Acta Math. Univ. Comenianae Vol. LXII, 2(1993), pp. 249–275 249

DISCRETIZATION AND SOME QUALITATIVE PROPERTIES OF ORDINARY DIFFERENTIAL EQUATIONS ABOUT EQUILIBRIA

B. M. GARAY

Abstract. Discretizations and Grobman-Hartman Lemma, discretizations and the hierarchy of invariant manifolds about equilibria are considered. For one-step methods, it is proved that the linearizing conjugacy for ordinary differential equations in Grobman-Hartman Lemma is, with decreasing stepsize, the limit of the linearizing conjugacies of the discrete systems obtained via time-discretizations. Similar results are proved for all types of invariant manifolds about equilibria. The estimates are given in terms of the degree of smoothness of the original ordinary differential equation as well as in terms of the stepsize and of the order of the discretization method chosen. The results sharpen and unify those of Beyn [6], Beyn and Lorenz [7] and Fečkan [17], [19].

0. Introduction

In recent years, several papers were devoted to studying the qualitative properties of discrete-time dynamical systems obtained via discretization methods. The basic question was/is whether the qualitative properties of continuous-time systems are preserved under discretization. Various concepts of differentiable dynamics were investigated. Without claiming completeness, we mention here results on stability and attraction properties [17], [23], bifurcations [8], periodic orbits [5], [15], [29], [36], invariant tori [13], [14], the saddle-point structure about equilibria [6], [1], invariant manifolds about equilibria [6], [7], [17], algebraic-topological invariants [23], [27], averaging [19]. Most of these results relate one-step methods for ordinary differential equations. Several authors remark that their results are also true for multistep methods (but the details are usually not presented. Such remarks do not seem to be entirely justified. The starting point is a result for the Euler method. Though somewhat more technical skill is required, generalizations for other one-step methods are, from the conceptual point of view, easily given.

Received December 15, 1992.

1980 Mathematics Subject Classification (1991 Revision). Primary 34C30; Secondary 65L05. Key words and phrases. Discretization, invariant manifolds, Grobman-Hartman lemma. Partially supported by the Hungarian National Foundation for Scientific Research, grant No.

1186 and 4385.

250 B. M. GARAY

However, in order to carry over the result for multistep methods (as it is demonstrated by the example of the saddle-point structure in [6]) some new ideas and lots of computations are also needed. An abstract framework for doing this task was created in [16].)

The typical result states that, in nondegenerate cases and for sufficiently small stepsize, qualitative properties are preserved under time-discretization. In other words, (a significant portion of) the phase portrait is correctly reproduced by numerical methods. With a slight abuse of language, one can say that, from the qualitative point of view, the discretized system and the original system are the same. Even estimates are given, in terms of the stepsize and of the order of the discretization method chosen.

The typical proof consists of three steps:

A. to show that the qualitative properties of the original continuous-time dynamical/differential system and of its time-h-map are, in some well-defined sense, the same

B. to point out that the h-discretized system (i.e. the discrete-time dynamical system obtained via time-discretization with stepsize h) is nothing else but a small perturbation of the time-h-map of the original system

C. to apply perturbation results/methods from nonlinear analysis and related fields (differential equations, nonlinear semigroup theory, differential topology, algebraic topology).

However, the above A-B-C subdivision is not always transparent. Most papers on this area seem to start, understandably, from the problem of explaining numerical experience and not from the classical qualitative theory. It is worth to mention here that the stepsize need not approach zero but can be considered as a bifurcation parameter as well [8]. Large stepsize may easily lead to chaos.

The aim of the present paper is to investigate the link between one-step methods [35], [10] and some local properties of ordinary differential equations about equilibria [21], [32]. Our results generalize those of [6], [7], [17], [19]. Throughout this paper, results on discretizations are termed as Corollaries. The proof of most Corollaries is subdivided into parts A-B-C. Part C is always the same: an easy application of the parametrized contraction mapping principle (recalled in proving Corollary 2.4).

The next section is of preparatory character.

Sections 2 and 3 are devoted to hyperbolic equilibria and to equilibria with pseudo-hyperbolic splittings, respectively. The main result in Section 2 is the observation that, in the vicinity of hyperbolic equilibria, discretizations, while slightly perturbing the linearizing conjugacy in Grobman-Hartman Lemma, can be considered as co-ordinate transformations. As a corollary, it follows that stable/unstable manifolds of the discretizations converge, with decreasing stepzise, to the stable/unstable manifold of the original differential equation. Section 3 ex-

DISCRETIZATION ABOUT EQUILIBRIA 251

tends the latter convergence result to all types (center etc.) of invariant manifolds about equilibria. In various norms, the distance between the original counterparts is estimated in terms of the stepsize and of the order of the one-step method chosen.

In a forthcoming paper, we point out that normally hyperbolic invariant manifolds persist under discretizations. Also the estimates derived in Section 3 for the equilibrium case remain valid.

Remark. My interest in the qualitative analysis of numerical methods originated in a paper of M. Fečkan [17]. The first version of the present paper ended with a detailed proof (similar to those in the last section of the present paper) of a slight generalization of Corollary 2.7 for the Euler method. Before submitting it, I learned of the results of W. J. Beyn and J. Lorenz [6], [7]. This led me to consider higher order methods as well as non-hyperbolic equilibria. Immediately before his visit to Budapest, November ’92, M. Fečkan sent us a copy of [19] and I learned that, in case of the Euler method, Corollary 2.3 is identical to the main result in [19].

1. One-step Discretization Methods and the “Local from Globalized” Principle

Throughout this paper, we use standard notation and terminology. In the following K_1, K_2 etc. will denote positive constants. The positive constants K_1(ε), K_2(ε) etc. will depend on some parameter ε. The constants K_1, K_2(ε) etc. will not necessarily be the same at different appearances. Given a Banach space Z, C^j = C^j (Z, Z) denotes, with norm

|f|_j = max { sup { |f^{(m)}(z)| | | z ∈ Z } , m = 0, 1, 2, . . . , j } , j = 0, 1, 2, . . . , the Banach space of all j times continuously differentiable functions from Z to Z, with bounded derivatives. For brevity, we write |f|_0 = |f|. Partial derivatives are denoted by s^′_x, s^′_y, φ^′_h, φ^{′′}_h, φ^{(m)}_h etc. The Banach space of bounded linear operators from Z to Z is denoted by L(Z, Z). The spectrum of C ∈ L(Z, Z) is denoted by σ(C). Though single bars denote norms in different spaces, no confusion should arise. In product spaces, the norm is defined by max{|x|, |y|}. Lipschitz constants are denoted by Lip (.).

Let f : Z → Z be (globally) Lipschitzian and consider the ordinary differential equation

(1) ż = f(z).

By its h-discretized equation we mean equation (2) Z = φ(h, z), (z, Z ∈ Z, h > 0)

252 B. M. GARAY

the shortened form of the recursive system z_{k+1} = φ(h, z_k), k = 0, 1, 2, . . . where φ is a fixed one-step method with stepsize h. We assume that φ is of order p for some integer p ≥ 1 i.e. there exist a constant h_0 and a constant K_1 = K_1(f) depending on f such that

(3) |φ(h, z) − Φ(h, z)| ≤ K_1h^{p+1} for all h ∈ (0, h_0], z ∈ Z

where Φ(h, ·): Z → Z is the time-h-map of the induced solution flow of (1). We assume also the existence of a continuous function ω = ω(·, f): (0, h_0] → R^+ satisfying ω(h) → 0 as h → 0 such that φ(h, ·) − Φ(h, ·): Z → Z is Lipschitzian and

(4) Lip ( φ(h, ·) − Φ(h, ·) ) ≤ hω(h) for all h ∈ (0, h_0].

To motivate (4), assume that (3) is satisfied and that f, φ ∈ C^{p+n+1}, n ∈ N. It follows easily that φ^{(m)}_h (0, z) = Φ^{(m)}_h (0, z), m = 0, 1, 2, . . . , p and hence, by Taylor’s expansion formula with the remainder in integral form, there holds (φ(h, z) − Φ(h, z)) = (p!)^{−1} ∫_1 0 (1 − τ)^p ( φ^{(p+1)} h (τh, z) − Φ^{(p+1)}_h (τh, z) ) dτh^{p+1} for all h > 0, z ∈ Z. The conclusion is the existence of a constant K_2 = K_2(f, n) for which

(5) |φ^{(m)}_z (h, z) − Φ^{(m)}_z (h, z)| ≤ K_2h^{p+1}, m = 0, 1, 2, . . . , n

and, argueing similarly, (6) |φ^{(n+m)}_z (h, z) − Φ^{(n+m)}_z (h, z)| ≤ K_2h^{p+1−m}, m = 0, 1, 2, . . . , p + 1 for all h ∈ (0, h_0] (actually, for all h > 0) and z ∈ Z.

To simplify the technicalities, conditions on φ are/were formulated on the entire space Z. What we actually need is that (3), (4), (5) and/or (6) are satisfied on a fixed ball in Z. In this sense, with p = 1, h_0 = 1, (3) is satisfied provided that f ∈ C^1 and φ(h, z) = z + hf(z), the classical Euler method. If, in addition, f^′ is uniformly continuous, then (4) is satisfied, too. (We have e.g. |φ^′_z (h, z) − Φ^′_z(h, z)| ≤ K_3h^{1+α} if f^′ is Hölder with exponent α.) If f ∈ C^{n+1} (and, as before, p = 1, φ(h, z) = z + hf(z)), then (5) and (6) are satisfied, n = 0, 1, . . .. In various special cases [7], K_2 = K_2(f, n) depends only on |f|_{p+n+1}. (In what follows, an additional parameter ε will be intoduced. In some important special

DISCRETIZATION ABOUT EQUILIBRIA 253

cases [7], also the dependence of K_2 (and consequently, of Ω_1, Ω_2, h, K etc.) on ε can be explicitely given. See also Corollary 2.8.)

Given a Banach space Z, a function μ: Z → [0, 1] is called a cut-off-function if it is (globally) Lipschitzian and μ(z) = 0 whenever |z| ≥ 1 and 1 whenever |z| ≤ Δ for some Δ > 0. The simplest way of defining cut-off-functions is possibly to take μ(z) = λ(|z|) where λ is a suitable piecewise linear real function. On the other hand, the existence of C^n, n = 1, 2, . . ., cut-off-functions depends crucially on the finer structure of Z. For details, examples and counterexamples, see the corresponding remarks in [21], [32], and the references therein. We recall here only the simple fact that finite-dimensional spaces and Hilbert spaces admit C^∞ cut-off-functions.

In the next two sections, some local qualitative properties about equilibria of ordinary differential equations will be investigated. For this reason, we assume, as usual, that f ∈ C^1, f(z) = Cz + c(z) for all z ∈ Z, C ∈ L(Z, Z), c(0) = 0, c^′(0) = 0 and consider the ordinary differential equation

(7) ż = Cz + c(z; ε)

where μ is a cut-off-function and c(z; ε) = μ(z/ε)c(z), z ∈ Z, ε > 0. The induced solution flow can be written as Φ(t, z; ε) = e^{Ct}z + r(t, z; ε), t ∈ R, z ∈ Z, ε > 0. With (7), we consider also its h-disretized equation Z = φ(h, z; ε) and the modified h-discretized equation (8) Z = e^{Ch}z + ψ(h, z; ε) where ψ(h, z; ε) = μ(z) ( φ(h, z; ε) − Φ(h, z; ε) ) + r(h, z; ε), h > 0, z ∈ Z, ε > 0. Remark 1.1. The basic existence results of linearization and invariant manifold theory are formulated [21], [32] in the Lipschitz category. Though we are completely aware of the fact that inequality (3) can hardly be required for all members of the family {f(z) = Cz + μ(z/ε)c(z)}_{ε>0} without assuming μ, c ∈ C^{p+1}, our treatment of one-step discretization methods tries to be faithful to this Lipschitz tradition.

254 B. M. GARAY

Proposition 1.2. The function r(t, ·; ε): Z → Z is bounded and Lipschitzian. More precisely, there exists a bounded continuous function Ω_1 = Ω_1(·, f): (0, ∞) → R^+ with Ω_1(ε) → 0 as ε → 0 such that |r(t, ·; ε)| ≤ Ω_1(ε)εt whenever t ∈ [0, 1], ε > 0, Lip (r(t, ·; ε)) ≤ Ω_1(ε)t whenever t ∈ [0, 1], ε > 0.

Proof. The differentiability assumptions on c imply that, for a suitable bounded continuous function Ω = Ω(·, f): (0, ∞) → R^+ satisfying Ω(ε) → 0 as ε → 0, there holds |c(z; ε) − c(w; ε)| ≤ Ω(ε)|z − w| whenever z, w ∈ Z, ε > 0. In particular, |c(z; ε)| ≤ Ω(ε)ε for all z ∈ Z, ε > 0. Since ṙ(t, z; ε) = Cr(t, z; ε) + c(Φ(t, z; ε); ε) and r(0, z; ε) = 0, an elementary application of Gronwall lemma yields that |ṙ(t, z; ε)| ≤ |C||r(t, z; ε)| + Ω(ε)ε, |r(t, z; ε)| ≤ Ω(ε)ε ( e^{|C|t} − 1 ) /|C| ≤ Ω_1(ε)εt whenever t ∈ [0, 1], z ∈ Z, ε > 0. Also the second inequality follows from Gronwall lemma (when applied to the difference of equations ṙ(t, z; ε) = Cr(t, z; ε) + c(Φ(t, z; ε); ε), ṙ(t, w; ε) = Cr(t, w; ε) + c(Φ(t, w; ε); ε). ) � Proposition 1.3. The function ψ(h, ·; ε): Z → Z is bounded and Lipschitzian. More precisely, there exists a bounded continuous function Ω_2 = Ω_2(·, f): (0, ∞) → R^+ with Ω_2(ε) → 0 as ε → 0 and, for each ε > 0, there exists an h(ε) = h(ε, f) > 0 such that |ψ(h, ·; ε)| ≤ Ω_2(ε)εh whenever h ∈ (0, h(ε)], ε > 0, Lip (ψ(h, ·; ε)) ≤ Ω_2(ε)h whenever h ∈ (0, h(ε)], ε > 0.

Proof. In virtue of (3), (4) and of the previous Proposition, we have that |ψ(h, ·; ε)| ≤ |φ(h, ·; ε) − Φ(h, ·; ε)| + |r(h, ·; ε)| ≤ K_1(ε)h^{p+1} + Ω_1(ε)εh and Lip (ψ(h, ·; ε)) ≤ Lip (μ)|φ(h, ·; ε) − Φ(h, ·; ε)| + Lip (φ(h, ·; ε) − Φ(h, ·; ε)) + Lip (r(h, ·; ε)) ≤ Lip (μ)K_1(ε)h^{p+1} + ω(h, ε)h + Ω_1(ε)h for all h ∈ (0, min{h_0, 1}), ε > 0 and the desired estimates follow immediately. (Here, of course, with a slight abuse of notation, K_1(ε) = K_1(f_ε) and ω(h, ε) = ω(h, f_ε) where f_ε(z) = Cz + c(z; ε), z ∈ Z.) �

DISCRETIZATION ABOUT EQUILIBRIA 255

Proposition 1.4. There exists an ε_0 > 0 such that, for all ε ∈ (0, ε_0] and h ∈ (0, h(ε)], the mapping z → e^{Ch}z + ψ(h, z; ε) defines a homeomorphism of Z onto itself.

Proof. This is a simple consequence of Proposition 1.3 and of the global Lipschitz inverse function theorem [21, Ex. C. 11]. �

The previous three propositions are elementary. They prepare applications to Grobman-Hartman Lemma and to generalized stable manifolds. Both applications are related to the local behaviour of ordinary differential equations about equilibria. Even if both the conjugacy in Grobman-Hartman Lemma and the generalized stable manifold (in the center-stable case) depend on the particular form of the cut-off function μ, the use of cut-off techniques seems to be unavoidable. Local results on

(9) ż = Cz + c(z)

follow easily from global results on (7). In order to extend this “local from globalized” principle to discretization results concerning (2) and (9), we

(C) assume the existence of a continuous function δ = δ(·, f): (0, h_0] → R^+ satisfying δ(h) → 0 as h → 0 such that for all h ∈ (0, h_0] and z ∈ Z, φ(h, z) is determined solely by the restriction of f to the set {w ∈ Z||w − z| ≤ δ(h)}.

As a trivial consequence of (C), given ε > 0 arbitrarily, there holds φ(h, z) = φ(h, z; ε) for all |z| ≤ εΔ/2 and h sufficiently small. Since Φ(h, z) = Φ(h, z; ε) whenever |z| ≤ εΔ/2 and h sufficiently small, global conjugacy and/or invariant manifold results for (7) can be obviously interpreted as local results for (9). We remark also that φ(h, z; ε) = e^{Ch}z + ψ(h, z; ε) for all h > 0, |z| ≤ Δ and ε > 0. The reason for introducing the modified h-discretized equation (8) is that ψ is bounded while φ − Φ (as it is shown by the trivial example Z = R, φ(h, z) = φ(h, z; ε) = z + hf(z)) is not necessarily bounded on the entire space Z. (See how Propositions 1.2. and 1.3. are used in proving Corollary 2.3.) The “local from globalized” principle can be partially reversed. It is not hard e.g. to show that convergence results like (17) (when stated for the local stable manifolds of (9) and (2)) imply, in suitable C^p manifold topologies, convergence results for the global stable manifolds of (9) and (2). We shall return to this point in our forthcoming paper on discretizations and normally hyperbolic invariant manifolds.

2. Discretizations and Grobman-Hartman Lemma

In an interesting paper, Beyn [6] has shown that, in the vicinity of hyperbolic equilibria, any trajectory of the original continuous-time dynamical system is approximated, within the order of the discretization method, by a trajectory of the

256 B. M. GARAY

discretized system and, similarly, as long as remaining near to the stationary point, any trajectory of the discretized system approximates some trajectory of the original continuous-time system. However, an easy analysis of the construction in [6] shows that the pairing defined by the initial points of the corresponding trajectories is neither continuous nor invariant. Thus, though establishing the preservation of the saddle-point structure under discretization (trajectory pairing(s) with sharp estimates plus convergence of stable/unstable manifolds of the discretized systems to the stable/unstable manifolds of the original dynamical system, itself a remarkable result rediscovered in [17]), the pairing constructed in [6] does not conform to any of the usual equivalence concepts of dynamical systems theory. In the present section, we construct a continuous and invariant pairing which allows us, in the vicinity of hyperbolic equilibria, to interprete time-discretization as an invariant coordinate transformation. We do this by putting the whole problem into the general framework of Grobman-Hartman Lemma. What we recall here is a technical version of the original result due to Hartman.

Theorem 2.1. [21, Thm. 5.14.] Let X , Y, Z be Banach spaces, U ∈ L(X , X ), V ∈ L(Y, Y), T ∈ L(Z, Z), Z = X × Y, T = diag (U, V ). Let ξ, η ∈ C^0(Z, Z) be Lipschitzian and Lip (ξ), Lip (η) ≤ κ. Assume that T is invertible and κ < min{1 − a, 1/|V^{−1}|} where a = max{|U^{−1}|, |V |} and a < 1. Then there exists a unique g ∈ C^0(Z, Z) such that

(10) (T + η)( id + g) = ( id + g)(T + ξ).

Moreover, id + g is a homeomorphism and is thus a topological conjugacy from T + ξ to T + η.

The proof [21] begins with the observation that, in virtue of the Lipschitz inverse function theorem, T + ξ is a homeomorphism of Z onto itself. Therefore, T̃ g = T g(T + ξ)^{−1} defines a continuous linear operator on C^0(Z, Z). The core of the proof is to point out that id − T̃ ∈ L(C^0(Z, Z), C^0(Z, Z)) is invertible, |( id − T̃ )^{−1}| ≤ 1/(1 − a) and that the function C^0(Z, Z) → C^0(Z, Z), g → η(id + g)(T + ξ)^{−1} − ξ(T + ξ)^{−1} is Lipschitzian with constant κ. Thus,

F_{ξ,η} (g) = ( id − T̃ )^{−1}{η( id + g)(T + ξ)^{−1} − ξ(T + ξ)^{−1}}

defines a contraction on C^0(Z, Z) and the contraction constant is Lip (F_{ξ,η} ) ≤ κ/(1 − a) < 1. But g = F_{ξ,η} (g) is a reformulation of (10). The unique fixed point g satisfies |g| ≤ (1 − a − κ)^{−1}|ξ − η|. The last trick is to point out that id + g is a homeomorphism of Z onto itself. (Note that ( id + g)^{−1} − id ∈ C^0(Z, Z)

DISCRETIZATION ABOUT EQUILIBRIA 257

and |( id + g)^{−1} − id | = |g|. We remark also that g(0) = 0 provided that ξ(0) = η(0) = 0.)

Now we return to equation (9) and assume that C admits a pseudo-hyperbolic splitting i.e. there exist closed subspaces X , Y of Z, A ∈ L(X , X ), B ∈ L(Y, Y) such that Z = X × Y, C = diag (A, B) and sup{ Re λ | λ ∈ σ(B)} < β < α < inf{ Re λ | λ ∈ σ(A)}. Proposition 2.2. There is a constant h_0 > 0 such that, by passing to an equivalent norm, we may assume that |e^{−Ah}| < 1 − hα, |e^{Bh}| < 1 + hβ, |e^{−Ah}||e^{Bh}| < 1 − h(α − β) for all h ∈ (0, h_0].

Proof. We restrict ourselves to prove the assertion for A. Choose α_1 > 0 so that α + 3α_1 < inf{ Re λ | λ ∈ σ(A)}. Since σ( id − rA) = 1 − rσ(A) and |1 − rλ|^2 = 1 − 2r Re λ + r^2|λ|^2 for all r ∈ R, λ ∈ σ(A), there is a constant k > 0 such that σ( id − kA) ⊂ {λ ∈ C | |λ| ≤ 1 − k(α + 2α_1)}. In virtue of the spectral radius theorem, there is an equivalent norm on X such that | id − kA| < 1 − k(α + α_1). Using Taylor expansion, we have that |e^{−Ah}| ≤ | id − Ah| + Kh^2 for some constant K and, consequently, |e^{−Ah}| ≤ (1 − h/k)| id | + (h/k)| id − kA| + Kh^2 ≤ 1 − h/k + (h/k)(1 − k(α + α_1)) + Kh^2 = 1 − h(α + α_1) + Kh^2 for all h ∈ (0, h_0]. The rest is clear. �

Corollary 2.3. Assume that the pseudo-hyperbolic splitting C = diag (A, B) is hyperbolic i.e. β < 0 < α and that the one-step discretization method satisfies (3) and (4). Then there is an ε_0 > 0, and, for all ε ∈ (0, ε_0], there are positive constants h(ε), K(ε) with the properties as follow. Given ε ∈ (0, ε_0], h ∈ (0, h(ε)], there exists a unique map g = g(h, ε) ∈ C^0(Z, Z) such that id + g is a conjugacy from Φ(h, z; ε), the time-h-map of (7), to e^{Ch}z + ψ(h, z; ε), the modified h-discretization (8). Further, |g| ≤ K(ε)h^p.

Proof. Setting U = e^{Ah}, V = e^{Bh}, T = e^{Ch}, ξ = r(h, z; ε), η = ψ(h, z; ε), one checks easily that the conditions of Theorem 2.1 are all satisfied. In fact, by Proposition 2.2, U is invertible and |U^{−1}| ≤ 1 − hα, |V | ≤ 1 + hβ. Since V is invertible and |V^{−1}| ≤ e^{|B|h} for all h > 0, the crucial inequality κ < min{1 − a, 1/|V^{−1}|} is a corollary of Propositions 1.2 and 1.3. Finally, we have that 1 − a − κ ≥ 1 − max{1 − hα, 1 + hβ} − max{Ω_1(ε), Ω_2(ε)}h ≥ k(ε)h for some positive constant k(ε) and therefore, |g| ≤ (1 − a − κ)^{−1}|r − ψ| ≤ (1 − a − κ)^{−1}|φ − Φ| ≤ (k(ε)h)^{−1}K_1(ε)h^{p+1} = K(ε)h^p. �

Repeating the proof of Corollary 2.3 with ξ = 0, we obtain the existence of a unique G = G(h; ε) ∈ C^0(Z, Z) such that id + G is a conjugacy from e^{Ch}z, the

258 B. M. GARAY

time-h-map of ż = Cz, the linearization of (7), to e^{Ch}z + ψ(h, z; ε), the modified h-discretization (8).

It is well-known that Grobman-Hartman Lemma applies for flows [21, Thm. 5.25]. As for the ordinary differential equation (7), it states that, given ε sufficiently small, there is a unique G = G(ε) ∈ C^0(Z, Z) such that id + G is a homeomorphism of Z onto itself and that

(11) Φ(t, z + G(z); ε) = e^{Ct}z + G(e^{Ct}z) for all z ∈ Z, t ∈ R.

Thus, id + G is a conjugacy from ż = Cz to the nonlinear differential equation (7). Our remarks following Theorem 2.1 imply that |G| ≤ Ω(ε)ε where Ω(ε) → 0 as ε → 0. Corollary 2.4. Under the previous conditions, there holds |G(ε) − G(h; ε)| ≤ K(ε)h^p for all h ∈ (0, h(ε)]. Proof. Part A. Substituting h = t, T = e^{Ch}, ξ = 0, η = r(h, ·; ε), the conjugacy equation (10) goes over into (11). Hence, G = G(ε) is the unique solution to equation (12) g = F_{0,r(h,·;ε)}(g) in C^0(Z, Z). In particular, the solution of (12) does not depend on h.

Part B. By letting T = e^{Ch}, ξ = 0, η = ψ(h, ·; ε), we see that G = G(h; ε) is the unique solution to equation (13) g = F_{0,ψ(h,·;ε)}(g) in C^0(Z, Z). The right-hand side of (13) defines a contraction on C^0(Z, Z) and the contraction constant is less than κ/(1 − a) < Ω_2(ε)h/(1 − max{1 − hα, 1 + hβ}) which, in turn, is less than 1/2 for ε sufficiently small. The same is true for F_{0,r}(h, ·; ε). Using Proposition 2.2 again, observe that |F_{0,r(h,·;ε)} − F_{0,ψ(h,·;ε)}| ≤ |(I − T̃ )^{−1}| · |r − ψ| ≤ (1 − a)^{−1} · |φ − Φ| ≤ (h min{α, −β})^{−1}K_1(ε)h^{p+1} = K(ε)h^p. Part C. The desired inequality is a trivial coonsequence of the parametrized contraction mapping principle applied to (12) and (13): Let (M, d) be a complete metric space, f_1, f_2 : M → M contractions with constant q < 1 and

DISCRETIZATION ABOUT EQUILIBRIA 259

d(f_1(m), f_2(m)) ≤ ν for all m ∈ M. Then d(m_1, m_2) ≤ (1 − q)^{−1}ν where m_i is the unique fixed point of f_i in M, i = 1, 2. �

For completeness, we give a second proof for Corollary 2.4 (though it is much shorter than the one already presented, this second proof does not rely on perturbation methods and so it is somewhat outside of the general set-up of the present paper): By the uniqueness property in Grobman-Hartman Lemma, there holds ( id + g)( id + G(ε)) = id + G(h; ε).

Hence, in virtue of Corollary 2.3,

|G(ε) − G(h; ε)| = |( id + G(ε)) − ( id + G(h; ε))|

= |( id + G(ε)) − ( id + g)( id + G(ε))| = |g( id + G(ε))| ≤ K(ε)h^p.

In order to pass from (7) to (9) and to interprete the above corollaries as local results on (9), we assume that our discretization method satisfies (C) and recall that Φ(h, z) = Φ(h, z; ε) and φ(h, z) = e^{Ch} + ψ(h, z; ε) whenever |z| ≤ εΔ/2 and h sufficiently small. Similarly, |g(0)| ≤ εΔ/2 for h sufficiently small. Consider now, in a vicinity of the origin, the pairing z ←→ z + g(z) where g is taken from Corollary 2.3. It is easy to check that this (conjugacy) pairing has all the good properties of the (somewhat unnatural – unnatural, in the context of the classical qualitative theory – ) pairing constructed by Beyn [6]. The pairing z ←→ z + g(z) is a local coordinate transformation from the original to the discretized equation. Corollary 2.4 concerns also the saddle-point structure about hyperbolic equilibria. Stating that the linearizing conjugacy is the limit of the linearizing conjugacies for the discretized equations, it has also a simple geometrical meaning and clarifies the link between linearization and discretization.

Remark 2.5. For certain parabolic partial equations, the results of Beyn has recently been generalized by Alouges and Debussche [1]. They pointed out that, locally, in a neighbourhood of nondegenerate equilibria, any positive semi trajectory of the time–discretized system is “shadowed” by a positive semi trajectory of the original parabolic partial equation and vice-versa. This was done by combining Beyn’s original ideas [6] with invariant manifold theory for parabolic equations [4]. The result is conceptually clear [1]: the underlying perturbation theory for stable/unstable manifolds works equally well [21, Thm. 6.23] for noninvertible mappings. From numerical point of view, a comparison between individual (positive semi) trajectories may be completely satisfactory. Nevertheless, on behalf of classical qualitative theory, the local phase-portrait (as a whole) of the discretized system had to be compared to the local phase portrait (as a whole) of the original partial equation. This is certainly a hard task because, not even as a decoupling result, Grobman-Hartman Lemma does not [3] remain true for noninvertible

260 B. M. GARAY

mappings. Neither the positive results [3], [12], [26], [30] on Grobman-Hartman Lemma for noninvertible mappings seem to be directly applicable.

Corollary 2.4 yields, of course, some results on stable/unstable manifolds and discretization. We clarify this point in some details now. The classical stable manifolds of (7) and (8) are denoted by M_ε = {(u_ε(y), y) ∈ X × Y = Z | y ∈ Y}, and M_{h,ε} = {(u_{h,ε}(y), y) ∈ X × Y = Z | y ∈ Y} respectively. It is well-known that the functions u_ε, u_{h,ε} : Y → X are bounded and Lipschitzian. Reconsidering the proof of the stable manifold theorem, it is easy to show that Lip (u_ε), Lip (u_{h,ε}) ≤ L(ε) for some constant L(ε) (independent of h). The stable linear subspace for ż = Cz is {0} × Y. Since M_ε = ( id + G(ε))({0} × Y) and M_{h,ε} = ( id + G(h, ε))({0} × Y), it follows immediately from Corollary 2.4 that, for all ε ∈ (0, ε_0], (14) |u_ε − u_{h,ε}| ≤ (1 + L(ε))K(ε)h^p whenever h ∈ (0, h(ε)].

Now we assume that f, μ, φ ∈ C^{p+1}. A careful analysis of the proof [21], [32] of the C^{p+1} version of the stable manifold theorem shows that (15) |u_{h,ε}|_p ≤ m(ε) for some constant m(ε) independent of h. Since u_ε ∈ C^{p+1}, it follows that (16) |u_ε − u_{h,ε}|_p ≤ M(ε) whenever h ∈ (0, h(ε)]. As an immediate application of the following theorem [31], [24] (which goes back to Landau, 1913 and Hadamard, 1914), inequality (14) resp. (16) is the first resp. last inequality in a finite chain of interpolation inequalities.

Theorem 2.6. Let Y, X be Banach spaces and let u ∈ C^p(Y, X ), p ∈ N. Then |u^{(j)}|^p ≤ const(j, p) · |u|^{p−j} · |u^{(p)}|^j , j = 0, 1, . . . , p. Proof. The first nontrivial case is j = 1, p = 2. We show that (17) |u^′|^2 ≤ 4|u| · |u^{′′}| for all u ∈ C^2. In fact, for all y, w ∈ Y, w ≠ 0, there holds |u^′(y)w/|w|| ≤ |w|^{−1}(|u(y + w) − u(y) − u^′(y)w| + |u(y + w) − u(y)|) ≤ |w|^{−1}(| ∫_1 0 (u^′(y + τw) − u^′(y))wdτ| + 2|u|) ≤ |w|^{−1}(2^{−1}|u^{′′}| · |w|^2 + 2|u|). Taking minimum for |w| on the right-hand side, we obtain |u^′(y)w/|w|| ≤ 2|u|^{1/2}|u^{′′}|^{1/2} and (17) follows immediately. The general case is settled by a double induction on j and p. In case of X = Y = R, also the best constants const_0(j, p) are known [31], [24]. �

DISCRETIZATION ABOUT EQUILIBRIA 261

Corollary 2.7. Assume, in addition, that f, μ, φ ∈ C^{p+1}. Then, in the C^{p−1}- norm, M_{h,ε} → M_ε as h → 0, for all ε sufficiently small. If also (C) is satisfied, then the local stable manifold of (9) is, in the C^{p−1} norm, the limit of the local stable manifolds of its discretizations (2) as the discretization parameter approaches zero.

Proof. Set u = u_ε − u_{h,ε}. Starting form (14) and (16), a simple application of the previous theorem yields that |u^{(j)}_ε − u^{(j)}_{h,ε}| ≤ K(ε)h^{p−j} , j = 0, 1, 2, . . . , p. In particular, |u_ε − u_{h,ε}|_{p−1} ≤ K(ε)h. �

For the Euler method, assuming f, μ ∈ C^2, the above considerations yield that |u_ε − u_{h,ε}| ≤ K(ε)h and |u_ε − u_{h,ε}|_1 ≤ K(ε). (The very same result follows also from Corollary 3.7 of the next section. In case of f, μ ∈ C^3, Corollary 3.7 implies that |u_ε − u_{h,ε}|_1 ≤ K(ε)h and |u_ε − u_{h,ε}|_2 ≤ K(ε).) On the other hand — still assuming f, μ ∈ C^2—there holds [17]

(18) |u_ε − u_{h,ε}|_2 ≤ K for some constant K = K(f).

Consequently, in virtue of (17), |u_ε − u_{h,ε}|_1 ≤ Kh^{1/2}. (This point is missed in [17] where, in the special case Z = R^n, (18) is followed by an Arzela-Ascoli argument leading to |u_ε − u_{h,ε}|_1 → 0 as h → 0). Actually, even a stronger result is true. (The ultimate reason is a peculiarity of the Euler method: φ(h, z) = z + hf(z) is smooth in h.)

Corollary 2.8. Assume that f, μ ∈ C^2, φ(h, z) = z + hf(z), the classical Euler method. Then |u_ε − u_{h,ε}|_1 ≤ Kh and |u_ε − u_{h,ε}|_2 ≤ K for some constant K independent of h and ε.

Proof. For ε > 0, define f_ε(z) = Cz + μ(z/ε)c(z), z ∈ Z. It is elementary to check that |z + hf_ε(z) − Φ(h, z; ε)| ≤ Kh^2, |id + hf^′_ε(z) − Φ^′_z (h, z; ε)| ≤ Kh^2, |hf^{′′}_ε (z) − Φ^{′′}_{zz}(h, z; ε)| ≤ Kh for some constant K = K(f). (This is better what, on the basis of (5) and (6), p = 1, n = 0, one might hope for. More precisely, the latter inequalities correspond to (5) and (6) — in case of p = 1, n = 1.) In a technically much simpler situation, the reasoning we use in proving Corollary 3.7 can be repeated. (A careful analysis of the role of inequalities (5) and (6) is needed.)�

The next section is devoted to various generalizations of Corollary 2.7.

262 B. M. GARAY

3. Discretization and the Hierarchy of Invariant Manifolds of Equilibria

The aim of this section is to demonstrate that M_{h,ε} → M_ε as h → 0 where M_ε and M_{h,ε} are suitable invariant manifolds of (7) and (8), respectively. A simple result into this direction is Corollary 2.7 above. It concerns stable manifolds of hyperbolic equilibria, the prototype of all invariant manifolds. The unique equilibria of (7) and (8) are 0 and g(0), respectively. The stable manifolds of (7) and (8) (as well as the local stable manifolds of (9) and (2) providing (C) is satisfied) belong actually to these equilibria.

To pass to more general invariant manifolds, we relax the hyperbolicity condition on the splitting C = diag (A, B). On the other hand, we assume that 0 is an equilibrium of (8) i.e. of (2). This can be ensured e.g. by assuming that

(19) if f(z) = 0, then φ(h, z) = z for all h ∈ (0, h_0].

The case of the classical center/center-stable manifold was investigated by Beyn and J. Lorenz [7]. It is well-known that center manifolds need not be unique. Different center manifolds of the same equilibrium have, both from the (differential) topological [33] and from the dynamical [9] point of view, very similar properties. Fortunately, in a well-defined technical sense, the center manifold of (7) is unique (but depends on μ: multiplication by μ(z/ε) singles out a local center manifold and makes it global). Given M_ε, the center manifold of (7), Beyn and Lorenz proved [7, Thm. 3.10] the existence of an invariant manifold M_{h,ε} of (8) such that, with respect to the C^n-norm, M_ε and M_{h,ε} are O(h^p)-near providing f, μ, φ ∈ C^{p+n+2}. They pointed out that, in contrast to the stable manifold case, the detailed structure of the dynamics on M_{h,ε} could vary dramatically with h.

In order to keep the technical difficulties limited [7], Beyn and Lorenz did not make any attempt to minimize the smoothness assumptions on f. We continue their investigations. The smoothness assumptions will be weakened and/but sharper estimates proved. Besides, we consider general invariant manifolds of equilibria and not only the classical stable/unstable and center/center-stable manifolds. If also (C) is satisfied, the results we present for (7) and (8) can, as in the previous section, be reformulated in the context of local invariant manifolds.

The section is organised as follows. Results on discretization methods are presented alternately with abstract theorems on invariant manifolds. As existence and smoothness statements, all these abstract theorems (Theorem 3.1, Propositions 3.3 and 3.5) are well-known from standard invariant manifold theory [21], [32]. The novelty (and this is what Corollaries 3.2, 3.4, 3.7 and 3.8 are based on) is that the contraction estimates we derive are more effective/efficient than usual.

We begin with a technical version of Irwin’s result [21] on the existence of generalized stable manifolds. Actually, what we need is not the existence result itself but the weighted norm || · || and the estimates from the proof below.

DISCRETIZATION ABOUT EQUILIBRIA 263

Theorem 3.1. Consider a mapping of the form Q: X × Y → X × Y, (x, y) → (X, Y ) = (Dx + s(x, y), Ey + t(x, y)) where D ∈ L(X , X ), E ∈ L(Y, Y) and s: X × Y → X , t: X × Y → Y are Lipschitzian. In particular, there exist constants s_x, s_y, t_x, t_y such that, for all x, x̃ ∈ X , y, ỹ ∈ Y, there hold |s(x, y) − s(x̃, ỹ)| ≤ s_x|x − x̃| + s_y|y − ỹ|, |t(x, y) − t(x̃, ỹ)| ≤ t_x|x − x̃| + t_y|y − ỹ|. Further, assume that s(0, 0) = 0, t(0, 0) = 0. Finally, assume that D is invertible and there is a positive constant L such that (20) |D^{−1}|{L(|E| + s_x + t_y) + t_xL^2 + s_y} ≤ L and (21) b_1 = |D^{−1}|(|E| + 2t_xL + s_x + t_y) < 1.

Then there is a unique Lipschitzian mapping v : Y → X with Lip (v) ≤ L for which graph (v) = {(v(y), y)‖y ∈ Y} ⊂ X × Y is (positively) invariant and v(0) = 0. In addition, (x, y) ∈ graph (v) if and only if (22) |x_k|, |y_k| ≤ Const (x_0, y_0) · (|E| + t_xL + t_y)^k for all k ∈ N where (x_k, y_k) denotes the k-th iterate of (x, y) = (x_0, y_0) under Q, k = 1, 2, . . . .

Proof. Equipped with the weighted norm ||ϑ|| = sup{|ϑ(y)|/|y| | | 0 ≠ y ∈ Y} and with the usual algebraic operations, the set

W = {ϑ: Y → X is a continuous function | there exists a constant K = K(ϑ) such that |ϑ(y)| ≤ K|y| for all y ∈ Y} is a Banach space and W_L = {ϑ ∈ W | | |ϑ(y) − ϑ(ỹ)| ≤ L|y − ỹ| for all y, ỹ ∈ Y} is closed subset of W.

If v ∈ W_L satisfies the invariance equation Dx + s(x, y) | |_{x=v(y)} = v(Ey + t(x, y)) | |_{x=v(y)},

264 B. M. GARAY

then v = G_{s,t}(v) where G_{s,t} : W_L → W_L is defined by (G_{s,t}(v))(y) = D^{−1}v(Ey + t(v(y), y)) − D^{−1}s(v(y), y), y ∈ Y. We claim that G_{s,t}(W_L) ⊂ W_L and that G_{s,t} is a contraction with constant Lip_{||·||}(G_{s,t}) ≤ b_1 < 1.

In fact, for all v ∈ W_L, y, ỹ ∈ Y, we have that |(G_{s,t}(v))(y) − (G_{s,t}(v))(ỹ)| ≤ |D^{−1}|{L(|Ey − Eỹ| + |t(v(y), y) − t(v(ỹ), ỹ)|) + |s(v(y), y) − s(v(ỹ), ỹ)|} ≤ |D^{−1}|{L(|E| + t_xL + t_y) + s_xL + s_y}|y − ỹ| and consequently, in virtue of (20), G_{s,t}(v) ∈ W_L. Similarly, for all v, ṽ ∈ W_L, y ∈ Y, there holds |(G_{s,t}(v))(y) − (G_{s,t}(ṽ))(y)| ≤ |D^{−1}|{|v(Ey + t(v(y), y)) − v(Ey + t(ṽ(y), y))| + |v(Ey + t(ṽ(y), y) − ṽ(Ey + t(ṽ(y), y))| + |s(v(y), y) − s(ṽ(y), y)|}. Thus, for all v, ṽ ∈ W_L, we have that ||G_{s,t}(v) − G_{s,t}(ṽ)|| ≤ |D^{−1}|{|E| + 2t_xL + s_x + t_y}||v − ṽ|| which, by (21), is the desired contraction estimate.

It remains to prove the growth order characterization (22). If (x, y) = (x_0, y_0) ∈ graph(v), then |y_1| = |Ey_0 + t(v(y_0), y_0)| ≤ (|E| + t_xL + t_y)|y_0| and further, by induction, |y_k| ≤ (|E| + t_xL + t_y)^k|y_0| and also |x_k | ≤ L|y_k| ≤ L(|E| + t_xL + t_y)^k|y_0| for all k ∈ N. With Const (x_0, y_0) = max{1, L}|y_0|, inequality (22) follows immediately.

To prove that x = v(y) is implied by inequality (22), a little more care is needed. For all (x, y) = (x_0, y_0) ∈ X × Y, we claim that |x_k − v(y_k)| ≥ (1/|D^{−1}| − t_xL − s_x)^k|x_0 − v(y_0)|, k ∈ N. In fact,

|x_1 − v(y_1)| ≥ |x_1 − Dv(y_0) − s(v(y_0), y_0)| − |v(y_1) − Dv(y_0) − s(v(y_0), y_0)| = |Dx_0 + s(x_0, y_0) − Dv(y_0) − s(v(y_0), y_0)| − |v(y_1) − v(Ey_0 + t(v(y_0), y_0))| ≥ |D(x_0 − v(y_0))| − |s(x_0, y_0) − s(v(y_0), y_0)| − L|y_1 − Ey_0 − t(v(y_0), y_0)| ≥ |D(x_0 − v(y_0))| − s_x|x_0 − v(y_0)| − L|Ey_0 + t(x_0, y_0) − Ey_0 − t(v(y_0), y_0)| ≥ (1/|D^{−1}|)|x_0 − v(y_0)| − s_x|x_0 − v(y_0)| − Lt_x|x_0 − v(y_0)|

DISCRETIZATION ABOUT EQUILIBRIA 265

and the claim follows by induction. Using (22), we conclude that (1/|D^{−1}| − t_xL − s_x)^k|x_0 − v(y_0)| ≤ |x_k − v(y_k)| ≤ |x_k| + L|y_k| ≤ Const (x_0, y_0) · (|E| + t_xL + t_y)^k

for all k ∈ N. Observe that, as a trivial consequence of (21), 1/|D^{−1}| − t_xL − s_x > |E| + t_xL + t_y. Thus, by letting k → ∞, we arrive at |x_0 − v(y_0)| = 0. �

Now we return to the differential equation (7) and consider the modified h-di-scretized equation (8). Assume that (19) is satisfied and, as in Section 2, assume that the splitting C = diag (A, B) is pseudo-hyperbolic i.e. sup{ Re λ | λ ∈ σ(B)} < β < α < inf{ Re λ | λ ∈ σ(A)} for some constants α and β < α. Setting D = e^{Ah}, E = e^{Bh}, X × Y = Z, (x, y) = z, (s(x, y), t(x, y)) = ψ(h, z; ε), L = 1, one checks easily that, for all ε ∈ (0, ε_0] and h ∈ (0, h(ε)], the conditions of Theorem 3.1 are all satisfied. In fact, by Proposition 1.3, ψ(h, ·; ε) is Lipschitzian and Lip (ψ(h, ·; ε)) ≤ Ω_2(ε)h for all h ∈ (0, h(ε)], ε > 0. Property ψ(h, 0; ε) = 0 is a direct consequence of (19). Estimates (20), (21) follow from Proposition 2.2. In particular, applying Proposition 2.2 with α̃ ∈ (α, inf{ Re λ | λ ∈ σ(A)}), β̃ ∈ (sup{ Re λ | λ ∈ σ(B)}, β), we see there is no generality in assuming that b_1 < 1 − (α − β)h for all ε ∈ (0, ε_0], h ∈ (0, h(ε)]. Thus, equation v = G_{ψ(h,·;ε)}(v) has a unique solution in W_L = W_1. This solution is denoted by v_{h,ε}. Graph (v_{h,ε}) is an invariant manifold for (8). In fact, by (22), graph (v_{h,ε}) is a positively invariant (Lipschitz) manifold for (8). By Proposition 1.4, the mapping z → e^{Ch} + ψ(h, z; ε) is onto and invertible. Therefore, also negative invariance makes sense and follows from (22).

By the same arguments, for all ε ∈ (0, ε_0], h ∈ (0, h(ε)], equation v = G_{r(h,·;ε)}(v) has a unique solution in W_L = W_1. This solution is denoted by w_{h,ε}. Graph (w_{h,ε}) is an invariant manifold for Φ(h, ·; ε), the time-h-map of the solution flow of (7).

In virtue of (22), (x, y) = z = z_0 = (x_0, y_0) ∈ graph (w_{h,ε}) if and only if |Φ(kh, z_0; ε)| ≤ Const (z_0) · (|E| + t_xL + t_y)^k for all k ∈ N. Observe that {z_0 ∈ Z | | |Φ(kh, z_0; ε)| ≤ Const (z_0) · (|E| + t_xL + t_y)^k for all k ∈ N}

= {z_0 ∈ Z | | |Φ(t, z_0; ε)| ≤ Const (z_0) · (|E| + t_xL + t_y)^{t/h} for all t ≥ 0}.

(Proof. Inclusion ⊃ is trivial. Conversely, assume that, with some constants K_1 and Q, |Φ(kh, z_0; ε)| ≤ K_1Q^k for all k ∈ N. Given t ≥ 0 arbitrarily, choose k = k(t) so that kh ≤ t < (k + 1)h and consider the initial value problem ż = Cz + c(z; ε),

266 B. M. GARAY

z(kh) = Φ(kh, z_0; ε). Since |c(z; ε)| ≤ M|z| for some constant M, an easy application of Gronwall lemma yields that |z(t)| = |Φ(t, z_0; ε)| ≤ e^{(|C|+M)(t−kh)}K_1Q^k ≤ K_2Q^{k−t/h}Q^{t/h} ≤ K_2 max{1/Q, 1}Q^{t/h} = K_3Q^{t/h}.) The conclusion is that graph (w_{h,ε}) does not depend on h. We point out this by analyzing the growth order characterization

graph (w_{h,ε})={z_0 ∈ Z | | | Φ(t, z_0; ε)| ≤ Const (z_0)·(|E|+t_xL+t_y)^{t/h} for all t ≥ 0}.

Actually, in virtue of (20), (21) and of Proposition 1.2, we have shown that

graph (w_{h,ε}) = {z_0 ∈ Z | |Φ(t, z_0; ε)| ≤ Const (z_0) · (η + Ω(ε)h)^{t/h} for all t ≥ 0}

for all positive numbers η satisfying δ(η + Ω(ε)h) < 1 where η = |e^{Bh}|, δ = |e^{−Ah}| and Ω(ε) → 0 as ε → 0. The greatest and the smallest choice for η are limited by Proposition 2.2. For ε sufficiently small, the greatest choice is 1 + αh and the smallest choice is 1 + βh. Consequently, given γ ∈ [β, α] arbitrarily, we have that

graph (w_{h,ε}) = {z_0 ∈ Z | | |Φ(t, z_0; ε)| ≤ Const (z_0) · e^{γt} for all t ≥ 0}

for all ε ∈ (0, ε_0] and h ∈ (0, h(ε)] (and a slightly more careful analysis shows that Const (z_0) ≤ K|z_0| where K is independent of γ). It follows immediately that graph (w_{h,ε}) is (positively and negatively) invariant for (7) and does not depend on h.

Thus, we are justified in writing w_{h,ε} = v_ε and in calling graph (v_ε) the generalized stable (or pseudo-stable) manifold of (7) related to the splitting C = diag (A, B).

Corollary 3.2. Assume that the splitting C = diag (A, B) is pseudo-hyperbolic and that the one-step discretization method satisfies (5), with n = 1, and (19). Then there is an ε_0 > 0, and for all ε ∈ (0, ε_0], there are positive constants h(ε), K(ε) with the properties as follow. Given graph (v_ε), the generalized stable manifold of (7) related to the splitting C = diag (A, B), then, for all h ∈ (0, h(ε)], (8) has an invariant manifold of the form graph (v_{h,ε}) where v_{h,ε} is unique in the function class W_L = W_1 and satisfies ||v_{h,ε} − v_ε|| ≤ K(ε)h^p.

Proof. Part A. By the preceding considerations, for all h ∈ (0, h(ε)], v_ε is the unique solution to equation

(23) v = G_{r(h,·;ε)}(v)

in W_L = W_1. In particular, the solution of (23) does not depend on h.

Part B. Consider v_{h,ε}, the unique solution of

(24) v = G_{ψ(h,·;ε)}(v)

DISCRETIZATION ABOUT EQUILIBRIA 267

in W_L = W_1. As we already observed, graph (v_{h,ε}) is an invariant manifold of (8). For all ε ∈ (0, ε_0], h ∈ (0, h(ε)], the right-hand side of (24) defines a contraction on W_L = W_1 and the contraction constant is not greater than b_1 < 1 − (α − β)h. The same is true for G_{r(h,·;ε)}. We claim that ||G_{r(h,·;ε)} − G_{ψ(h,·;ε)}|| ≤ K(ε)h^{p+1}. For brevity, we write z = (x, y), r(h, z; ε) = (s̃(x, y), t̃(x, y)) ∈ X × Y, ψ(h, z; ε) = (s̃(x, y),~t̃(x, y)) ∈ X × Y. For v ∈ W_L = W_1 and y ∈ Y, using (19) and (5) (with n = 1) again, we have that | |(G_{r(h,·;ε)}(v))(y) − (G_{ψ(h,·;ε)}(v))(y) | | ≤ | |e^{−Ah} | |{|e^{Bh}y + t̃(v(y), y) − e^{Bh}y − t̃(v(y), y)| + |s̃(v(y), y) − s̃(v(y), y)|} ≤ 2|e^{−Ah}| · |r(h, (v(y), y); ε) − ψ(h(v(y), y); ε)| = 2|e^{−Ah}| · | ∫_1 0 [φ^′_z(h, τ(v(y), y); ε) − Φ^′_z(h, τ(v(y), y); ε)](v(y), y)dτ| ≤ 2|e^{−Ah}|K_2(ε)h^{p+1}|(v(y), y)| ≤ K(ε)h^{p+1}|y| and the claim follows immediately.

Part C. The desired inequality is a trivial consequence of the parametrized contraction mapping principle applied to (23) and (24). � Let V = C^0(Y, X ) and, for L > 0, define V_L = {ϑ ∈ V | ϑ(0) = 0 and |ϑ(y) − ϑ(ỹ)| ≤ L|y − ỹ| for all y, ỹ ∈ Y}. It is clear that V_L is a closed subset of V. In what follows we analyse G_{s,t} on V_L and, for the norm | · |(= | · |_0), we prove a result analogous to Corollary 3.2.

Proposition 3.3. Assume that the conditions of Theorem 3.1 are satisfied. The conclusion is the existence of a positively invariant Lipschitz manifold graph (v). Further, assume that s: X × Y → X is bounded and

(25) b_0 = |D^{−1}|(t_xL + s_x + 1) < 1.

Then G_{s,t}(V_L) ⊂ V_L and G_{s,t} is a contraction on V_L with constant Lip_{|·|}(G_{s,t}) ≤ b_0 < 1. Further, v ∈ V_L.

Proof. For all v ∈ V_L, (G_{s,t}(v))(0) = 0, |G_{s,t}(v)| ≤ |D^{−1}|(|v| + |s|). Further, for all v ∈ V_L, y, ỹ ∈ Y, we have that | (G_{s,t}(v))(y) − (G_{s,t}(v))(ỹ) | ≤ |D^{−1}| { L(|Ey − Eỹ| + |t(v(y), y) − t(v(ỹ), ỹ)|) + |s(v(y), y) − s(v(ỹ), ỹ)| } ≤ |D^{−1}|{L(|E| + t_xL + t_y) + s_xL + s_y}|y − ỹ|

268 B. M. GARAY

and consequently, in virtue of (20), G_{s,t}(v) ∈ V_L. Similarly, for all v, ṽ ∈ V_L, y ∈ Y, there holds | |(G_{s,t}(v))(y) − (G_{s,t}(ṽ))(y) | | ≤ |D^{−1}|{|v(Ey + t(v(y), y)) − v(Ey + t(ṽ(y), y))| + |v(Ey + t(ṽ(y), y)) − ṽ(Ey + t(ṽ(y), y))| + |s(v(y), y) − s(ṽ(y), y)|} ≤ |D^{−1}|{Lt_x|v(y) − ṽ(y)| + |v − ṽ| + s_x|v(y) − ṽ(y)|} ≤ b_0|v − ṽ|. Hence, by the contraction mapping principle, G_{s,t} has a unique fixed point u in V_L. From set-theoretical point of view, V_L ⊂ W_L. Therefore, u = v.

Corollary 3.4. Assume that the splitting C = diag (A, B) is pseudo-hyperbo-lic, α > 0 and that the one-step discretization method satisfies (3), (4) and (19). Then there is an ε_0 > 0 and, for all ε ∈ (0, ε_0], there are positive constants h(ε), K(ε) with the properties as follow. Given graph (v_ε), the generalized stable manifold of (7) related to the splitting C = diag (A, B), then v_ε ∈ V_L = V_1 and, for all h ∈ (0, h(ε)], (8) has an invariant manifold of the form graph (v_{h,ε}) where v_{h,ε} is unique in the function class V_L = V_1 and satisfies |v_{h,ε} − v_ε| ≤ K(ε)h^p.

Proof. Step by step, with G_{s,t} defined on (V_L, | · |) and not on (W_L, || · ||), the proof of Corollary 3.2. can be repeated. The extra assumption α > 0 yields |D^{−1}| = |e^{−Ah}| < 1 − hα < 1 and this is needed to ensure (25). Boundedness of s (and of t) follows from Propositions 1.2 and 1.3. The last step in proving Part B is somewhat easier. The upper bound on |r(h, (v(y), y); ε) − ψ(h, (v(y), y); ε)| follows directly from (3). �

For L > 0, set c(0) = L, V^0_{c(0)} = V_L and fix a nonnegative integer j. Given a finite sequence of positive numbers {c(i)}^j_0, we define, inductively, for i = 1, 2, . . . , j,

V^i_{c(i)} = { ϑ ∈ V^{i−1}_{c(i−1)} | | ϑ is i times continuously differentiable and | |ϑ^{(i)}(y) − ϑ^{(i)}(ỹ)| ≤ c(i)|y − ỹ| for all y, ỹ ∈ Y}. By standard differential calculus [28], |ϑ^{(i)}(y)| ≤ c(i − 1) for all ϑ ∈ V^i_{c(i)} and y ∈ Y. Further, with respect to the norm | · |_i, V^i_{c(i)} is a closed subset of C^i(Y, X ), i = 1, 2, . . . , j. (A somewhat more advanced differentiable calculus yields also that, with respect to the norm | · | = | · |_0, V^i_{c(i)} is a closed subset of C^0(Y, X ). (For two different proofs of this latter statement, see [11, Prop. A2] and [25, Lemma 2.2]. The argument in [25] is based on inequality (17).)) In what follows we analyse G_{s,t} on V^i_{c(i)} and, for the norm | · |_i, we prove a result analogous to Corollary 3.4.

Proposition 3.5. Assume that the conditions of Theorem 3.1 are satisfied. The conclusion is the existence of a positively invariant Lipschitz manifold graph (v). Further, assume that s ∈ C^{j+1}(X × Y, X ), t ∈ C^{j+1}(X × Y, Y) and

(26) b_i = |D^{−1}| ( (|E| + t_xL + t_y)^i + t_xL + s_x ) < 1, i = 0, 1, . . . , j + 1.

DISCRETIZATION ABOUT EQUILIBRIA 269

Then, for a suitable choice of the finite sequence {c(i)}^j_0, G_{s,t} ( V^i_{c(i)} ) ⊂ V^i_{c(i)} and, with respect to a norm ||| · |||_i equivalent to | · |_i, G_{s,t} is a contraction on V^i_{c(i)} with constant Lip_{|||·|||i} (G_{s,t}) ≤ max{(1 + b_m)/2 | m = 0, 1, . . . , i} < 1, i = 0, 1, . . . , j. Finally, v ∈ V^j_{c(j)}.

Proof. With ||| · |||_0 = | · |_0 = | · |, the j = 0 case is already settled by Proposition 3.3.

Assume that j ≥ 1. If v ∈ V^1_{c(1)} is arbitrarily chosen, then G_{s,t}(v) is continuously differentiable and

(27) (G_{s,t}(v))^′ = D^{−1}v̌^′(E + t^′_xv^′ + t^′_y) − D^{−1}(s^′_xv^′ + s^′_y)

where v̌ denotes v with argument Ey + t(v(y), y). Recall that |v^′| ≤ L. It is easy to check that (G_{s,t}(v))^′ is Lipschitzian with constant

c(1)|D^{−1}|(|E| + t_xL + t_y)^2 + Lt_x + s_x ) + K_1 = c(1)b_2 + K_1

where K_1 is a constant depending only on D, E, s, t, c(0) = L. We proceed by induction. If v ∈ V^i_{c(i)} is arbitrarily chosen, i = 2, 3, . . . , j, then G_{s,t}(v) is i times continuously differentiable and

(28) ( G_{s,t}(v) )_{(i)} = D^{−1}v̌^{(i)}(E + t^′_xv^′ + t^′_y)^i + D^{−1}(v̌^′t^′_x − s^′_x)v^{(i)} + R_i

where the remainder R_i is a polynomial function in the variables v^′, v^{′′}, . . . , v^{(i−1)}, s^′_x, . . . , s^{(i)}_x , s^{′′}_{xy}, . . . , t^{(i)}_y . It follows easily that ( G_{s,t}(v) )_{(i)} is Lipschitzian with constant c(i)|D^{−1}| ( (|E| + t_xL + t_y)^{i+1} + Lt_x + s_x) + K_i = c(i)b_{i+1} + K_i

where K_i is a constant depending only on D, E, s, t, c(0) = L, c(1), . . . , c(i − 1). More precisely, for i = 1, 2, . . . , j, K_i is a polynomial in the variables c(0), c(1), . . . , c(i − 1) and the coefficient of each term is a nonconstant polynomial of |s^′_x|, . . . , |s^{(i+1)}x |, |s^{′′}_{xy}|, . . . , |t^{(i+1)}y |. Now we are in a position to specify {c(i)}^j_0. Recall (26) and that c(0) = L. Thus, the recursion c(i) = (1 − b_{i+1})^{−1}K_i makes sense and, in virtue of the previous considerations, G_{s,t}(V^i_{c(i)}) ⊂ V^i_{c(i)}, i = 1, 2, . . . , j.

In order to prove the desired contraction estimate, observe that |(G_{s,t}(v))^{(m)} − (G_{s,t}(ṽ)^{(m)}| ≤ m∑ k=0 K^k_m|v^{(k)} − ṽ^{(k)}|

270 B. M. GARAY

whenever v, ṽ ∈ V^m_{c(m)}, m = 0, 1, 2, . . . , j. Here, of course K^k_m, m = 0, 1, 2, . . . , j, k = 0, 1, 2, . . . , m are positive constants independent of v and ṽ. By the proof of Proposition 3.3, K^0_0 can be chosen for b_0. A further analysis of (27), (28) shows that K^m_m can be chosen for b_m, m = 1, 2, . . . , j. Finally, it is easily seen that, for m = 1, 2, . . . , j and k = 0, 1, . . . , m − 1, K^k_m can be taken for a polynomial in the variables c(0), c(1), . . ., c(m − 1) where the coefficient of each term is a nonconstant polynomial of |s^′_x|, . . . , |s^{(m+1)}_x |, |s^{′′}_{xy}|, . . . , |t^{(m+1)}_y |. Now we are in a position to define ||| · |||_i. For v ∈ C^i(Y, X ) arbitrary, let

|||v|||_i = i∑ m=0 d(m)|v^{(m)}|, i = 0, 1, 2, . . . , j,

where d(0) = 1 and {d(m)}^j_1 is a finite sequence of positive constants specified later. Obviously, for any choice of {d(m)}^j_1, ||| · |||_i and | · |_i are equivalent norms on C^i(Y, X ), i = 1, 2, . . . , j. By definition,

|||G_{s,t}(v) − G_{s,t}(ṽ)|||_i = i∑ m=0 d(m)|(G_{s,t}(v))^{(m)} − (G_{s,t}(ṽ))^{(m)}|

≤ i∑ m=0 d(m) m∑ k=0 K^k_m|v^{(k)} − ṽ^{(k)}| = i∑ m=0 i∑ k=m d(k)K^m_k |v^{(m)} − ṽ^{(m)}|

≤ i∑ m=0 (d(m)b_m + i∑ k=m+1 d(k)K^m_k )|v^{(m)} − ṽ^{(m)}|

and |||v − ṽ|||_i = i∑ m=0 d(m)|v^{(m)} − ṽ^{(m)}| whenever v, ṽ ∈ V^i_{c(i)}, i = 0, 1, 2, . . . , j (and ∑_i i+1 = 0).

Next we compare the coefficients of |v^{(m)} − ṽ^{(m)}|. Using (26), a suitable choice of {d(m)}^j_1 yields that

(29) d(m)b_m + i∑ k=m+1 d(k)K^m_k ≤ 2^{−1}(1 + b_m)d(m)

for all i = 0, 1, . . . , j and m = 0, 1, . . . , i. Consequently, |||G_{s,t}(v) − G_{s,t}(ṽ)|||_i ≤ max{2^{−1}(1 + b_m) | m = 0, 1, 2, . . . , i}|||v − ṽ|||_i for all v, ṽ ∈ V^i_{c(i)}, i = 0, 1, 2, . . . , j.

DISCRETIZATION ABOUT EQUILIBRIA 271

Finally, returning to our invariant manifold graph (v), condition (26), the estimate derived above and the contraction mapping principle yields that v ∈ V^j_{c(j)}.�

Remark 3.6. Actually, v ∈ V^j_{c(j)} ∩ C^{j+1}(Y, X ). Existence and continuity of the remaining (j + 1)th derivative is well-known and can be proved at least by four different methods — see the thirty-line survey [2, Remark 8] on sharp smoothness results in invariant manifold and foliation theory. See also [20] — the fifth method. A particularly simple proof can be modelled after the one of [2, Thm. 4].

Corollary 3.7. Assume that the conditions of Corollary 3.4 are satisfied. Further, for some non-negative integer n, assume that c ∈ C^{p+n+1}(Z, Z), μ ∈ C^{p+n+1}(Z, R) and (p + n + 1)β < α. In addition, assume that the one-step discretization method satisfies φ ∈ C^{p+n+1}. Then, using the notation of Corollary 3.4, v_{h,ε}, v_ε ∈ C^{p+n+1}(Y, X ) and (30) |v_{h,ε} − v_ε|_{n+m} ≤ K(ε)h^{p−m}, m = 0, 1, 2, . . . , p. Proof. Part A. Setting D = e^{Ah}, E = e^{Bh}, X × Y = Z, (x, y) = z, (s(x, y), t(x, y)) = r(h, z; ε), L = 1, j = p + n, one checks easily that, for all ε ∈ (0, ε_0], h ∈ (0, h(ε)], the conditions of Proposition 3.5 are all satisfied. In fact, by Proposition 2.2, the spectral gap condition (p + n + 1)β < α implies that |D^{−1}| · |E|^i = |e^{−Ah}| · |e^{Bh}|^i < (1 − hα)(1 + hβ)^i < 1 − h(α − iβ) + h^2K for some constant K, i = 0, 1, 2, . . . , p + n + 1. Using Proposition 1.2, it follows immediately that (26) is satisfied and there is a constant κ > 0 such that b_i < 1 − 2κh for all i = 0, 1, 2, . . . , p + n + 1. The conclusion is that v_ε ∈ V^{p+n}_{c(p+n)}. In virtue of Remark 3.6, v_ε ∈ C^{p+n+1}(Y, X ).

Part B. Actually, Proposition 3.5 yields that, for all ε ∈ (0, ε_0], h ∈ (0, h(ε)] and with respect to the norm ||| · |||_i, G_{r(h,·;ε)} is a contraction on V^i_{c(i)} with constant 1 − κh, i = 0, 1, 2, . . . , p + n. The same is true for G_{ψ(h,·,ε)}. In particular, v_{h,ε} ∈ V^{p+n}_{c(p+n)} ∩ C^{p+n+1}(Y, X ). For each ε ∈ (0, ε_0], i = 0, 1, . . . , p + n − 1, it is absolutely essential that ||| · |||_i does not depend on h.

First we prove that {c(i)}^{n+p−1}_0 is independent of h. Recall that c(0) = L = 1 and, with K_i taken from the proof of Proposition 3.5, c(i) = (1 − b_{i+1})^{−1}K_i ≤ (2κh)^{−1}K_i, i = 1, 2, . . . , p + n. We proceed by introduction. Since (s(x, y), t(x, y)) = r(h, z; ε) and (s(x, y), t(x, y)) = ψ(h, z; ε) = μ(z)(φ(h, z; ε) − Φ(h, z; ε)) + r(h, z; ε), K_i is a polynomial in the variables c(0), c(1), . . . , c(i − 1) and the coefficient of each term is a nonconstant polynomial of |r^′_z |, . . . , |r^{(i+1)}_z | and |r^′_z |, . . . , |r^{(i+1)}_z |, |φ^′_z − Φ^′_z |, . . . , |φ^{(i+1)}_z − Φ^{(i+1)}_z |, respectively, i = 1, 2, . . . , p + n. It is clearly enough to prove that |r^{(m)}_z |, |φ^{(m)}_z − Φ^{(m)}_z | are of order h, m = 1, 2, . . . , p + n. First, consider |r^{(m)}_z |. Since r^{(m)}_z is continuously differentiable in t, the desired result follows from r(0, z; ε) = 0. Secondly, consider |φ^{(m)}_z − Φ^{(m)}_z |. The

272 B. M. GARAY

desired result follows from (5) and/or (6). The crucial property is that |φ^{(p+n)}_z − Φ^{(p+n)} z | ≤ K_2h. (The same argument shows that c(p + n) is of order h^{−1}. Consequently, (30) is valid for m = p + 1 as well.)

Analyzing (29), a similar argument shows that, when appropriately chosen, {d(m)}^{p+n−1} 0 is independent of h. In fact, recall that d(0) = 1. In virtue of (26), it is clearly enough to prove that K^m_k , the coefficient of d(k) in (29), satisfies K^m_k ≤ Ch for some constant C, m = 0, 1, . . . , p + n − 1, k = m + 1, m + 2, . . . , p + n − 1. Since {c(i)}^{p+n−2}_0 is independent of h, K^m_k is a nonconstant polynomial in the variables |r^′_z |, . . . , |r^{(k+1)}_z |, |φ^′_z − Φ^′_z|, . . . , |φ^{(k+1)}_z − Φ^{(k+1)}_z |, k = 1, 2, . . . , p + n − 1, m = 0, 1, . . . , k − 1. As before, the desired result follows from (5) and/or (6). (The same argument shows that d(p + n) is of order h^{−1}.) Thus, for i = 0, 1, 2, . . . , p + n − 1, we have shown that ||| · |||_i can be chosen independently of h.

Now we claim that, for all v ∈ V^{n+m}_{c(n+m)}, |||G_{r(h,·,;ε)}(v) − G_{ψ(h,·;ε)}(v)|||_{n+m} ≤ K(ε)h^{p+1−m}, m = 0, 1, . . . , p − 1. In fact, argueing as above, it is easily seen that, for all v ∈ V^i_{c(i)}, there holds

|(G_{r(h,·;ε)}(v))^{(i)} − (G_{ψ(h,·;ε)}(v))^{(i)}| ≤ K i∑ j=0 |r^{(j)}_z (h, z; ε) − ψ^{(j)}_z (h, z; ε)|

= K i∑ j=0 |(μ(z)(φ(h, z; ε) − Φ(h, z; ε)))^{(j)}_z |

≤ K_0 i∑ j=0 |φ^{(j)}_z (h, z; ε) − Φ^{(j)}_z (h, z; ε)|

for some constants K, K_0 and i = 0, 1, . . . , p + n − 1. In virtue of (5), and/or (6) and of the definition of the norm ||| · |||_i, the claim follows immediately.

Part C. Now we are in a position to prove (30). We distinguish two cases according as m = p or m ≠ p. If m = p, (30) follows directly from v_ε, v_{h,ε} ∈ V^{p+n−1}_{c(p+n−1)} ∩ C^{p+n} and from the fact that c(p + n − 1) does not depend on h. In the other case, a simple application of the parametrized contraction mapping principle yields that |||v_{h,ε} − v_ε|||_{n+m} ≤ K(ε)h^{p−m}, m = 0, 1, 2, . . . , p − 1. By the equivalence of the norms ||| · |||_{n+m} and | · |_{n+m} on V^{n+m}_{c(n+m)}, m = 0, 1, 2, . . . , p − 1, — nothing depends on h —, we are done. �

Our last result deals with the link between center manifolds and discretizations.

DISCRETIZATION ABOUT EQUILIBRIA 273

Corollary 3.8. As before, consider (7) and (8) but assume that Z = X ×Z_0 ×Y where Z_0 is also a Banach space, C = diag (A, C_0, B), C_0 ∈ L(Z_0, Z_0) and there are real constants δ < γ ≤ 0 ≤ β < α such that sup{ Re λ | λ ∈ σ(B)} < δ < γ < inf{ Re λ | λ ∈ σ(C_0)} ≤ sup{ Re λ | λ ∈ σ(C_0)} < β < α < inf{ Re λ | λ ∈ σ(A)}. The differentiability assumptions are, as in Corollary 3.7, c, μ, φ ∈ C^{p+n+1}. We assume also that the spectral gap conditions (p + n + 1)β < α and δ < (p + n + 1)γ are satisfied. Finally, assume that φ satisfies (3) and (19). The generalized center manifolds [21], [32] of (7) and (8) are given as graph (w_ε) and graph (w_{h,ε}), respectively. Then w_ε, w_{h,ε} ∈ C^{p+n+1}(Z_0, X × Y) and |w_{h,ε} − w_ε|_{n+m} ≤ K(ε)h^{p−m}, m = 0, 1, 2, . . . , p. Proof. As in [21], [32], the generalized center manifold is defined as the intersection of the center-stable (the generalized stable manifold with respect to the splitting A ←→ diag (C_0, B)) and of the center-unstable (with the time reversed (recall Proposition 1.4), the generalized stable manifold with respect to the splitting diag (A, C_0) ←→ B) manifolds. Via a simple analysis of the (parametrized) implicite function theorem, the desired result follows from a twofold application of Corollary 3.7. �

Remark 3.9. It is natural to ask whether Corollaries 3.4 and 3.7 (the spectral gap condition (p + n + 1)β < α has to be replaced by β < (p + n + 1)α) remain valid for α ≤ 0. The answer is in all certainty affirmative but we did not check all the details. The main peculiarity of the α ≤ 0 case is that, by the local uniqueness property of strongly stable manifolds, cut-off techniques are avoidable. Thus, instead of (7) and (8), one has to consider (9) and (2) directly and to keep control on the domains. This does not fit into the general framework of the present paper and, apart from the α = 0 case, got little attention in the literature. Therefore, though the underlying abstract existence and smoothness results are well-known [21], [32], it would not be honest to state that ’mutatis mutandis, the α ≤ 0 case could also be settled’. Complete proofs, with all technical details fully elaborated, would require an extra amount of computation.

References

1. Alouges F. and Debussche A., On the qualitative behaviour of the orbits of a parabolic partial differential equation and its discretization in the neighbourhood of a hyperbolic fixed point, Numer. Funct. Anal. Optimiz. 12 (1991), 253–269.

2. Aulbach B. and Garay B. M., Linearizing the expanding part of noninvertible mappings, Z.

angew. Math. Phys. 44 (1993), 469–494.

3. , Partial linearization on noninvertible mappings, Z. angew. Math. Phys., (to appear).

274 B. M. GARAY

4. Bates P. W. and Jones K. R. T., Invariant manifolds for semilinear partial differential equations, Dynamics Reported 2 (1989), 1–37.

5. Beyn W. J., On invariant closed curves for one-step methods, Numer. Math. 51 (1987), 103–122.

6. , On the numerical approximation of phase portraits near stationary points, SIAM J.

Numer. Anal. 24 (1987), 1095–1113.

7. Beyn W. J. and Lorenz J., Center manifolds of dynamical systems under discretization, Numer. Funct. Anal. Optimiz. 9 (1987), 381–414.

8. Brezzi F., Ushiki S. and Fujii H., Real and ghost bifurcation dynamics in difference schemes for ordinary differential equations, In: Numerical Methods for Bifurcation Problems (T. Küpper, H. D. Mittelmann, H. Weber, eds.), Birkhäuser, Basel, 1984, pp. 79–104.

9. Burchard A., Deng B. and Lu K., Smooth conjugacy of centre manifolds, Proc. Royal Soc.

Edinb. 120 A (1992), 61–77.

10. Butcher J. C., The numerical analysis of ordinary differential equations, Wiley, New York, 1987.

11. Chow S. N. and Lu K., Ck center unstable manifolds, Proc. Royal Soc. Edinb. 108 A (1988), 303–320.

12. Daletskii Y. L. and Roginskii G. K., A topological classification of certain types of semilinear evolution equations in a Banach space, Diff. Uravn. 28 (1992), 576–587. (Russian) 13. Dieci L. and Lorenz J., Block M-matrices and computation of invariant tori, SIAM J. Sci.

Stat. Comput. 13 (1992), 885–903.

14. Dieci L., Lorenz J. and Russel R. D., Numerical calculation of invariant tori, SIAM J. Sci.

Stat. Comput. 12 (1991), 607–647.

15. Eirola T., Invariant curves of one-step methods, BIT 28 (1988), 113–122. 16. Eirola T. and Nevanlinna O., What do multistep methods approximate?, Numer. Math. 53 (1988), 559–569.

17. Fečkan M., Asymptotic behaviour of stable manifolds, Proc. Amer. Math. Soc. 111 (1991), 585–593.

18. , Discretization in the method of averaging, Proc. Amer. Math. Soc. 113 (1991), 1105–1113.

19. , The relation between a flow and its discretization, Math. Slovaca 42 (1992), 123–127. 20. Hilger S., Smoothness of invariant manifolds, J. Func. Anal. 106 (1992), 95–129. 21. Irwin M. C., Smooth dynamical systems, AP, New York, 1980.

22. Kloeden P. E. and Lorenz J., Stable attracting sets in dynamical systems and their one-step discretizations, SIAM J. Numer. Anal. 23 (1986), 986–995.

23. , A note on multistep methods and attracting sets of dynamical systems, Numer.

Math. 56 (1990), 667–673.

24. Kwong M. K. and Zettl A., Norm inequalities for derivatives and differences, In: Inequalities (W. N. Everett, ed.), Dekker, Basel, 1991, pp. 91–121.

25. Lanford O. E., Bifurcation of periodic solutions into invariant tori, the work of Ruelle and Takens, In: Nonlinear Problems in the Physical Sciences and Biology (I. Stockgold, D. D. Joseph, D. H. Sattinger, eds.), Springer, Berlin, 1973, pp. 159–192.

26. Lu K. N., A Hartman-Grobman Theorem for scalar reaction-diffusion equations, J. Diff. Eq.

93 (1991), 364–394.

27. Mrozek M. and Rybakowski K. P., Discretized ordinary differential equations and the Conley index, J. Dyn. Diff. Eq. 4 (1992), 57–63.

28. Nachbin L., Introduction to functional analysis: Banach spaces and differential calculus, Dekker, Basel, 1981.

29. Nipp K. and Stoffer D., Invariant curves for variable step size integrators, BIT 31 (1991), 169–180.

30. Quandt J., On structural stability for semiflows, Comm. Math. Phys. 117 (1988), 191–202. 31. Schoenberg I. J., The elementary cases of Landau’s problem of inequalities between derivatives, Amer. Math. Monthly 80 (1973), 121–158.

32. Shub M., Global stability of dynamical systems, Springer, Berlin, 1987.

DISCRETIZATION ABOUT EQUILIBRIA 275

33. Sijbrand J., Properties of center manifolds, Trans. Amer. Math. Soc. 289 (1985), 431–469. 34. Srzednicki R., Topological invariants and detection of periodic orbits, J. Diff. Eq., (to appear). 35. Stetter H. J., Analysis of discretization methods for ordinary differential equations, Springer, Berlin, 1973.

36. van Veldhuizen M., Convergence results for invariant curve algorithms, Math. Comput. 51 (1988), 677–697.

B. M. Garay, Department of Mathematics, University of Technology, H-1521 Budapest, Hungary