Acta Math. Univ. Comenianae Vol. LXII, 1(1993), pp. 87–107 87

OSCILLATION OF VOLTERRA INTEGRAL EQUATIONS AND FORCED FUNCTIONAL DIFFERENTIAL EQUATIONS

YUMEI WU

1. Introduction

We provide some sufficient conditions under which oscillation phenomenon occurs for the linear Volterra integral equation of convolution type with delays

(1.1) x(t) = f(t) + ∫_t 0 n∑ i=1 a_i(t − s)x(s − r_i) ds, t ≥ 0,

and the difference-integral equation

(1.2) x(t) − m∑ j=1 p_j x(t − σ_j ) = f(t) + ∫_t 0 n∑ i=1 a_i(t − s)x(s − r_i) ds, t ≥ 0,

where f ∈ C(R^+, R), a_i(·) ∈ L^1_{loc}(R^+), r_i ∈ R, for i = 1, 2, 3, . . . , n, p_j ∈ R, σ_j ∈ R, for j = 1, 2, 3, . . . , m.

We also study oscillation of the following neutral differential equation with the forcing term f,

(1.3) d dt x(t) + m∑ j=1 p_j x(t − σ_j ) + n∑ i=1 q_ix(t − r_i) = f(t), for t ≥ 0,

where f ∈ C(R^+, R), p_j ∈ R, σ_j ∈ R, for j = 1, 2, 3, . . . , m, q_i ∈ R, r_i ∈ R, for i = 1, 2, 3, . . . , n. Our approach bases on the method of Laplace transform which has been used to study oscillation of delay differential equations [1, 16], oscillations of neutral differential equations without forcing terms [24{26] and oscillations of linear integro-differential equations [10, 11].

Received October 19, 1992.

1980 Mathematics Subject Classification (1991 Revision). Primary 45D05, Secondary 45M05. This is a part of the author’s dissertation submitted to Mathematics Department, The University of Ioannina, 1992.

88 YUMEI WU

To facilitate our discussions, let us first introduce the following notations and conventions.

Let r : = max{r_1, r_2, . . . , r_n} and T : = max{σ_1, σ_2, . . . , σ_m, r}. We say that x is a solution of (1.1) with initial function φ ∈ C([−r, 0], R) provided that x is continuous on [0, ∞), satisfies (1.1) and f(0) = φ(0), x(s) = φ(s), for s ∈ [−r, 0].

The results concerning existence, uniqueness and continuous dependence of (1.1) can be found in [2, 3, 6] and the asymptotic behavior of the solutions has been studied elsewhere, see, e.g., [30] and the references cited there.

The function x is said to be a solution of (1.2) with initial function φ ∈ C([−T, 0], R) if x is continuous on [0, +∞], satisfies (1.2) and φ(0)− ∑_m j=1 p_j φ(−σ_j ) = f(0), x(s) = φ(s) for s ∈ [−T, 0].

As we can see from Chapter 12 in [17, pp. 273–274], neutral differential equations defined there include difference equations. Thus, some basic properties of (1.2) can be found in [17].

Let C^1([−r, 0] , R) denote the set of all continuously differentiable functions mapping [−r, 0] into R.

The function x is said to be a solution of (1.3) with initial function φ ∈ C^1([−T, 0] , R) if x(t) + ∑_m j=1 p_j x(t − σ_j ) is continuously differentiable for t ≥ 0 and x satisfies (1.3) for t ≥ 0, and x(s) = φ(s), for s ∈ [−T, 0].

The fundamental theory of (1.3) is studied in [4, 17]. The following definitions of oscillation are used in this paper [19, 20]. A function x is said to be oscillatory if for any t_1 ≥ 0, we have inf [t1,+∞) x(t) < 0 < sup_{[t1,+∞)} x(t) .

A function x is said to be strongly oscillatory if we have

lim inf t→+∞ x(t) < 0 < lim sup_{t→+∞} x(t) .

2. Preliminaries

In this section, we establish some results needed in the proofs of our main theorems.

To guarantee the existence of Laplace transforms of solutions of (1.1), (1.2) and (1.3), we assume that for the function f, there exist two real numbers M ∈ R^+ and b ∈ R such that |f(t)| ≤ Me^{bt}, for t ≥ 0. To begin with, let us start from (1.3). By Theorem 7.3 in [17, p. 26], we see that every solution x of (1.3) satisfies |x(t)| ≤ M_1e^{b1t}, for t ≥ 0,

VOLTERRA INTEGRAL EQUATIONS 89

where M_1 ∈ R^+, b_1 ∈ R, which implies the existence of the Laplace transform of every solution x of (1.3).

For equation (1.2), let H(s) denote the Heaviside function, defined as,

H(s) : = { 1, s ≥ 0, 0, s < 0, and H(s) : = 1 − H(s).

Let U : = {j ∈ {1, 2, . . . , m}; σ_j = 0} and V : = {1, 2, . . . , m} \ U. Then we have m∑ j=1 p_j x(t − σ_j ) = − ∑ j∈U p_j ∫_t 0 x(t − s) dH(s)

+ ∑ j∈V p_j ∫_t 0 x(t − s) dH(s − σ_j ) for t > 0. As we know, the Laplace transform of the derivate of H(s) exists. So we can write (1.2) in the form (1.1). Therefore, we only need to prove the existence of the Laplace transforms of solutions of (1.1). When r = 0, the existence of the Laplace transform of every solution of (1.1) has been proved in [7, 13]. So here we assume that r ≠ 0.

The following conditions are used throughout this chapter. There exist real numbers b ∈ R and M ∈ R^+ such that |f(t)| ≤ Me^{bt}, for t ≥ 0 (2.1) |a_i(t)| ≤ Me^{bt}, for t ≥ 0, i = 1, 2, . . . , n. (2.2)

Lemma 2.1. Assume that (2.1) and (2.2) hold. Then every solution of (1.1) has Laplace transform.

Proof. Take a solution x of (1.1) with initial function φ ∈ C([−r, 0] , R); by (1.1) and (2.1), we have |x(t)| ≤ Me^{bt} + n∑ i=1 ∫_0 −ri |a_i(t − s − r_i)| |φ(s)| ds

+ n∑ i=1 ∫_t 0 |a_i(t − s − r_i)| |x(s)| ds, t ≥ 0 . Multiplying both sides of this inequality by e^{−bt}, and taking into account (2.1) and (2.2), we obtain e^{−bt}|x(t)| ≤ M + M n∑ i=1 e^{−bri} ∫_0 −ri e^{−bs}|φ(s)| ds

+ M n∑ i=1 e^{−bri} ∫_t 0 e^{−bs}|x(s)| ds, for t ≥ 0.

90 YUMEI WU

By Gronwall’s inequality, it follows |x(t)| ≤ ζ_1e^{(b+ζ2)t}, t > 0, where

ζ_1 : = M ( 1 + n∑ i=1 e^{−bri} ∫_0 −ri e^{−bs}|φ(s)| ds ) ,

ζ_2 : = M n∑ i=1 e^{−bri} ,

which is a sufficient condition for the existence of the Laplace transform of x. �

As we will see in the procedure of the proofs of our main theorems, the central role is played by an abscissa of convergence of Laplace transform, which is defined by b : = inf{σ ∈ R; X(σ) exists},

where X(λ) is the Laplace transform of x(t).

If b is the abscissa of convergence of X(λ), then X(λ) is analytic on Re λ > b in the complex plane C . This can be found in [32, p. 347]. If ẋ(t) exists, and b_1 is the abscissa of convergence of the Laplace transform of ẋ(t), then

L [ẋ(t)] = −x(0) + λL [x(t)] ,

and b_1 ≤ b.

Now we will present some results which are needed below.

Lemma 2.2. Assume that b is the abscissa of convergence of the Laplace transform X(λ). Then for any ε > 0, X(λ) has singular points in the region D_ε of the complex plane C defined by

D_ε : = {λ = λ_1 + iλ_2; λ_1 ∈ (b − ε, b], λ_2 ∈ R}.

The proof of the lemma is implied by the definition of abscissa of convergence. In fact, if the lemma is not true, then there exists an ε > 0, such that X(λ) is analytic in D_ε. Thus X(λ) exists in Re λ > b − ε. This is a contradiction with the definition of abscissa of convergence.

Lemma 2.3. If X(λ) is the Laplace transform of a nonnegative function x and has the abscissa of convergence b > −∞, then X(λ) has a singularity at the point λ = b on the complex plane C [31, p. 58].

VOLTERRA INTEGRAL EQUATIONS 91

3. Oscillation of a Volterra Integral Equation In this section, we shall present the main results for oscillation of the Volterra integral equation (1.1) via the method of Laplace transform.

Let x_c(t) denote x(t + c), where c ∈ R. Then the Laplace transform X_c(λ) of x_c(t) exists and has the same abscissa of convergence as X(λ) by noting the following formula X_c(λ) = e^{λc} [ X(λ) − ∫_c 0 e^{−λt}x(t) dt ] . The last integral defines an entire function of the complex variable λ ∈ C . It is clear that X(λ) and X_c(λ) have their singularities at the same points on the complex plane.

On the other hand, the translation of (1.1) along a solution x by c ∈ R is the following equation

x(t + c) = f(t + c) + ∫_{t+c} 0 n∑ i=1 a_i(t + c − s)x(s − r_i) ds, t ≥ 0 . Multiplying the factor e^{−λt} in both sides of this equation, and integrating it from 0 to +∞, we obtain

X_c(λ) = F_c(λ) + ∫_{+∞} 0 e^{−λt} ∫_{t+c} 0 n∑ i=1 a_i(t + c − s)x(s − r_i) ds dt , where F_c(λ) denotes the Laplace transform of f(t + c). Then, we find ∫_{+∞} 0 ∫_{t+c} 0 e^{−λt}a_i(t + c − s)x(s − r_i) ds dt = ∫_c 0 x(s − r_i) ∫_{+∞} 0 e^{−λt}a_i(t + c − s) ds dt + ∫_{+∞} 0 ∫_t 0 e^{−λt}a_i(t − s)x_c(s − r_i) ds dt : = I_1 + I_2 .

It is easy to see that

I_1 = ζ_i(λ) + m_i(λ)A_i(λ), I_2 = A_i(λ)[μ_i(λ) + e^{−λri} X_c(λ)] where ζ_i(λ) : = ∫_c 0 x(s − r_i)e^{−λ(s−c)} ∫_0 c−s e^{−λt}a_i(t) dt ds , m_i(λ) : = ∫_c 0 x(s − r_i)e^{−λ(s−c)} ds , μ_i(λ) : =

∫_0 −ri e^{−λ(s+ri)}φ_c(s) ds

92 YUMEI WU

and A_i(λ) is the Laplace transform of a_i(t). The functions ζ_i(·), m_i(·) and μ_i(·) are entire functions of the complex variable λ ∈ C . Therefore we have

X_c(λ) = F_c(λ) + n∑ i=1 ζ_i(λ) + n∑ i=1 (m_i(λ) + μ_i(λ))A_i (λ) + n∑ i=1 e^{−λri} A_i(λ)X_c(λ) .

Define H(λ) : = 1 − ∑_n i=1 e^{−λri} A_i(λ). If H(λ) = 0 has no real roots, then we have

(3.1) X_c(λ) =

F_c(λ) + n∑ i=1 ζ_i(λ) + n∑ i=1 (m_i(λ) + μ_i(λ))A_i(λ) H(λ) . As mentioned previously, the authors [16] have used the method of Laplace transform to study oscillation of delay differential equations. Here we will apply their method to study oscillation of (1.1).

Theorem 3.1. Assume that the following conditions are satisfied:

(3.2) a, a_1, a_2, . . . , a_n are abscissas of convergence of F (λ), A_1(λ), A_2(λ), . . . , A_n(λ), respectively, and a > max{a_1, a_2, . . . , a_n}. F (λ) has a singularity on Re λ = a, but is analytic at λ = a.

(3.3) H(λ) has no real roots on [a, +∞).

Then every solution of (1.1) is oscillatory.

Proof. Take a solution x of (1.1); for the sake of contradiction, we assume that x is not oscillatory. Then there exists a sufficiently large T > 0 such that either x(t) ≥ 0 or x(t) ≤ 0 for t > T .

Consider the case x(t) ≥ 0 for t > T . (The case x(t) ≤ 0 for t > T can be treated in a similar way). Let us take a number c > T such that x_c(t) ≥ 0 for t > 0, namely, the function x_c(t) is a nonnegative function. Assume that b is the abscissa of convergence of X(λ), so X_c(λ) is analytic on the half-plane Re λ > b. By Lemma 2.3, X_c(λ) can not be analytically continued to the point λ = b from the right side, namely, there is no complex neighborhood of b on which we can find an analytic function which agrees with X_c(λ) for Re λ > b. By assumptions (3.2) and (3.3), we see that the function on the right side of (3.1) is analytic for Re λ > max(a, b).

If a > b, in view of (3.2), F (λ) has a singularity on Re λ = a, and A_i(λ), i = 1, 2, 3, . . . , n, are analytic in Re λ ≥ a. Taking (3.3) into account, we see that X_c(λ) has a singularity Re λ = a, which contradicts that X_c(λ) is analytic in Re λ > b. If a < b, by (3.2) and (3.3), the function on the right side of (3.1) is analytic in the region Re λ > a and at λ = a. This implies that X_c(λ) is analytic even in the strip a < Re λ ≤ b. This is a contradiction.

VOLTERRA INTEGRAL EQUATIONS 93

If a = b, by the assumptions (3.2) and (3.3), we see that the function on the right side of (3.1) is analytic in Re λ = a, but X_c(λ) has a singularity at Re λ = b = a, which is a contradiction.

The proof is complete. �

Theorem 3.2. Assume that the following conditions are satisfied:

(3.4) a, a_1, a_2, . . . , a_n are the abscissas of convergence of F (λ), A_1(λ), A_2(λ), . . . , A_n(λ), respectively. There is an i ∈ {1, 2, . . . , n} such that a_i > max{a, a_1, a_{i−1}, a_{i+1}, . . . , a_n}. A_i(λ) has a singularity on Re λ = a_i, but is analytic at λ = a_i.

(3.5) H(λ) has no real roots on [a_i, +∞).

Then every solution of (1.1) is oscillatory.

The proof of it is similar to the one of Theorem 3.1.

Note that in (1.1), if a_i(t) = c_iw(t), i = 1, 2, . . . , n, c_i are real numbers, then a_i(t), (i = 1, 2, . . . , n), have the same abscissa d. If d > a, where a is the abscissa of convergence of F (λ), then we can not apply Theorems 3.1 and 3.2. To cover the latter case, we have the following.

Theorem 3.3. Assume that the following conditions are satisfied:

(3.6) a and d are the abscissas of convergence of F (λ) and D(λ), and d > a where D(λ) is the Laplace transform of w(t). D(λ) has a singularity on Re λ = d, but is analytic at λ = d.

(3.7) H(λ) has no real roots on [d, +∞).

Then every solution of the Volterra integral equation

(3.8) x(t) = f(t) + ∫_t 0 w(t − s) n∑ i=1 c_ix(s − r_i) ds, t ≥ 0,

is oscillatory.

Proof. Since a_i(t) = c_iw(t), we see that (3.1) has the form

X_c(λ) =

F_c(λ) + n∑ i=1 ζ_i(λ) + D(λ) n∑ i=1 c_i(m_i(λ) + μ_i(λ)) H(λ) . where H(λ) : = 1 − D(λ) ∑_n i=1 c_ie^{−λri} . The rest of the proof is similar to the one of Theorem 3.1. �

By the following example we show that for some Volterra integral equations, if (3.6) or (3.7), or both, are not true then not all solutions of the equation are oscillatory.

94 YUMEI WU

Example 3.1. Consider the Volterra integral equation

x(t) = 1 + ∫_t 0 2x(s − 1) ds, t ≥ 0 .

The abscissas of convergence of F (λ) and D(λ) are 0, namely, a = b = 0. Note that D(λ) = 2/λ is singular at λ = 0. This means that (3.6) is not satisfied. Furthermore

H(λ) : = 1 − 2e^{−λ} λ = λ − 2e^{−λ} λ , the function L(λ) : = λ − 2e^{−λ} has one real root λ ∈ [0, +∞). So (3.7) does not hold.

On the other hand, if we only consider the solutions of the delay differential equation ẋ(t) − 2x(t − 1) = 0

with the initial functions φ ∈ C([−1, 0] , R) and φ(0) = x(0) = 1, these solutions are also the solutions of the above Volterra integral equation. But it is clear that x(t) = e^{λt} is a nonoscillatory solution of this delay differential equation. So the Volterra integral equation has a nonoscillatory solution.

The following example shows that the conditions in Theorem 3.1 are not necessary for (1.1) to have oscillatory solution.

Example 3.2. Consider the following Volterra integral equation

x(t) = cos t − sin t + e^{−t} 2 + ∫_t 0 e^{−(t−s)}x(s − 2π) ds, t ≥ 0 .

The Laplace transform of f(t) and a(t) are, respectively,

F (λ) = 1 2(1 + λ) + λ − 1 2(1 + λ^2) , A(λ) = 1 1 + λ .

The abscissas of convergence of F (λ) and A(λ) are a = 0 and b = −1, respectively. Thus, condition (3.2) is satisfied. Moreover, the corresponding characteristic equation is H(λ) = 1 1 + λ ( (1 + λ) − e^{−2πλ} )

which has a real root λ = 0 ∈ [0, +∞). That is, condition (3.3) is not satisfied. However, x(t) = cos t is an oscillatory solution of the equation.

VOLTERRA INTEGRAL EQUATIONS 95

Example 3.3. Consider the Volterra integral equation

x(t) = cos t − e^{−1}(cos t + sin t) − e^{−(1+t)} 2 + ∫_t 0 e^{−(t−s+1)}x(s − 2π) ds, t ≥ 0 .

It is easy to see that (3.2) and (3.3) are satisfied. By Theorem 3.1, we know that every solution of this Volterra integral equation is oscillatory, for example, x(t) = cos t is an oscillatory solution.

Generally speaking, it is not an easy task to check that the characteristic equation has no real roots in an interval. It is natural to ask: when does H(λ) = 0 have no real roots on [α, +∞)? where α ∈ R. In order to get an answer we restrict ourselves to the Volterra integral equation

(3.9) x(t) = f(t) + ∫_t 0 a(t − s)x(s − r) ds, t ≥ 0 .

The corresponding characteristic equation is

H(λ) : = 1 − A(λ)e^{−λr} = 0 .

The following result is obvious.

Lemma 3.1. Assume that there exist two real numbers ζ and M > 0 such that |a(t)| ≤ Me^{ζt}, for t ≥ 0, (3.10) ζ < α and (α − ζ)e^{αr} > M. (3.11)

Then H(λ) has no real roots on [α, +∞).

The following result is a combination of Theorem 3.1 and Lemma 3.1, in which the more explicit conditions are provided.

Corollary 3.1. Assume that the following conditions hold:

(3.12) a and b are the abscissas of convergence of F (λ) and A(λ), respectively, and a > b. F (λ) has a singularity on Re λ = a, but is analytic at λ = a.

(3.13) All conditions of Lemma (3.1) hold.

Then every solution of (3.9) is oscillatory.

An illustrative example of Corollary 3.1 is the following.

96 YUMEI WU

Example 3.4. Consider the Volterra integral equation

x(t) = sin t + ∫_t 0 e^{−2(t−s)} cos(t − s)x(s − 1) ds, t ≥ 0 . It follows that f(t) = sin t, and a(t) = e^{−2t} cos t .

We can see easily that all the conditions in Corollary 3.1 hold. Thus every solution of this Volterra integral equation is oscillatory.

Now we shall consider some specific cases of (1.1), especially some forced delay differential equations. To do this, assume that the function f in (3.8) is continuously differentiable and the function w(t) in (3.8) has the form w(t) = e^{bt} , where b is a real number. Then for n = 1, equation (3.8) has the following form (3.14) ẋ(t) − bx(t) + px(t − r) = ḟ(t) − bf(t), t ≥ 0, where p is a real number.

Since L[ḟ] = λF (λ) + f(0), the abscissa of convergence of L[ḟ] is less than or equal to the one of F (λ). So the abscissa of convergence of the Laplace transform of ḟ(t) − bf(t) is less than or equal to the one of F (λ).

Corollary 3.2. Consider equation (3.14) where assuming that the following conditions are satisfied.

(i) a is the abscissa of convergence of F (λ). F (λ) has a singularity on Re λ = a, but F (λ) is analytic at λ = a. And a > b. (ii) (a − b)e^{ar} > p. Then every solution of (3.14) with x(0) = f(0) is oscillatory. Proof. Clearly the condition (3.2) is satisfied (for n = 1). So we only need to prove that the characteristic equation has no real roots in [a, +∞). Since H(λ) = e^{−λr} λ − b ((λ − b)e^{λr} − p) , it is easy to prove that the function L(λ) : = (λ−b)e^{λr} −p is an increasing function of λ (∈ R). Also by (ii), we obtain that L(a) > 0. So L(λ) > 0 for real λ > a. This means that H(λ) = L(λ) e^{−λr} λ − b has no real roots on [a, +∞). Thus by Theorem 3.1, every solution of the Volterra integral equation x(t) = f(t) + p ∫_t 0 e^{b(t−s)}x(s − r) ds, t ≥ 0 , is oscillatory. This is equivalent to saying that every solution of (3.14) with the condition x(0) = f(0) is oscillatory. �

VOLTERRA INTEGRAL EQUATIONS 97

Example 3.5. Consider the delay differential equation

ẋ(t) + x(t) + 1 2 x(t − π) = 2 cos t + sin t, t ≥ 0.

Corresponding to (3.14), we have that b = −1, p =^1_2 , r = π, f(t) = 1 2 (cos t + 3 sin t) − e^{−t} 2 , and the Laplace transform F (λ) of f has the abscissa of convergence λ = 0. Also F (λ) has singularities on Re λ = 0, but F (λ) is analytic at λ = 0. By Corollary 3.2, we know that every solution of this delay differential equation with forcing term is oscillatory provided that x(0) = f(0) = 0. For example, x(t) = 2 sin t is an oscillatory solution.

Having finished the study of the oscillation of (1.1), now let us turn to (1.2). In this case, (3.1) has the form

X(λ) = F (λ) + m∑ j=1 p_j ∫_0 −σj e^{−λ(s+σj )}φ(s) ds + n∑ i=1 A_i(λ) ∫_0 −ri e^{−λ(s+ri)}φ(s) ds H(λ) where H(λ) = 1 − ∑_m j=1 p_j e^{−λσj} − ∑_n i=1 A_i(λ)e^{−λri} . Following the same way as we have done in Theorems 3.1, 3.2 and 3.3, we have the following results without further proving.

Theorem 3.4. Assume that the following conditions hold.

(i) a, a_1, a_2, . . . , a_n are the abscissas of convergence of F (λ), A_1(λ), A_2(λ), . . . , A_n(λ), respectively, and a > max{a_1, a_2, . . . , a_n}. F (λ) has a singularity on Re λ = a, but is analytic at λ = a.

(ii) H(λ) has no real roots on [a, +∞). Then every solution of (1.2) is oscillatory.

Theorem 3.5. Assume that the following conditions hold.

(i) a, a_1, a_2, . . . , a_n are the abscissas of convergence of F (λ), A_1(λ), A_2(λ), . . . , A_n(λ), respectively. There is an i ∈ {1, 2, . . . , n} such that a_i > max{a, a_1, . . . , a_{i−1}, a_{i+1}, . . . , a_n} . A_i(λ) has a singularity on Re λ = a_i, but is analytic at λ = a_i.

(ii) H(λ) has no real roots on [a_i, +∞). Then every solution of (1.2) is oscillatory.

98 YUMEI WU

Theorem 3.6. Assume that the following conditions hold.

(i) a and b are the abscissas of convergence of F (λ) and A(λ), respectively, where b > a. A(λ) has a singularity on Re λ = b, but A(λ) is analytic at λ = b. (ii) H(λ) has no real roots on [b, +∞), where

H(λ) : = 1 − m∑ j=1 p_j e^{−λσj} − A(λ) n∑ i=1 e^{−λri} . Then every solution of the difference-integral equation

(3.15) x(t) − m∑ j=1 p_j x(t − σ_j ) = f(t) + n∑ i=1 c_i ∫_t 0 a(t − s)x(s − r_i) ds, t ≥ 0. is oscillatory.

As a special case of (3.15) we consider the following equation

(3.16) x(t) − px(t − σ) = f(t) + ∫_t 0 a(t − s)x(s − r) ds, t ≥ 0, where p, σ, r ∈ R^+.

The characteristic equation of (3.16) is H(λ) : = 1 − pe^{−λσ} − A(λ)e^{−λr} = 0 . Corollary 3.3. Assume that the following conditions hold.

(i) a and b are the abscissas of convergence of F (λ) and A(λ), respectively, where a > b. F (λ) has a singularity on Re λ = a, but is analytic at λ = a.

(ii) There are two real numbers ζ < a and M > 0 such that |a(t)| ≤ Me^{ζt}, t > 0 . (iii) p ≤ e^{aσ}, and (a − ζ)(1 − pe^{−aσ)} > Me^{−ar}. Then every solution of (3.16) is oscillatory.

Proof. In view of the conditions of Theorem 3.4 (when n = 1), we need only to prove that H(λ) = 0 has no real roots in [a, +∞). Since by (ii) we know that H(λ) ≥ 1 λ − ζ [ (λ − ζ)(1 − pe^{−λσ}) − Me^{−λr} ] , for λ > ζ .

Let Δ(λ) : = (λ − ζ)(1 − pe^{−λσ}) − Me^{−λr}. It is easy to see from (ii) and (iii) that the function Δ(λ) is increasing and Δ(a) > 0. Therefore, H(λ) = 0 has no real roots in [a, +∞). � As an application of Theorem 3.4, we discuss oscillation of the following neutral differential equation (3.17) ẋ(t) − pẋ(t − σ) − bx(t) + bpx(t − σ) − cx(t − r) = ḟ(t) − pf(t) , where p, σ, r, c ∈ R^+ and f is continuously differentiable. As a matter of fact, setting a(t) : = ce^{bt} in (3.16), we can easily get (3.17).

VOLTERRA INTEGRAL EQUATIONS 99

Corollary 3.4. Suppose that

(i) a is the abscissa of convergence of F (λ). F (λ) has a singularity on Re λ = a, but F (λ) is analytic at λ = a.

(ii) The inequalities b < a, p < e^{aσ} and (a − b)(1 − pe^{−aσ}) > |c|e^{−ar} hold. Then every solution of (3.17) with the condition x(0) = f(0) is oscillatory. Proof. Since a(t) = ce^{bt}, we have A(λ) = c/(λ − b). The rest of the proof can be fulfilled by following a similar way as for the proof of Corollary 3.3. � Example 3.6. Consider the neutral differential equation ẋ(t) − ẋ(t − π) − x(t) + x(t − π) = sin t + cos t .

It is clear that the condition (ii) in Corollary 3.4 is not satisfied. Moreover, it is easy to see that x(t) = − 1 + cos t 2 is a nonoscillatory solution with the property x(0) = f(0) = −1.

4. Oscillation of Nonhomogeneous Neutral Differential Equations

In this section we study oscillation of the neutral differential equation (1.3). For the homogeneous neutral differential equations, necessary and sufficient conditions (in terms of their characteristic equations) for oscillation of all solutions have been obtained in [8, 9, 12, 13, 15, 21, 27, 28]. Also necessary and sufficient conditions for oscillation of homogeneous neutral differential equations of higherorder have been obtained in [5, 23, 29].

In [16] a method has been developed to study oscillation of nonhomogeneous delay differential equations. This method has been applied in [24{26] to get necessary and sufficient conditions of oscillation of some homogeneous neutral differential equations.

As we know, the characteristic equation of (1.3) is

(4.1) H(λ) : = λ + λ m∑ j=1 p_j e^{−λσj} + n∑ i=1 q_ie^{−λri} = 0

and the Laplace transform X(λ) of a solution of (1.3) is given by

(4.2) X(λ) =

F (λ) + P (λ) H(λ) , where F (λ) is the Laplace transform of the function f,

P (λ) : = m∑ j=1 p_j φ(−σ_j ) − λ m∑ j=1 p_j ∫_0 −σj e^{−λ(s+σj )}φ(s) ds

− n∑ i=1 q_i ∫_0 −ri e^{−λ(s+ri)}φ(s) ds,

100 YUMEI WU

and φ is the initial function for the solution. It is obvious that P (λ) is an entire function on the complex plane C .

Theorem 4.1. Assume that the following conditions hold.

(i) a is the abscissa of convergence of F (λ). F (λ) has a singularity on Re λ = a, but is analytic at λ = a.

(ii) H(λ) has no real roots on [a, +∞). Then every solution of (1.3) is oscillatory.

The proof of it follows the one for Theorem 3.1.

Example 4.1. It is easy to see that the nonhomogeneous neutral differential equation ẋ(t) + 2ẋ(t − 2π) + x(t − π) = 3(cos t − sin t)

has only oscillatory solutions. For example, x(t) = sin t is a solution. Indeed the conditions (i) and (ii) in Theorem 4.1 are satisfied, where the characteristic equation is as follows

H(λ) : = λ + 2λe^{−2πλ} + 3e^{−πλ} = 0 ,

which has obviously no real roots on [0, +∞). In fact H(λ) > 0 for λ ≥ 0.

Note that if p_j ≥ 0, q_i ≥ 0 and σ_j ≥, r_i ≥ 0, (i = 1, 2, . . . , n, j = 1, 2, . . . , m), and F (λ) has λ = 0 as the abscissa of convergence of the Laplace transform, has a singularity on Re λ = 0 and is analytic at λ = 0, then the neutral differential equation (1.3) has only oscillatory solutions. Indeed its characteristic equation

H(λ) : = λ + λ m∑ j=1 p_j e^{−λσj} + n∑ i=1 q_ie^{−λri} = 0

has no real roots on [0, +∞).

The previous results hold under the condition that the abscissa of convergence of F (λ) is a real number. The case where a = −∞ is covered by the following theorem.

We also assume that σ : = min{r_1, r_2, . . . , r_n, σ_1, σ_2, . . . , σ_m} > 0, and without loss of generality, we also assume that r_1 : = max{r_1, r_2, . . . , r_n}.

Theorem 4.2. Assume that the following conditions hold. (4.3) max{r_1, r_2, . . . , r_n} > max{σ_1, σ_2, . . . , σ_m}.

(4.4)

The abscissa of convergence of F (λ) is −∞, and for some ε > 0 with the property that ε < min{σ, r_1 − max{r_2, . . . , r_n, σ_1, σ_2, . . . , σ_m}}, it holds F (λ) = o(e^{−λ(σj −ε)}) and F (λ) = o(e^{−λ(ri−ε)}) as λ → −∞, i = 1, 2, . . . , n, j = 1, 2, . . . , m.

VOLTERRA INTEGRAL EQUATIONS 101

(4.5) H(λ) has no real roots on R.

Then every nontrivial solution of (1.3) is oscillatory.

Proof. For the contrary assume that (1.3) has a nonoscillatory solution x. That is, there exists a T > 0, such that x(t) ≥ 0 (or x(t) ≤ 0) and x(t) ≢ 0 for t > T . So we can always find a real number c > T such that x_c(t) ≥ 0 and x_c(t) ≢ 0 on [−r, 0]. The translation x_c(t) of x(t) is a nonpositive (or a nonnegative) solution of the equation d dt x(t) + m∑ j=1 p_j x(t − σ_j ) + n∑ i=1 q_ix(t − r_i) = f(t + c), for t ≥ 0 .

Fix such a c > T . Then for the Laplace transform F_c(λ) of f_c(t) = f(t + c), we have F_c(λ) = e^{λc} [ F (λ) − ∫_c 0 e^{−λt}f(t) dt ] . Hence we have

(4.6) F_c(λ) e^{−λ(τi−ε)} = e^{λc} F (λ) e^{−λ(τi−ε)} − e^{λc} ∫_c 0 e^{−λt}f(t) dt e^{−λ(τi−ε)} , i = 1, 2, . . . , n + m, where τ_i = r_i if i ∈ {1, 2, . . . , n} and τ_i = σ_{i−n}, if i ∈ {n + 1, n + 2, . . . , n + m}. We can see that

(4.7) lim_{λ→−∞} e^{λc} = 0 ,

and, by (4.4), we have

(4.8) lim_{λ→−∞} F (λ) e^{−λ(τi−e)} = 0 .

Since f ∈ C(R^+, R), so there exists a positive number M such that |f(t)| ≤ M on [0, c]. Thus | | | | ∫_c 0 e^{−λt}f(t) dt | | | | ≤ ∫_c 0 Me^{−λt} dt = M λ (1 − e^{−λc}) . Therefore

(4.9) lim_{λ→−∞} | | | | e^{λc} ∫_c 0 e^{−λt}f(t) dt e^{−λ(τi−ε)} | | | | ≤ lim_{λ→−∞} | | | M(e^{λc} − 1) λe^{−λ(τi−ε)} | | | = 0 .

102 YUMEI WU

Now taking into account (4.6)–(4.9), we obtain the conclusion that F_c(λ) also satisfies (4.4).

From the assumption and the above discussion, one can see that it is enough to assume that x(t) ≥ 0 for t > −r_1. Furthermore, we know, from (4.2), (4.4) and (4.5), that X(λ) has the abscissa of convergence −∞ and X(λ) > 0, for λ ∈ R.

By (4.1), we have

H(λ) = e^{−λr1} λe^{λr}1 + λ m∑ j=1 p_j e^{−λ(σj −r1)} + q_1 + n∑ i=2 q_ie^{−λ(ri−r1)} .

It is clear that lim λ→−∞ λe^{λr1} = 0 , lim_{λ→−∞} m∑ j=1 p_j e^{−λ(σj −r1)} = 0 ,

and lim λ→−∞ n∑ i=2 q_ie^{−λ(ri−r1)} = 0 . So the sign of H(λ) depends eventually on the sign of q_1. Thus we have two cases: q_1 > 0 and q_1 < 0. In the following we shall discuss only the case q_1 > 0. The case q_1 < 0 can be treated in a similar way. Thus we have H(λ) > 0 eventually for λ < 0. Let Φ_j (λ) : = λp_j

∫_0 −σj e^{−λ(s+σj )}φ(s) ds and Ψ_i(λ) : = q_i

∫_0 −ri e^{−λ(s+ri)}φ(s) ds ,

for j = 1, 2, . . . , m and i = 1, 2, . . . , n. Then we observe that

Ψ_1(λ) : = q_1

∫_0 −r1 e^{−λ(s+r1)}φ(s) ds = q_1φ(ξ_0)e^{−λr1} ∫_0 −r1 e^{−λs} ds = q_1φ(ξ_0)e^{−λ(r1−ε)} e^{λ(r1−ε)} − e^{−λε} λ , holds for some ξ_0 ∈ [−r_1, 0], where ε satisfies the conditions in (4.4). Since φ(t) ≥ 0 and φ(t) ≢ 0 on [−r_1, 0], so Ψ_1(λ) > 0. This implies that φ(ξ_0) ≠ 0, so we have that φ(ξ_0) > 0.

On the other hand, it is clear lim λ→−∞ e^{λ(r1−ε)} − e^{−λε} λ = +∞ .

VOLTERRA INTEGRAL EQUATIONS 103

Thus there exists a large number N > 0 such that q_1φ(ξ_0) e^{λ(r1−ε)} − e^{−λε} λ > 1, for λ < −N. Therefore, we have (4.10) Ψ_1(λ) > e^{−λ(r1−ε)}, for λ < −N. On the other hand, we also have

Φ_j (λ) = λp_j

∫_0 −σj e^{−λ(s+σj )}φ(s) ds = λp_j σ_j e^{−λ(−ξj +σj )}φ(−ξ_j ) , where ξ_j ∈ (0, σ_j ), j = 1, 2, . . . , m, and Ψ_i(λ) : = q_iφ(−η_i)r_ie^{−λ(−ηi+ri)}, where η_i ∈ (0, r_i), i = 2, 3, . . . , n.

So we have |Φ_j (λ)| Ψ_1(λ) < |λp_j | φ(−ξ_j )σ_j e^{−λ(σj −ξj )} e^{−λ(r1−ε)} = |λp_j | φ(−ξ_j )σ_j e^{λ(r1−ε−σj +ξj )}, for λ < −N, j = 1, 2, . . . , m. Since r_1 − ε > σ_j > σ_j − ξ_j , we find lim λ→−∞ e^{λ(r1−ε−σj +ξj )} = 0, for j = 1, 2, . . . , m. Similarly, |Ψ_i(λ)| Ψ_1(λ) < |q_i|φ(−η_i)r_ie^{λ(−ηj +ri)} e^{−λ(r1−ε)} = |q_i| r_iφ(−η_i)σ_j e^{λ(r1−ε−ηj +ri)}, for i = 2, 3, . . . , n. From r_1 − ε > r_i > r_i − η_i, we have lim λ→−∞ e^{λ(r1−ε−ηj +ri)} = 0, for i = 2, 3, . . . , n. Therefore we obtain (4.11) lim_{λ→−∞} |Φ_j (λ)| Ψ_1(λ) = lim_{λ→−∞} |Ψ_i(λ)| Ψ_1(λ)

= 0 , for i = 2, 3, . . . , n and j = 1, 2, 3, . . . , m.

104 YUMEI WU

On the other hand,

F (λ) + P (λ) = F (λ) + m∑ j=1 p_j φ(−σ_j ) − m∑ j=1 Φ_j (λ) − n∑ i=2 Ψ_i(λ) − Ψ_1(λ)

= Ψ_1(λ) F (λ) Ψ_1(λ) + m∑ j=1 p_j φ(−σ_j ) Ψ_1(λ) − 1 − m∑ j=1 Φ_j (λ) + n∑ i=2 Ψ_i(λ)

Ψ_1(λ) .

By (4.4) and (4.10), we know that lim λ→−∞ F (λ) Ψ_1(λ)

= 0 .

Since ∑_m j=1 p_j φ(−σ_j ) is a real constant, so

lim λ→−∞

m∑ j=1 p_j φ(−σ_j ) Ψ_1(λ)

= 0 .

Then taking (4.11) into account, we obtain lim λ→−∞ (F (λ) + P (λ)) = −∞ .

Since H(λ) > 0, X(λ) > 0, so H(λ)X(λ) > 0, for −λ (∈ R^+) large enough. Then from (4.2), we have, 0 < H(λ)X(λ) = F (λ) + P (λ) < 0 , for such a λ, a contradiction. So x is oscillatory. The proof is complete. � Using Corollaries 1 and 2 in [18] we can obtain some explicit sufficient conditions under which the solutions of forced neutral differential equations of the form (4.12) d dt [x(t) − px(t − σ)] + qx(t − r) = f(t), t ≥ 0 are oscillatory.

Corollary 4.1. Assume that the following conditions hold.

(i) r > σ, 0 < p < 1, σ > 0, q > 0.

(ii) The abscissa of convergence of F (λ) is −∞, and, for some ε > 0 with ε < min{σ, r − σ}, it holds F (λ) = o(e^{−λ(σ−ε)}) as λ → −∞. (iii) q 1 − p [ r + p 1 − p σ ] > 1 e . Then every nontrivial solution of the neutral differential equation (4.12) is oscillatory.

VOLTERRA INTEGRAL EQUATIONS 105

Corollary 4.2. Assume that the conditions (i) and (ii) in Corollary (4.1) hold and p > 1, σ > 0, q > 0 and p^{1−k}q p − 1 [( k + 1 p − 1 ) σ − r ] > 1 e , where k is the least positive integer such that kσ − r > 0. Then every nontrivial solution of the neutral differential equation (4.12) is oscillatory.

As an application of Corollary 4.2, let us consider the neutral differential equation

(4.13) ẋ(t) − 2ẋ(t − 5π) + 3x(t − 6π) = f(t)

where f(t) : = { sin t, t ∈ [2π, 3π] , 0, t ∈ [0, 2π) ∪ (3π, −∞) . First, we see that the Laplace transform of f is

F (λ) = e^{−3πλ} + e^{−2πλ} 1 + λ^2 . Note that at the complex points λ = ±i, where i = √ −1, the function F is bounded, and the derivate of F at the points λ = ±i exists. Therefore F is analytic on the complex plane C . So the abscissa of convergence of F is equal to −∞, namely, b = −∞.

We observe that p = 2, q = 3, σ = 5π, r = 6π, so the number k = 2 is the least positive integer such that 5πk − 6π > 0. Now take ε ∈ (0, π), then we have 0 < ε < min{5π, 6π − 5π} = π, lim λ→−∞ F (λ) e^{−λ(σ−ε)} = lim_{λ→−∞} e^{−3πλ} + e^{−2πλ} (1 + λ^2)e^{−λ(5π−ε)}

= 0 ,

lim λ→−∞ F (λ) e^{−λ(r−ε)} = lim_{λ→−∞} e^{−3πλ} + e^{−2πλ} (1 + λ^2)e^{−λ(6π−ε)}

= 0 , and p^{1−k}q p − 1 [( k + 1 p − 1 ) σ − r ] = 3 2 9π > 1 e . So all conditions of Corollary 4.2 hold.

On the other hand, x ≡ 0 is not a solution of (4.13). By Corollary 4.2, we know that every solution of (4.13) is oscillatory.

Acknowledgements. I am very grateful to Professor G. Karakostas for his helpful suggestion and discussions on this work. The scholarship provided by Greek State Scholarship Foundation is acknowledged.

106 YUMEI WU

References

1. Arino O. and Gyori I., Necessary and sufficient condition for oscillation of a neutral differ-

ential system with several delays, J. Differential Equations 81 (1989), 98–105.

2. Bachurskaya A. F., Uniqueness and convergence of successive approximations for a class of

Volterra equations, Differential Equations 10 (1974), 1325–1327.

3. Balachandran K. and Ilamaran S., An existence theorem for a Volterra integral equation with

deviating arguments, J. Appl. Math. Stoch. Anal. 3 (1990), 155–162.

4. Bellman R. and Cooker K. L., Differential – Difference Equations, Academic Press, New

York, 1963.

5. Bilchev S. J., Grammatikopoulos M. K. and Stavroulakis I. P., Oscillation criteria in higher-

order neutral equations, J. Austral. Math. Soc. (Series) 52 (1992), 261–284.

6. Bownds J. M., Cushing J. M. and Schutte R., Existence, uniqueness and extendibility of

solutions of Volterra integral systems with multiple, variable lags, Funk. Ekvac. 19 (1976), 101–111.

7. Burton T. A., Volterra Integral and Differential Equations, Academic Press, 1983. 8. Farrell K., Necessary and sufficient conditions for oscillation of neutral equations with real

coefficients, J. Math. Anal. Appl. 140 (1989), 251–261.

9. Farrell K., Grove E. A. and Ladas G., Neutral delay differential equations with positive and

negative coefficients, Applicable Anal. 27 (1988), 181–197.

10. Gopalsamy K., Oscillations in system of integrodifferential equations, J. Math. Anal. Appl.

113 (1986), 78–87.

11. , Oscillations in integrodifferential equations of arbitrary order, J. Math. Anal. Appl.

126 (1987), 100–109.

12. Grammatikopoulos M. K. and Stavroulakis I. P., Oscillations of neutral differential equations,

Radovi. Mat., (to appear).

13. Grove E. A., Ladas G. and Meimaridou A., A necessary and sufficient condition for the

oscillation of neutral equations, J. Math. Anal. Appl. 126 (1987), 341–354.

14. Gyori I., Oscillation and comparison results in neutral differential equations and their ap-

plications to the delay logistic equation, Computers Math. Applic. 18 (1989), 893–906.

15. Gyori I., Ladas G. and Pakula L., On oscillations of unbounded solutions, Proc. Amer. Math.

Soc. 106 (1989), 785–792.

16. , Oscillation theorems for delay differential equations via Laplace transforms, Canad.

Math. Bull. 33 (1990), 323–326.

17. Hale J., Theory of Functional Differential Equations, Springer–Verlag, New York, 1977. 18. Jaros J., On characterization of oscillations in first-order linear neutral differential equa-

tions, Funk. Ekvac. 34 (1991), 331–342.

19. Karakostats G. and Staikos D. V., ¯-like-continuous operators and some oscillation results,

Nonl. Anal. T. M. A. 12 (1988), 1149–1165.

20. Karakostas G. and Yumei Wu, Oscillation in Dynamical systems, Nonl. Anal. T. M. A., (to

appear).

21. Kulenovic M. R. S., Ladas G. and Meimaridon A., Necessary and sufficient condition for

oscillations of neutral differantial equations, J. Austral. Math. Soc. Ser. B28 (1987), 362–375.

22. Ladas G., Sharp conditions for oscillations caused by delays, Applicable Anal. 9 (1979),

95–98.

23. Ladas G., Sficas Y. G. and Stavroulakis I. Y., Necessary and sufficient conditions for oscil-

lations of high-order differential equations, Tran. Amer. Math. Soc. 285 (1984), 81–90.

24. Philos Ch. G. and Sficas Y. G., On the oscillation of neutral differential equation, J. Math.

Anal. Appl., (to appear).

25. Philos Ch. G., Purnaras I. K. and Sficas Y. G., Oscillations in higher-order neutral differ-

ential equations, Preprint, 1992.

26. , Oscillations in second-order linear autonomous differential eqautions with distribu-

ted type deviating arguments, J. Math. Anal. Appl., (to appear).

VOLTERRA INTEGRAL EQUATIONS 107

27. Schultz S. W., Necessary and sufficient conditions for the oscillations of bounded solutions,

Applicable Anal. 30 (1988), 47–63.

28. Sficas Y. G. and Stavroulakis I. P., Necessary and sufficient conditions for oscillation of

neutral differential equations, J. Math. Anal. Appl. 123 (1987), 494–507.

29. Wang Z. C., A necessary and sufficient condition for the oscillation of higher-order neutral

equations, Tohoku Math. J. 41 (1989), 575–588.

30. Werbowski J., On some asymptotic behavior of solution of a Volterra integral equation with

delay, Demonstratio Math. 13 (1980), 579–584.

31. Widder D. V., The Laplace Transform, Princeton University Press, 1946. 32. , An Introduction to Transform Theory, Academic Press, 1971.

Yumei Wu, Department of Mathematics, The University of Ioannina, P. O. Box 1186, GR. 451 10 Ioannina, Greece