V ≤ ρ and symbol V^′_ρ for the set of all v ∈ V such that ‖v‖_V ≥ ρ), let us consider an other Banach space H and some mappings A : I → V and B : I → H. The symbol ⟨. , .⟩ will be used for the duality between V and V^⋆ and the symbol (. , .) for the duality between H and H^⋆. Let these spaces and mappings preserve the following properties:

Modelling of heat and moisture transfer in porous materials 159

(a) There exists a strongly continuous imbedding of V into H. (b) A is weakly continuous. (c) B is demicontinuous. (d) The estimate

sup_{v∈V} 0 æ (φ(‖v‖_V )‖v‖_V )^{−1} ∫_1 0 ⟨A(w + ξ(v − w)) − Aw, w⟩ dξ < ∞ is true for some ρ ∈ R_+ and arbitrary ˛xed w ∈ V ; the function φ(‖v‖_V ) comes from (i).

(e) The estimate

sup_{v∈V} 0 æ (φ(‖v‖_V )‖v‖_V )^{−1} (Bv, w) < ∞ is true for some ρ ∈ R_+ and arbitrary ˛xed w ∈ V ; the function φ(‖v‖_V ) comes from (i).

(f) There exists an increasing continuous function ψ : R_0 → R_0 such that (Bv − Bw, v − w) ≥ ψ(‖v − w‖_H ) for any v, w ∈ V .

(g) For the function ψ from (f) the estimate ψ (_j ∑ i=1 c_i ) ≤ μ(j) j∑ i=1 ψ(c_i) is valid for every positive integer j, c_i ∈ R_+ with i ∈ {1, . . . , j} and certain increasing function μ mapping all positive integer into R_+.

(h) The function μ from (g) has the limit behaviour lim_{j→∞} μ(j) j < ∞ . (i) There exist an increasing continuous function φ : R_0 → R and a ν ∈ R_+ such that ∫_1 0 ⟨A(ξv), v⟩ dξ + ν (Bv, v) ≥ φ(‖v‖_V )‖v‖_V for any v ∈ V .

(j) There exists a γ ∈ R_+ such that 0 ≤ (Bv, v) ≤ γψ(‖v‖_H ) for any v ∈ V .

(k) There exist ω, κ ∈ R_+ such that

∫_1 0 ⟨A(w + ξ(v − w)), v − w⟩ dξ ≥ ∫_1 0 ⟨A(ξv, v⟩ dξ − ∫_1 0 ⟨A(ξw), w⟩ dξ −κ √ φ(‖v‖_V )‖v‖_V + φ(‖w‖_V )‖w‖_V + ω √ ψ(‖v − w‖_H ) for any v, w ∈ V .

160 J. DALÍK AND J. VALA

Let us study the existence of u : I → V satisfying the equation of evolution (Bu(t) − Bu_0, v) + ∫_t 0 ⟨Au(t^′), v⟩ dt^′ = 0 (1) for all v ∈ V and arbitrary t ∈ I where the initial value u(0) = u_0 ∈ V is prescribed. Let us choose an integer n and a h_i ∈ R_+ for i ∈ {1, . . . , n} such that h_1 + h_2 + . . . + h_n = T . Later we will write only h instead of the largest and h_0 instead of the smallest h_i and apply the notation ϑ = h/h_0. For i ∈ {1, . . . , n} let us also consider the partial time intervals I_i = {t ∈ I : t_{i−1} < t ≤ t_i} where t_0 = 0 and t_i = h_1 + . . . + h_i; for the sake of brevity let us de˛ne J = {t ∈ R_0 : t ≤ 1} , too. Instead of u(t) let us consider a linear spline

u^n(t) = u_{i−1} + t − t_{i−1} h_i (u_i − u_{i−1})

for each I_i with i ∈ {1, . . . , n} (evidently, u_1, . . . , u_n as well as h_1, . . . , h_n depend on the choice of n, but we will not emphasize this fact explicitly) Thi simpli˛es (1) to the form (Bu_j − Bu_0, v) + j∑ i=1 ∫_{ti} ti�1 ⟨ A ( u_{i−1} + t^′ − t_{i−1} h_i (u_i − u_{i−1}) ) , v ⟩ dt^′ (2) for arbitrary t = t_j with j ∈ {1, . . . , n} and for any v ∈ V . We set u^n(0) = u_0 formally.

In the following lemmas, theorems and sketches of proofs we verify the existence of u_i satisfying (2) with i ∈ {1, . . . , n} in the ˛rst place; then we shall prove that some subsequence of {u^n}^∞_{n=1} has a limit u which is identical with a solution of (1). In the more exact form the ˛rst result will be presented in Theorem 1, the second one in Theorem 2. Later we will study more regular solutions.

Lemma 1. For every integer n and i ∈ {1, . . . , n}, (2) can be converted into the discretized form (Bu_i − Bu_{i−1}, v) + h_i ∫_1 0 ⟨A(u_{i−1} + ξ(u_i − u_{i−1})), v⟩ dξ = 0 (3) with arbitrary v ∈ V .

P r o o f is based only on simple algebraic manipulations and on the linear transformation ξ = (t^′ − t_{i−1})/h_i.

Lemma 2. For some i ∈ {1, . . . , n}, let T_i be the operator mapping each w ∈ V into V^⋆ using the de˛nition ⟨T_iw, v⟩ = (Bw − Bu_{i−1}, v) + h_i ∫_1 0 ⟨A(u_{i−1} + ξ(w − u_{i−1})), v⟩ dξ for all v ∈ V . Then, for a ˛xed u_{i−1} ∈ V , the operator T_i is weakly continuous.

P r o o f follows by the properties (a), (b), (c), (d), by the boundedness of any weakly continuous sequence (cf. [7], p. 193) and by the Lebesgue dominated convergence theorem (see [19], p. 110).

Lemma 3. For every i ∈ {1, . . . , n}, h_i small enough and a ˛xed u_{i−1} the operator T_i from Lemma 2 is coercive.

Modelling of heat and moisture transfer in porous materials 161

P r o o f starts by putting v = w in the de˛nition of T_i in Lemma 2. Estimates based on the properties (d), (e), (f), (i) and (k) guarantee the coerciveness of V for h_i small enough.

Theorem 1. For every i ∈ {1, . . . , n}, h_i small enough and for a ˛xed u_{i−1} there exists some u_i satisfying (3).

P r o o f applies the result from [6], p. 46, saying that every weakly continuous and coercive mapping of V into V^⋆ maps V onto V^⋆, Lemma 2 and Lemma 3.

Lemma 4. The sequence of piecewise linear abstract functions {u^n}^∞_{n=1} mapping I into V is equibounded.

P r o o f uses more precise a priori estimates than the Proof of Lemma 3. The choice v = (u_i − u_{i−1})/h_i in (3) and the application of the properties (f), (g), (h), (i), (j) and (k) together with the discrete version of the Gronwall lemma (see [11], p. 29, and [24], p. 370) yield the required equiboundedness after long computations.

Lemma 5. The sequence {u^n}^∞_{n=1} from Lemma 4 is equicontinuous as a sequence of abstract functions mapping I into H.

P r o o f is based on the estimates making use of Lemma 4 and (3) again.

Lemma 6. There exists an u : I → V such that, up to a subsequence, u(t) is a weak limit of {u^n(t)}^∞_{n=1} for every t ∈ I and u is a strong limit of {u^n}^∞_{n=1} in C(I, H).

P r o o f . The statement is a consequence of certain version of the Arzelÿ-Ascoli theorem (see [16], p. 36 and [11], p. 24) whose assumptions are satis˛ed thanks to Lemma 4 and Lemma 5.

Theorem 2. There exists an abstract function u : I → V satisfying (1) such that u ∈ C(I, H). P r o o f veri˛es the correctness of the limit passage from (2) to (1) (the relation between (3) and (2) is evident from Lemma 1), making use of Lemma 4, Lemma 5 and Lemma 6.

Lemma 7. Let the following assumption be added to the property (f): (f’) There exists a ψ_0 ∈ R_+ such that ψ(c) ≥ ψ_0c^2 for any c ∈ R_0.

Then there exists also a θ ∈ R_+ such that the estimate for the sequence { _u^n}^∞_{n=1} (of time derivatives of the sequence {u^n}^∞_{n=1}) from Lemma 4 ∫ I ‖ _u^n(t)‖^2_H dt ≤ θ (4) is valid independently of the choice of an integer n.

P r o o f repeats the approach from Lemma 4 in a slightly modi˛ed form, using the property (f’).

Theorem 3. Let H be re‚exive and the property (f’) from Lemma 7 be satis- ˛ed. Then every solution u of (1) in the sense of Theorem 2 belongs to L^∞(I, V ) ∩ W^{1,2}(I, H).

P r o o f comes from the general convergence theorem for Rothe sequences from [11], p. 25.

Now let us introduce a mapping P : I → V with the properties analogous to A: (b’) P is weakly continuous.

162 J. DALÍK AND J. VALA

(d’) The estimate

sup_{v∈V} 0 æ ‖v‖^{−2}_V ∫_1 0 ⟨P v, w⟩ < ∞ is true for some ρ ∈ R_+ and arbitrary ˛xed w ∈ V .

(i’) There exist an ε ∈ R_+ and λ ∈ R_0 such that ⟨P v, v⟩ dξ ≥ ϵ‖v‖^2_V − λ for any v ∈ V .

(k’) In the original property (k) the square root of ψ(‖v − w‖_H ) is allowed to be substituted by the square root of the sum of ψ(‖v − w‖_H ) + ‖v − w‖^2_V only (this makes (k) less strict).

In the following lemmas and theorems we will study the analogue of (2) (Bu_j − Bu_0, v) + j∑ i=1 h_i ⟨ P ( u_i − u_{i−1} h_i ) , v ⟩

+ j∑ i=1 ∫_{ti} ti�1 ⟨ A ( u_{i−1} + t^′ − t_{i−1} h_i (u_i − u_{i−1}) ) , v ⟩ dt^′ = 0 ,

for any v ∈ V (clearly the argument of P is equal to _u^n everywhere) Lemma 8. For every integer n and i ∈ {1, . . . , n}, the analogue of (2) can be converted into the form similar to (3) (Bu_i − Bu_{i−1}, v) + h_i ⟨ P ( u_i − u_{i−1} h_i ) , v ⟩

+ h_i ∫_1 0 ⟨A(u_{i−1} + ξ(u_i − u_{i−1})), v⟩ dξ = 0 (5) with arbitrary v ∈ V . Moreover, the operator T^′_i mapping each w ∈ V into V^⋆ and de˛ned by means of the operator T_i from Lemma 3 by the formula ⟨T^′_i w, v⟩ = ⟨T_iw, v⟩ + h_i ⟨ P ( u_i − w h_i ) , v ⟩

for all v ∈ V is weakly continuous and coercive.

P r o o f repeats the arguments of the proofs of Lemma 1, Lemma 2 and Lemma 3, taking into account the new operator P and the properties (b’), (d’) and (k’).

Theorem 4. Theorem 1 holds with (5) instead of (3), too.

P r o o f is the same as the proof of Theorem 1; Lemma 8 instead of Lemma 2 and Lemma 3 is applied.

Lemma 9. Under the assumptions of Lemma 8 the inequality (4) from Lemma 7 holds even with the norm of V instead of the norm of H.

P r o o f of Lemma 4 can be repeated; the property (i’) is substantial here. Lemma 10. There exists an abstract function u : I → V such that Lemma 6 is valid and (up to a subsequence) also _u is a weak limit of { _u^n}^∞_{n=1} in L^2(I, V ).

Modelling of heat and moisture transfer in porous materials 163

P r o o f can apply Lemma 9 (similar to Lemma 7), and the Eberlein - Shmul’yan theorem (see [25], p. 201); this implies the existence of some weak limit _u of { _u^n}^∞_{n=1} in L^2(I, V ) and consequently the weak convergence of {u^n(t)}^∞_{n=1} to ∫_t 0 _u(t^′) dt^′ in V which can be identi˛ed with u(t) for arbitrary t ∈ I.

Theorem 5. Theorem 2 holds with (Bu(t) − Bu_0, v) + ∫_t 0 ⟨P _u(t^′), v⟩ dt^′ + ∫_t 0 ⟨Au(t^′), v⟩ dt^′ = 0 (6) instead of (1), too. Moreover, let the mapping P have the property (additional to (i’)):

(i") If w ∈ V_ρ for some ρ ∈ R_+ then ⟨P w, v⟩ = 0 for every v ∈ V . Then Theorem 2 holds with (1) directly provided that _u(t) ∈ V_ρ (ρ ∈ R_+ comes from the property (i")) for arbitrary t ∈ I.

P r o o f makes use of the compactness of the imbedding of W^{1,2} into L^2(I, H) and studies the limit passage from (5) to (6) in the same way as the proof of Theorem 2 (the relation between (5) and (5) is evident from Lemma 8). The last assertion follows from the property (i") applied to (6) directly.

Theorem 6. Let the assumptions of Theorem 5 (except the property (i")) be satis˛ed and, moreover, let H be re‚exive and the property (f’) from Lemma 7 and Theorem 3 be valid. Then (6) can be di¸erentiated with the result ((Bu(t))_, v) + ⟨P _u(t), v⟩ + ⟨Au(t), v⟩ = 0 (7) for every v ∈ V and arbitrary t ∈ I.

P r o o f applies the Eberlein - Shmul’yan theorem which yields the existence of a strong limit _u of { _u^n}^∞_{n=1} (up to a subsequence). The limit passage is similar to that from Theorem 2 and Theorem 5; moreover, the di¸erentiation of (5) is well-de˛ned and its result is (7).

We have demonstrated that for a rather large class of problems of evolution, including the problem of moisture and heat transfer in porous media in the formulation of [4] (which initiated this study), some reasonable existence and convergence results can be derived using the properties of Rothe sequences. The formulation in spaces of abstract functions avoids the discretization in R^N ; in practical computation this can be done using the ˛nite element or similar techniques. We have not discussed the case of weakly continuous operators B because this seems to be very strong assumption which may be physically non-realistic. From [1], pp. 63, 103, and [23], p. 360, we know that in the Lebesgue space H = L^2(˙, R^N ), where ˙ is an open set in R^N , every weakly continuous mapping is linear. This is not true for weakly continuous operators A (and P , if necessary) in the Sobolev spaces: e. g. if V is some subspace of W^{1,2}(˙, R^N ) involving W^{1,2}_0 (˙, R^N ) (to include prescribed boundary conditions of Dirichlet type) then many nonlinear weakly continuous mappings (as in examples from [6], pp. 52, 53) exist and the weak continuity can be tested e‹ciently using the theorem on Nemytski»“ operators (cf. [7], p. 75, [5], p. 288, and [22], p. 36). The demicontinuity of B is easy to be veri˛ed in practice because the property (f) forces the monotony of B and (by [8], p. 66) for monotone operators demicontinuity and radial continuity coincide. One possible easy choice of φ, ψ and μ is φ(c) = c − c_0, ψ(c) = c^2, μ(j) = j for every c ∈ R_0, each positive integer j and some ˛xed c_0 ∈ R. Function spaces different from the Sobolev spaces can be also applied; e. g. in [2] the regularity questions are analyzed in the Morrey - Campanato spaces (cf. [20], p. 35).

164 J. DALÍK AND J. VALA

For the concrete choice of spaces V and H (as the spaces of integrable functions de˛ned on ˙) some additional assumptions on ˙ must be accepted to ensure the validity of usual imbedding and trace theorems;. their geometrical interpretation is discussed in great details in [18], pp. 62, 220. From this point of view, the generalization of the access of [23], p. 490, brings no substantial di‹culties. Let us notice that in our assumed properties no potentiality of A or B is required; nevertheless, by [8], p. 90, the demicontinuity of A implies that A is a potential operator i¸ the property (k) with κ = 0 is satis˛ed. In practical problems the property (k’) is often more realistic than (k).

REFERENCES

[1] Appel J., Zabrejko P. P.: Nonlinear Superposition Operators. Cambridge University Press, 1980.

[2] Dalík J., Danìèek J., ľżastník S.: The Kiessl model, existence of classical solution. Matematická źtatistika, numerická matematika a ich aplikácie (conference proceedings), Koèovce (Slovak Republic), 1999, pp. 62{75.

[3] Dalík J., Danìèek J., Vala J.: Numerical solution of the Kiessl model. Appl. Math. Vol. 45 (2000), pp. 3{17.

[4] Dalík J., Svoboda J., ľżastník S.: A model of moisture and temperature propagation. Preprint, Technical University (Faculty of Civil Engineering) in Brno, 2000.

[5] Francu J.: Monotone operators { a survey directed to di¸erential equations. Appl. Math. Vol. 35 (1991), pp. 257{300.

[6] Francu J.: Weakly continuous operators { applications to di¸erential equations. Appl. Math.

Vol. 39 (1994), pp. 45{56.

[7] Fuèík S., Kufner A.: Nonlinear Di¸erential Equations. Elsevier Amsterdam, 1980. [8] Gajewski H., Gröger K., Zacharias K.: Nichtlineare Operatorgleichungen und Operatordifferentialgleichungen. Akademie Verlag Berlin, 1974.

[9] Jäger W., Kaèur J.: Solution of porous medium type systems by linear approximation schemes.

Numer.Math. Vol. 60 (1991), pp. 407{427.

[10] Jäger W., Kaèur J.: Approximation of porous medium type systems by nondegenerate elliptic systems. Stochastische mathematische Modelle, Preprint 123, University in Heidelberg, 1990.

[11] Kaèur J.: Method of Rothe in Evolution Equations. Teubner Verlag Leipzig, 1985. [12] Kaèur J.: Solution of some free boundary problems by relaxation schemes. Preprint M3-94, Comenius University (Faculty of Mathematics and Physics) in Bratislava, 1994.

[13] Kaèur J.: Solution to strongly nonlinear parabolic problem by a linear approximation scheme.

Preprint M2-96, Comenius University (Faculty of Mathematics and Physics) in Bratislava, 1996.

[14] Kiessl K.: Kapillarer und dampfförmiger Feuchtetransport in mehrschichtlichen Bauteilen.

Dissertation, University in Essen, 1983.

[15] Krischer O.: Die wissenschaftlichen Grundlagen der Trockungstechnik. Springer Verlag Berlin, 1978.

[16] Kufner A., John O., Fuèík S.: Function Spaces. Academia Prague, 1977. [17] Künzel H. M.: Rechnerische Untersuchungen des Langzeit{Feuchteverhaltens von Wärmedämmschichten in Umkehrdächern mit Begründung. Research report, IBP FtB-23, 1993.

[18] Maz’ya V. G.: Prostranstva S. L. Soboleva. Leningrad (St. Petersburg) University Press, 1985. [19] Nagy J., Nováková E., Vacek M.: Lebesguova míra a integrál. SNTL Prague, 1985. [20] Neèas J.: Introduction to the Theory of Nonlinear Elliptic Equations. Teubner Verlag Leipzig, 1983.

[21] Pavluź M., Pavluźová E.: On the mathematical modelling of the process of the heat and moisture transfer in the porous materials. Research report E11-99-8, Institute of Nuclear Research Dubna (Russia), 1999.

[22] Roubíèek T.: Relaxation in Optimization Theory and Variational Calculus. Walter de Gruyter Berlin, 1997.

[23] Vala J.: A comment to the Jäger{Kaèur linearization scheme for strongly nonlinear parabolic equations. Appl. Math. Vol. 44 (1999), pp.481{496.

[24] Vala J.: On one mathematical model of creep in superalloys. Appl. Math. Vol. 43 (1998), pp. 351{380.

[25] Yosida K.: Funkcional’nyj analiz. Mir Moscow, 1967.