Proceedings of ALGORITMY 2000 Conference on Scientific Computing, pp. 68–74

NUMERICAL SOLUTION OF 2D STEADY AND UNSTEADY FLOWS USING COMPOSITE SCHEME�

R. HONZÁTKO^†, M. JANDA^† AND K. KOZEL^‡

1. Abstract. The work deals with using finite volume method and triangular, quadrilateral or combine mesh in the form of cell-centered or cell-vertex scheme. Governing system of equations is the system of Euler equations. Composite scheme has more dissipative part (Lax-Friedrich scheme) and less dissipative part (Lax-Wendroff scheme). Steady solution is solved by time dependent method. Unsteady flow is solved by the same method and unsteady behaviour is caused by a time change of downstream conditions in a channel and a cascade. Authors present 2D inviscid compressible flows in a channel and incompressible flows through a cascade.

2. Mathematical model. Consider inviscid flows for incompressible and compressible problem. The mathematical model is the system of Euler equations in conservation form

RW_t + F_x + G_y = 0,

(2.1)

where W = ‖ρ, ρu, ρv, e‖^T F = ‖ρu, ρu^2 + p, ρuv, (e + p)u‖^T G = ‖ρv, ρuv, ρv^2 + p, (e + p)v‖^T p = (κ − 1) [ e −^1_2 ρ(u^2 + v^2) ] R = diag‖1, 1, 1, 1‖ (2.2)

in the case of compressible flows and for incompressible flows we have W = ‖^p_ρ , u, v‖^T F = ‖u, u^2 +^p_ρ , uv‖^T G = ‖v, uv, v^2 +^p_ρ ‖^T R = diag‖0, 1, 1‖ . (2.3)

Here ρ is density, p - pressure, (u, v) is velocity vector, e - total energy per unit volume, κ is Poisson constant. Upstream conditions are W = W1 or given 3 values of W1 in (2.2) resp. 2 values of W1 in (2.3) where last value is computed by extrapolation. Downstream condition is only given p = p_2. Next values of W_2 are extrapolated. Wall conditions are nonpermeability conditions (u, v)_n = 0 (normal component of velocity vector is zero).

∗This work was partly supported by Grants No.: GACR 201/98/0528, 101/98/K001 and VZ MSM 98/210000010.

†Dept. of Mathematics of Faculty of Nuclear Sciences and Physical Engineering, Czech Technical University.

‡Dept. of Technical Mathematics of Faculty of Mechanical Engineering, Czech Technical University. 68

NUMERICAL SOLUTION OF 2D STEADY AND UNSTEADY FLOWS 69

3. Numerical solution. In our numerical solution we used combination of Lax- Wendroff (LW) and Lax-Friedrichs (LF) schemes in finite volume form of composite scheme C(U) = LW (U) ⊗ LF (U) (3.1)

and triangular (m = 3) or quadrilateral (m = 4) grid in cell-centered or cell-vertex forms:

1. cell-centered form

• LF Predictor: W^{n+1/2} i = W^n_i − Δt 2μ_i m∑ k=1 (¯ F^n_k Δy_k − Ḡ^n_k Δx_k ) +

+ ε m m∑ k=1 (W_k − W_i)^n

(3.2)

• LF Corrector:

W^{n+1}_i = W^{n+1/2}_i − Δt μ_i m∑ k=1 ( F̄^{n+1/2} k Δy_k − Ḡ^{n+1/2}_k Δx_k ) +

+ ε m m∑ k=1 (W_k − W_i)^{n+1/2}

(3.3)

• LW Predictor is the same as LF Predictor (3.2) • LW Corrector:

W^{n+1}_i = W^n_i − Δt μ_i m∑ k=1 ( F̄^{n+1/2} k Δy_k − Ḡ^{n+1/2}_k Δx_k ) , (3.4)

F̄_k =^1_2 (F_k + F_{k+1}), Ḡ_k =^1_2 (G_k + G_{k+1}), ε ∈ (0, 1⟩.

2. cell-vertex form using grid of triangles and dual grid (see [3])

• LF Predictor: W^{n+1/2} i = 1 3 3∑ k=1 W^n_k − Δt 2μ_i 3∑ k=1 (¯ F^n_k Δy_k − Ḡ^n_k Δx_k ) (3.5)

• LF Corrector:

W^{n+1}_{ok} = 1 6 6∑ i=1 W^{n+1/2} i −

− Δt 2μ_i 6∑ i=1 ( F̄^{n+1/2} i Δy_i − Ḡ^{n+1/2}_i Δx_i ) (3.6)

70 R. HONZÁTKO, M. JANDA AND K. KOZEL

• LW Predictor is the same as LF Predictor (3.5) • LW Corrector:

W^{n+1}_{ok} = W^n_{ok} − Δt μ_{ok} 6∑ i=1 ( F̄^{n+1/2} i Δy_i − Ḡ^{n+1/2}_i Δx_i ) , (3.7)

F̄_i =^1_2 (F_i + F_{i+1}), Ḡ_i =^1_2 (G_i + G_{i+1}).

4. Some numerical results. In the first part we present steady solution in a DCA8% 2D cascade of inviscid incompressible flows in the form of distribution of q = √ u^2 + v^2 along upper and lower wall surface and periodical boundaries (fig. 4.1).

Next fig. 4.2 shows steady results of transonic flows (M1 = 0, 675) in GAMM channel using isolinies of Mach number (fig. 4.3) and distribution of Mach number along upper and lower walls. We can see results with shock wave. Comparison to the other numerical results is in very good agreement (see [2],[4]). Results of fig. 4.1 was achieved by cell-centered method and grid of triangles, results of fig. 4.2,4.3 by cell-vertex method grid of triangles. Next fig. 4.4,4.5 show unsteady flows in a cascade (incompressible flows) using distribution of q = √ u^2 + v^2 along upper and lower surface. Fig. 4.6 shows unsteady solution in a GAMM channel. Both unsteady solutions were caused by a time change of p_2 = p_2(t) = p_1(1 + k_1 sin k_2ωt).

REFERENCES

[1] R. Liska, B. Wendroff, Two-dimensional Shalow Water Equations by Composite Schemes, Int. Journal for Numerical Methods in Fluids, 30, pp. 117–134, 1999.

[2] J. Felcman, M. Feistauer, Triangular, dual and barycentric finite volumes in fluid dynamics, Proceedings of Conf. ”Finite Volume Methods II.”, Duisburg, July, 1999.

[3] K. Kozel, R. Honzátko, M. Janda, Kompozitní schéma užité k numerickému řešení stacionárního proudění popsaného systémem Eulerových rovnic, Proceedings of ”Fluid Dynamics ’99”, ed. P. Jonáš, V. Uruba, pp. 111-114, ISBN 80-85918-52-8, Institute of Thermomechanics, 1999.

[4] P. Angot, J. Fűrst, K. Kozel, TVD and ENO schemes for multidimensional steady and unsteady flows and Comparative analysis, in Proceedings ”Finite Volumes for Complex Applications”, pp. 273-282, Hermes Publ., Paris, ed. F. Benkhaldoun, R. Vilsmeier.

NUMERICAL SOLUTION OF 2D STEADY AND UNSTEADY FLOWS 71

Fig. 4.1. steady incompressible flows: isolines of q = pu2 + v2 and velocity distribution on the boundaries

Fig. 4.2. steady transonic flows, Mach number distribution on the walls

Fig. 4.3. steady transonic flows: isolines of Mach number

72 R. HONZÁTKO, M. JANDA AND K. KOZEL

Fig. 4.4. unsteady incompressible flows, quadrilateral cells, distribution of q = pu2 + v2 on the boundaries

NUMERICAL SOLUTION OF 2D STEADY AND UNSTEADY FLOWS 73

Fig. 4.5. unsteady incompressible flows, triangular cells, distribution of q = pu2 + v2 on the boundaries

74 R. HONZÁTKO, M. JANDA AND K. KOZEL

Fig. 4.6. unsteady solution in a GAMM channel, distribution of Mach number on the walls