Acta Math. Univ. Comenianae Vol. LXIII, 1(1994), pp. 25–38 25

DISCRETIZATION AND MORSE–SMALE DYNAMICAL SYSTEMS ON PLANAR DISCS

B. M. GARAY

Abstract. In a previous paper [12], we have shown that locally, in the vicinity of hyperbolic equilibria of autonomous ordinary differential equations, the time-h-map of the induced dynamical system is conjugate to the h-discretized system i.e. to the discrete dynamical system obtained via one-step discretization with stepsize h. The present paper is devoted to Morse-Smale dynamical systems defined on planar discs and having no periodic orbits. Using elementary extension techniques, we point out that local conjugacies about saddle points can be glued together: the time-h-map is globally conjugate to the h-discretized system. This is a discretization analogue of the famous Andronov-Pontryagin theorem [2], [18] on structural stability. For methods of order p, the conjugacy is O(hp)-near to the identity. The paper ends with some general remarks on similar problems.

0. Introduction and the Main Result

Let | · | denote the Euclidean norm on R^2 and consider the unit disc D = {x ∈ R^2 | |x| ≤ 1}. The boundary of D is denoted by ∂D. Assume that N is an open neighbourhood of D and that, for some positive integer p, the function f : N → R^2 is of class C^{p+1} (with all derivatives bounded — the norm in C^{p+1} is defined by |f|_{p+1} = max{sup {f^{(j)}(x) | x ∈ N } | j = 0, 1, . . . , p + 1}) and satisfies

(i) x · f(x) < 0 whenever x ∈ ∂D;

(ii) ẋ = f(x) has a finite number of equilibrium points in D, all hyperbolic; (iii) alpha- and omega- limit sets of trajectories in D are equilibria; (iv) there are no saddle connections in D.

Actually, conditions (i)–(iv) concern the local dynamical system Φ induced by the differential equation ẋ = f(x), x ∈ N , and not function f itself. Geometrically, (i) means that D is positively invariant for Φ and ∂D is transversally cutted by the trajectories. By (ii), the equilibria of ẋ = f(x) in D can be classified as

Received June 28, 1993.

1980 Mathematics Subject Classification (1991 Revision). Primary 65L05; Secondary 58F09. Key words and phrases. Discretization, planar Morse-Smale systems, structural stability. Partially supported by the Hungarian National Foundation for Scientific Research, grant No. 1186 and 4385.

26 B. M. GARAY

sinks, saddles and sources according as the eigenvalues of the Jacobian satisfy Re λ_1 = Re λ_2 < 0, λ_2 < 0 < λ_1 and 0 < Re λ_1 = Re λ_2, respectively. Outgoing and ingoing trajectories at saddle points are called separatrices. Condition (iv) means that the second endpoint of a separatrix in D is a nonsaddle equilibrium. Separatrices as edges and equilibria as vertices form the so-called separatrix graph and define a cell-decomposition of D. The detailed topological and dynamical description of these cells was given in [6], [24].

Without going into the details here, we remark that differential equations satisfying (i)–(iv) are exactly those Morse-Smale dynamical systems on D which have no periodic orbits — essentially, Morse-Smale gradient systems [18]. There study is/was one of the starting points [2], [24], [26] for the theory of structural stability [22], [25].

With the differential equation ẋ = f(x), x ∈ N , we consider also its h-discreti-zed system i.e. the discrete local dynamical system induced by a C^{p+1} mapping φ: [0, h_0] × N → R^2 where h_0 > 0 (and, as usual, the C^{p+1} property of φ on [0, h_0] × N is understood as the existence of a C^{p+1} extension φ̃ defined on an open neighbourhood of [0, h_0] × N in R × R^2). Besides the differentiability assumption, the only requirement on φ is the existence of a positive constant K and of an open neighbourhood M of D in N such that (1) |Φ(h, x) − φ(h, x)| ≤ Kh^{p+1} for all h ∈ [0, h_0], x ∈ M. The main result of the present paper is that Morse-Smale gradient systems on planar discs — up to a conjugacy O(h^p)- near to the identity — are correctly reproduced by numerical methods. In particular, the h-discretized system φ(h, ·): D → R^2 embeds in a continuous-time dynamical system.

Assume that p ≥ 2. (This is a technical assumption we are not able to get rid of: see Remark 1.3. On the other hand, formula (15) in Section 2 is an indication that the Theorem might be false with p = 1.)

Theorem. Let N , p, D, f, Φ and φ, M be as above. Then there is a positive constant K and, for all h sufficiently small, there exists a homeomorphism H_h : D → H_h(D) such that H_h(Φ(h, x)) = φ(h, H_h(x)) and |H_h(x) − x| ≤ Kh^p whenever x ∈ D.

The proof of the Theorem is presented in the next Section. Section 2 contains some general remarks on whether and how qualitative properties of ordinary differential equations are inherited by one-step numerical methods — an approach [16], [3], [4], [9], [12] (and the references therein) complementary to detecting qualitative properties of ordinary differential equations by their numerical solutions.

DISCRETIZATION AND PLANAR MS SYSTEMS 27

1. The Proof of the Theorem

The proof is subdivided into several steps.

Step 1: a preliminary globalizing extension. Recall condition (i) and set D = {x ∈ R^2 | | |x| ≤ 2}. Modifying f outside a closed neighbourhood of D, we may assume that N = M = R^2 and, in Cartesian coordinates, N = (0, 2) is a source, S = (0, −2) is a saddle; ∂D consists of four trajectories (i.e. of the two equilibria N, S plus of two connecting separatrices); the outgoing separatrices at S tend to sinks (in D and in R^2\D, respectively) and; last but not least, all points in D\∂D are attracted by D.

As a slight generalization of the Theorem, we prove in the sequel that there is a positive constant K and, for all h sufficiently small, there is a homeomorphism J_h : D → J_h(D) such that J_h(Φ(h, x)) = φ(h, J_h(x)) and |J_h(x) − x| ≤ Kh^p whenever x ∈ D.

The reason for passing to D from D is to overcome the technical difficulty caused by the fact that some trajectories of ẋ = f(x) leave D with finite negative escape time. On the other hand, the domain of nonextendable solutions of ẋ = f(x) on D is R: we have a C^{p+1} dynamical system on D.

Step 2: some useful properties of the discretization. As an easy exercise on Taylor expansion formula, inequality (1) plus the differentiability assumption on φ imply (cf. [12, Formula (6)]) that, for all j = 0, 1, . . . , p + 1, there holds

(2) |Φ^{(j)}_x (h, x) − φ^{(j)}_x (h, x)| ≤ Kh^{p+1}�^j whenever h ∈ [0, h_0], x ∈ R^2.

By Gronwall lemma applied to the equation Φ00_{xt} = f0_x(Φ)Φ0_x, we obtain that

(3) |Φ0_x(t, x) − Id| ≤ exp(|f0_x|_0 · t) − 1, for all t ≥ 0, x ∈ R^2.

Using the j = 1 case of inequality (2) and Φ0_x(0, x) = Id, it follows that φ0_x(h, x) is invertible and |(φ0_x(h, x))�^1| ≤ K for all h ∈ [0, h_0], x ∈ R^2. (The constants K, h_0 etc. are not necessarily the same at different appearances.) In virtue of the Hadamard-Levy global inverse function theorem [1, Thm. 2.5.17], φ(h, ·) is a diffeomorphism of R^2 onto R^2, h ∈ [0, h_0]. Thus, we may write that φ(h, ψ(h, x)) = x, ψ(h, φ(h, x)) = x where, by the classical implicite function theorem, ψ is C^{p+1} on [0, h_0] × R^2. Setting Ψ(h, x) = Φ(−h, x) and comparing ψ(h, φ(h, x)) = x with Ψ(h, Φ(h, x)) = x, inequalities (1) and (3) imply that

(4) |ψ(h, x) − Ψ(h, x)| ≤ Kh^{p+1} for all h ∈ [0, h_0], x ∈ R^2.

For k ∈ N, define recursively φ(0, h, x) = x, φ(k + 1, h, x) = φ(h, φ(k, h, x)), h ∈ [0, h_0], x ∈ R^2.

28 B. M. GARAY

Via a standard application of the discrete Gronwall lemma, a further consequence of (1) is that, given T > 0 arbitrarily, there exists a constant c(T ) such that (see also formula (14) in Section 2) (5) |Φ(kh, x) − φ(k, h, x)| ≤ c(T )h^p whenever h ∈ [0, h_0], kh ≤ T and x ∈ R^2. For later purposes, we note a trivial consequence of (3). Given T > 0 arbitrarily, there exists a constant c(T ) such that (6) |Φ(t, z) − Φ(t, w)| ≤ c(T )|z − w| whenever 0 ≤ t ≤ T and z, w ∈ R^2. It is clear from the previous considerations that, continuing the pairing (1) ↔ (4), the (ψ, Ψ) – counterparts of inequalities (2), (3), (5), (6) are also valid. Step 3: recalling a Hartman-Grobman result [12] on discretizations. The saddle points of ẋ = f(x), x ∈ D, are denoted by P_0 = S, P_1, . . . , P_n. The remaining equilibria are denoted by Q_0 = N, Q_1, . . . , Q_m. In virtue of the index theorem, m − n = 1.

Consider a saddle point P in D and let U be a compact neighbourhood of P . For brevity, we say that U is an isolating block of P — the terminology is borrowed from Conley’s theory [8] on isolated invariant sets — if there are C^{p+1} curves Γ_1, Γ_2, . . . , Γ_8 and points A_1, A_2, . . . , A_8 such that ∂U = Γ_1 ∪ Γ_2 ∪ · · · ∪ Γ_8; Γ_s ∩ Γ_{s+1} = A_{s+1}, s = 1, 2, . . . , 8, Γ_9 = Γ_1, A_9 = A_1; Γ_s ∩ Γ_t = ∅ whenever |s − t| > 1; Γ_s, s = 1, 3, 5, 7 is a trajectory segment for Φ; Γ_s, s = 2, 4, 6, 8 is a transversal section for Φ; Γ_2 ∪ Γ_6 and Γ_4 ∪ Γ_8 consist of entry and exit points, respectively; and, last but not least, P is the maximal compact invariant set in U. It is well-known that the collection of isolating blocks forms a neighbourhood basis for P . For h ∈ (0, h_0], define D_{s,h} = {Φ(−t, x) ∈ R^2 | 0 ≤ t ≤ h, x ∈ Γ_s}, s = 4, 8, E_{s,h} = {Φ(t, x) ∈ R^2 | 0 ≤ t ≤ h, x ∈ Γ_s}, s = 2, 6. Without loss of generality, we may assume that D_{4,h0} ∪ D_{8,h0} and E_{2,h0} ∪ E_{6,h0} are disjoint subsets of U.

Lemma 1.1. For each i, i = 0, 1, . . . , n, there exists an isolating block U_i of the saddle point P_i and, for each h, h ∈ (0, h_0], there exists a homeomorphism H_{h,i} : U_i → H_{h,i}(U_i) such that H_{h,i}(Φ(h, x)) = φ(h, H_{h,i}(x)) whenever x ∈ cl (U_i\ (D_{4,h,i} ∪ D_{8,h,i})) (i.e. whenever both sides are defined) and, with some constant K (independent of h and i), |H_{h,i}(x) − x| ≤ Kh^p whenever x ∈ U_i, h ∈ (0, h_0].

Proof. This is a special case of [12, Cor. 2.3]. �

There is no loss of generality in assuming that U_i ∩ U_j = ∅, i ≠ j.

DISCRETIZATION AND PLANAR MS SYSTEMS 29

Now we are in a position to start with the definition of J_h. By letting J_h(x) = H_{h,i}(x) for x ∈ U_i, i = 0, 1, . . . , n, J_h is defined on ∪{U_i | i = 0, 1, . . . , n}.

Step 4: extending J_h along the separatrix graph. In virtue of (ii)–(iv), there is no loss of generality in assuming that (7) {Φ(t, x) ∈ R^2 | t ∈ R, x ∈ U_i} ∩ U_j = ∅ for all i, j, i ≠ j. Consider the saddle point P ∈ D again and let U be an isolating block of P . Set V_s = {Φ(t, x) ∈ R^2 | t ≥ 0, x ∈ Γ_s}, s = 4, 8, W_s = {Φ(−t, x) ∈ R^2 | t ≥ 0, x ∈ Γ_s}, s = 2, 6. Using (ii)–(iv) again, we may assume that (8) cl (V_s)\V_s is a sink, say R_s, and V_s is attracted by R_s, s = 4, 8 (it may well happen that R_4 = R_8) and similarly, (9) cl (W_s)\W_s is a source, say S_s, and W_s is repelled by S_s, s = 2, 6. Recall that P = P_i, U = U_i for some i ∈ {0, 1, . . . , n} and set H_h = H_{h,i}. Now we extend H_h to U ∪ V_4 ∪ V_8. This can be done by a simple recursive argument sometimes (e.g. in [15, p. 93]) called the method of fundamental domains.

In fact, for s = 4, 8, k ∈ N, define recursively D^0_{s,h} = D_{s,h}, D^{k+1}_{s,h} = {Φ(h, x) ∈ R^2 | x ∈ D^k_{s,h}}, h ∈ (0, h_0]. Observe that ∪{D^{k+1}_{s,h} | k ∈ N} = V_s and H_h(x) = φ(h, H_h(Φ(−h, x))) whenever x ∈ D^0_{s,h}. Since D^k_{s,h} = {Φ(−h, x) ∈ R^2 | x ∈ D^{k+1}_{s,h} }, the recursive formula H_h(x) = φ(h, H_h(Φ(−h, x))), x ∈ D^{k+1}_{s,h} , k ∈ N is well-defined and extends H_h to V_s. It is easy to check that H_h(Φ(h, x)) = φ(h, H_h(x)) for all h ∈ (0, h_0], x ∈ U ∪ V_4 ∪ V_8.

Next we point out that (10) |H_h(x) − x| ≤ Kh^p whenever x ∈ V_4 ∪ V_8, h ∈ (0, h_0].

30 B. M. GARAY

Lemma 1.2. For s = 4, 8, there exist a new norm || · || on R^2 and a positive constant η such that, for h ∈ (0, h_0], the mappings φ(h, ·) and Φ(h, ·) are contractions on N (R_s, η) = {x ∈ R^2 | | ||x − R_s|| ≤ η}. Further, with some positive constants κ, K (independent of h), the contraction constant is 1 − κh and the unique fixed point Q_s(h) of φ(h, ·) in N (R_s, η) satisfies ||Q_s(h) − R_s|| ≤ Kh^p.

Proof. The contraction properties were proved in [12, Prop. 1.2, 1.3 and 2.2] (case ε = ε_0, sufficiently small). Estimate ||Q_s(h) − R_s|| ≤ Kh^p is a reformulation of (the z = 0 case of) the last assertion in [12, Cor. 2.3]. � By a simple compactness/uniformity argument, there is a constant τ > 0 such that {Φ(t, y) ∈ R^2| t ≥ τ, y ∈ D^0_{s,h}} ⊂ N (R_s, η/2). Pick an x ∈ V_s. Then x = Φ(kh, y) for some k = k(x) ∈ N, y ∈ D^0_{s,h}. In order to prove (10), we distinguish two cases according as kh ≤ τ or not. If kh ≤ τ , then, applying inequalities (5) and (6), we have that |H_h(x) − x| = |H_h(Φ(kh, y)) − Φ(kh, y)| = |φ(k, h, H_h(y)) − Φ(kh, y)| ≤ |φ(k, h, H_h(y)) − Φ(kh, H_h(y))| + |Φ(kh, H_h(y)) − Φ(kh, y)| ≤ c(τ)h^p + c(τ)|H_h(y) − y| ≤ c(τ)h^p + c(τ)Kh^p. On the other hand, if kh > τ then, with j = j̇(x, h) = min{i ∈ N | ih ≥ τ}, set w_i = φ(i, h, H_h(y)), z_i = Φ(ih, y), i = j, j + 1, . . . , k. Since z_j ∈ N (R_s, η/2) — as a matter of fact, {z_i}^k_j ⊂ N (R_s, η/2) — and ||w_j − z_j || ≤ ||w_j − Φ(jh, H_h(y))|| + ||Φ(jh, H_h(y)) − z_j || ≤ const ( |φ(j, h, H_h(y)) − Φ(jh, H_h(y))| + |Φ(jh, H_h(y)) − Φ(jh, y)| ) which in turn, using (5) and (6), is less than

const (c(τ + h_0)h^p + c(τ + h_0)|H_h(y) − y|) ≤ Kh^p;

there is no loss of generality in assuming that w_j ∈ N (R_s, η). Thus, in virtue of the φ-part of Lemma 1.2, we may assume that {w_i}^k_j ⊂ N (R_s, η). By a repeated application of (1) and the Φ-part of Lemma 1.2, it follows that ||H_h(x) − x|| = ||H_h(Φ(kh, y)) − z_k|| = ||φ(k, h, H_h(y)) − z_k|| = ||w_k − z_k|| = ||φ(h, w_k�_1) − Φ(h, z_k�_1)|| ≤ ||φ(h, w_k�_1) − Φ(h, w_k�_1)|| + ||Φ(h, w_k�_1) − Φ(h, z_k�_1)|| ≤ Kh^{p+1} + (1 − κh)||w_k�_1 − z_k�_1|| ≤ . . .

≤ Kh^{p+1}(1 + (1 − κh) + · · · + (1 − κh)^k�^j�^1) + (1 − κh)^k�^j ||w_j − z_j || ≤ (K/κ)h^p + ||w_j − z_j || ≤ (K/κ)h^p + Kh^p. Thus, in both cases, |H_h(x) − x| ≤ Kh^p and this concludes the proof of (10).

DISCRETIZATION AND PLANAR MS SYSTEMS 31

By letting H_h(R_s) = Q_s(h), s = 4, 8, we extend H_h to cl (U ∪ V_4 ∪ V_8). By the construction, the (extended) H_h is a homeomorphism.

Now we make use of what we obtained in Step 2. Replacing φ, Φ, V_s, R_s by ψ, Ψ, W_s�_2, S_s�_2 respectively, and starting from E_s�_{2,h} instead of D_{s,h}, s = 4, 8, the whole extension process can be repeated. By (8), (9), the two extensions can be made simultaneously; the resulting map (denoted also by) H_h is a homeomorphism and satisfies H_h(Φ(h, x)) = φ(h, H_h(x)), |H_h(x) − x| ≤ Kh^p whenever h ∈ (0, h_0], x ∈ cl (U ∪ V_4 ∪ V_8 ∪ W_2 ∪ W_6).

Returning to our mapping J_h defined on ∪{U_i | i = 0, 1, . . . , n}, the previous extension process can be repeated with P = P_i, U = U_i, H_h = J_h|U_i, i = 0, 1, . . . , n. By (7), (8), (9), this can be done simultaneously.

From now on, let J_h, h ∈ (0, h_0], denote the restriction of this simultaneous extension to the set A = ∪{cl(U_i ∪ V_{4,i} ∪ V_{8,i} ∪ W_{2,i} ∪ W_{6,i}) | i = 0, 1, . . . , n} ∩ D. It remains to extend J_h to the entire D.

Step 5: the components of D\A. Consider now a component B of D\A. Since ∂D ⊂ A and A is closed, B is open. By the construction, ∂A consists of a finite number of nonsaddle equilibria plus of a finite number of connecting orbits. The same is true for ∂B. It follows that the number of components of D\A is finite. Observe that G ∩ D ⊂ A, where G denotes the separatrix graph. Consequently, B is contained in a single component of D\G. It is known [6] that each component of D\G contains exactly one sink and one source on its boundary. Consequently, ∂B consists of two nonsaddle equilibria, a sink R and a source S, and of two connecting trajectories (trajectories containing Γ_{s,i} for some s ∈ {1, 3, 5, 7} and i ∈ {0, 1, . . . , n}). It follows that B is a collection of trajectories starting from S and tending to R.

Consider now the set J_h(∂B) and apply the Jordan curve theorem. Since J_h is a homeomorphism, also J_h(∂B) is a simple closed curve. Its interior is denoted by C_h. The conjugacy property of J_h and the Φ-invariance of ∂B implies that J_h(∂B) = ∂C_h is invariant under φ(h, ·). Since φ(h, ·) is a global homeomorphism (Step 2), it follows from Brouwer’s invariance of domain theorem that C_h is invariant under φ(h, ·).

By the previous considerations, in extending J_h from A to D, we can work on each component of D\A, separately.

Step 6: a Schönfliess argument on B combined with the method of fundamental domains. What also left to prove is that, for h ∈ (0, h_0], J_h|∂B extends to a homeomorphism K_h of cl (B) onto cl (C_h) such that K_h(Φ(h, x)) = φ(h, K_h(x)) and |K_h(x) − x| ≤ Kh^p whenever x ∈ cl (B).

With R playing the role of R_s in Lemma 1.2, set Γ = cl (B) ∩ ∂N (R, η). Since Φ is transversal to ∂N (R, η), Γ ∩ ∂B consists of exactly two points, say B_1, B_2. Set γ_h = {Φ(h, x) ∈ R^2 | x ∈ Γ} and α_{s,h} = {Φ(t, B_s) ∈ R^2 | 0 ≤ t ≤ h}, s = 1, 2.

32 B. M. GARAY

Let λ_h denote the simple closed curve formed by the four arcs α_{1,h}, Γ, α_{2,h}, γ_h. The closure of the interior of λ_h is denoted by F_h. We extend J_h first to λ_h, then to F_h and, finally, by the method of fundamental domains described in Step 4, to the entire cl (B). (The fundamental domains are D_{s,h}, E_{s,h} and F_h, respectively.)

By elementary considerations from plane topology, there is an arc Δ_h connecting J_h(B_1) with J_h(B_2) and a homeomorphism H_h of Γ onto Δ_h with the properties that Δ_h ⊂ cl (C_h), Δ_h ∩ ∂C_h = {J_h(B_1), J_h(B_2)}, H_h(B_1) = J_h(B_1), H_h(B_2) = J_h(B_2), and, last but not least, |H_h(x) − x| < 3Kh^p whenever x ∈ Γ. (Here of course, K is the fixed constant for which |J_h(x) − x| ≤ Kh^p whenever x ∈ ∂B). Set δ_h = {φ(h, x) ∈ R^2 | x ∈ Δ_h} and β_{s,h} = J_h(α_{s,h}), s = 1, 2. Given x ∈ Γ arbitrarily, inequalities (6) and (1) imply that |Φ(h, x) − φ(h, H_h(x))| ≤ |Φ(h, x) − Φ(h, H_h(x))| + |Φ(h, H_h(x)) − φ(h, H_h(x))| ≤ c(h_0)|x − H_h(x)| + Kh^{p+1} ≤ 3c(h_0)Kh^p + Kh^{p+1}.

In virtue of the Φ-part of Lemma 1.2, γ_h ⊂ N (R, (1 − κh)η). It follows immediately that δ_h ⊂ N (R, (1 − κh)η + (3c(h_0) + h_0)Kh^p). Since Δ_h ∩ N (R, η − 3Kh^p) = ∅, assumption p ≥ 2 implies that, for all h ∈ (0, h_0], Δ_h ∩ δ_h = ∅. Hence, the four arcs β_{1,h}, Δ_h, β_{2,h}, δ_h form a simple closed curve in cl(C_h), say μ_h. The closure of the interior of μ_h is denoted by G_h.

For x ∈ λ_h, set

R_h(x) =

J_h(x) if x ∈ α_{1,h} ∪ α_{2,h}, H_h(x) if x ∈ Γ, φ(h, H_h(Φ(−h, x))) if x ∈ γ_h. It is easy to check that R_h is well-defined, R_h is a homeomorphism of λ_h onto μ_h, R_h(Φ(h, x)) = φ(h, R_h(x)) whenever x ∈ Γ and, with b = max{3, 3c(h_0) + h_0}, |R_h(x) − x| ≤ bKh^p whenever x ∈ λ_h. Using p ≥ 2 again, the geometric properties of λ_h imply the existence of a simple closed curve ω_h ⊂ (F_h\λ_h) ∩ (G_h\μ_h) and of a homeomorphism Z_h of ω_h onto λ_h such that, with a suitable constant c > 1 (independent of h but depending on the angle between Γ and α_{s,h} at B_s, s = 1, 2), |Z_h(x) − x| ≤ bcKh^p whenever x ∈ ω_h. The closure of the interior of ω_h is denoted by Ω_h.

Next we construct a homeomorphism S_h of the annulus cl (F_h\Ω_h) onto the annulus cl (G_h\Ω_h) with the properties that S_h(x) = R_h(x) whenever x ∈ λ_h, S_h(x) = x whenever x ∈ ω_h and |S_h(x) − x| ≤ 24bcKh^p for all x ∈ cl(F_h\Ω_h). This will be done by applying Schönfliess theorem to the cells of a suitable cellular decomposition of cl (F_h\Ω_h), h ∈ (0, h_0].

In fact, by elementary considerations from plane topology, there exists a planar graph G_h with vertices A^1_h, A^2_h, . . . , A^N_h , C^1_h, C^2_h, . . . , C^N_h and edges φ^j_h = A^j_hA^{j+1}_h , φ^{N+j}_h = C^j_hC^{j+1}_h , φ^{2N+j}_h = A^j_hC^j_h, j = 1, 2, . . . , N (A^{N+1}_h = A^1_h, C^{N+1}_h = C^1_h) such

DISCRETIZATION AND PLANAR MS SYSTEMS 33

that ∪{φ^h_j | j = 1, 2, . . . , N} = ω_h, ∪{φ^{N+j}_h |j = 1, 2, . . . , N} = μ_h and, last but not least, for j = 1, 2, . . . , N, the diameter of the curvilinear rectangle A^j_hA^{j+1}_h C^{j+1}_h C^j_h is less than 12bcKh^p. Similarly, there exists a planar graph F_h with vertices A^1_h, A^2_h, . . . , A^N_h , B^1_h = R�^1_h (C^1_h), B^2_h = R�^1_h (C^2_h), . . . , B^N_h =

R�1_{h (C}N_{h ) and edges ε}j_{h = φ}j_{h, ε}N+j_{h = B}j_{hB}j+1_{h , ε}2N+j_{h = A}j_{hB}j_{h, j = 1, 2, . . . , N}

(B^{N+1}_h = B^1_h) such that ∪{ε^{N+j}_h | j = 1, 2, . . . , N} = λ_h and, for j = 1, 2, . . . , N, the diameter of the curvilinear rectangle A^j_hA^{j+1}_h B^{j+1}_h B^j_h is less than 12bcKh^p. Finally, there exists a homeomorphism S_h of F_h onto G_h with the properties that S_h(x) = R_h(x) whenever x ∈ λ_h, S_h(x) = x whenever x ∈ ω_h (and consequently, S_h(ε^j_h) = φ^j_h, j = 1, 2, . . . , 3N).

By an N-fold application of Schönfliess theorem (applied to the curvilinear rectangles A^j_hA^{j+1}_h B^{j+1}_h B^j_h, j = 1, 2, . . . , N, separately), we may extend S_h to a homeomorphism of cl (F_h\Ω_h) onto cl (G_h\Ω_h). Further, by letting S_h(x) = x for all x ∈ Ω_h, S_h is extended to a homeomorphism (denoted also by S_h) of F_h onto G_h. The estimates on the diameter of the curvilinear rectangles imply that |S_h(x) − x| ≤ 24bcKh^p for all x ∈ F_h. It is easy to check that the conditions of applying the method of fundamental domains described in Step 4 are satisfied. Starting with F_h as fundamental domain, the homeomorphism S_h : F_h → G_h can be extended to a homeomorphism K_h : cl (B) → cl (C_h) such that K_h(Φ(h, x)) = φ(h, K_h(x)) and |K_h(x)−x| ≤ const · h^p for all x ∈ cl (B). This concludes Step 6 as well as the proof of the Theorem.

Remark 1.3. Though condition p ≥ 2 was made use of only in Step 6, the proof of the Theorem breaks down badly in the case p = 1. The main difficulty is that the arcs β_{1,h} and β_{2,h} are only Hölder continuous (like the conjugacy in the classical Hartman-Grobman lemma [15, Thm. 5.14]) and so the construction of the simple closed curve μ_h requires delicate considerations. This is the first point where condition p ≥ 2 was exploited. (As a matter of fact, there exists a C^1 conjugacy — this is a planar case improvement [13] of the classical Hartman-Grobman lemma — but this does not imply automatically the validity of the C^1 version of Lemma 1.1. Alternatively, the construction of μ_h might be possibly furnished within the framework [19] of Conley’s index theory for discrete dynamical systems. Neither this approach seems to be straightforward.) The second point where condition p ≥ 2 was exploited is the construction of graphs F_h and G_h. (This made the application of the classical Schönfliess extension theorem possible. However, no matter whether p ≥ 2 or p = 1, the whole Schönfliess argument could be replaced by an affirmative answer to the following Conjecture: Given the simple closed planar curves γ_1, γ_2 with respective interiors Ω_1, Ω_2 and a homeomorphism H of γ_1 onto γ_2, there exists an extended homeomorphism H̃ of γ_1 ∪ Ω_1 onto γ_2 ∪ Ω_2 with the property that max{|H̃(x) − x| | | x ∈ γ_1 ∪ Ω_1} = max{|H(x) − x| | | x ∈ γ_1}. The

34 B. M. GARAY

above conjecture relates to a conjecture in [11] whose special cases were solved in [5] and [20]).

Remark 1.4. It is known that hyperbolic periodic orbits of autonomous ordinary differential equations persist under discretization. More precisely, hyperbolic periodic orbits go over into nearby hyperbolic invariant curves of the discretized system [3], [9]. Since rotation numbers on these hyperbolic invariant curves may depend on the stepsize of the discretization, no conjugacy results can be expected. Instead of, we pose the following conjecture (see Remark 2.4 as well where also the meaning of the expression “for most h” will be specified).

Conjecture. With (iii) replaced by condition (iii)’ there are finitely many periodic orbits in D, all hyperbolic; alpha- and omegalimit sets of trajectories in D are equilibria or periodic orbits, let N , p, D, f, Φ, φ, M be as in the Theorem. Then there is a positive constant K and, for most h sufficiently small, there exist a homeomorphism H_h : D → H_h(D) and a continuous-time local dynamical system Φ̃_h (defined on N ) with the properties that φ(h, x) = Φ̃_h(h, x) and |H_h(x) − x| ≤ Kh^p whenever x ∈ D and, last but not least, preserving time-orientation, the homeomorphism H_h maps trajectory segments of Φ in D onto trajectory segments of Φ̃_h in H_h(D).

2. Some General Remarks. The Real Problems to Solve

Let f : R^n → R^n be a C^{p+1} function and consider the differential equation ẋ = f(x). The induced dynamical system and its time-T -map are denoted by Φ and Φ(T, ·), respectively. The h-discretized system of order p is defined as a C^{p+1} mapping φ: R^+ × R^n → R^n satisfying, with some positive constants K and h_0 (independent of h and x),

(11) |Φ(h, x) − φ(h, x)| ≤ Kh^{p+1} for all h ∈ (0, h_0], x ∈ R^n.

As in Step 2 of the proof of the Theorem, it follows easily that, for all h ∈ (0, h_0],

(12) φ(h, ·) is a C^{p+1} diffeomorphism of R^n onto R^n,

(13) |Φ^{(j)}_x (h, x) − φ^{(j)}_x (h, x)| ≤ Kh^{p+1}�^j whenever j = 0, 1, . . . , p + 1 and x ∈ R^n

and, with φ(k, h, x) defined by the recursion φ(0, h, x) = x, φ(k + 1, h, x) = φ(h, φ(k, h, x)), x ∈ N, (14) |Φ(1, x) − φ(N, 1/N, x)| ≤ KN�^p whenever 1/N < h_0 and x ∈ R^n

(— the constants K, h_0 etc. are not necessarily the same at different appearances).

DISCRETIZATION AND PLANAR MS SYSTEMS 35

Proposition 2.1. There holds also

(15) |Φ0_x(1, x) − φ0_x(N, 1/N, x)| ≤ KN�^{(p}�^{1)} whenever 1/N < h_0 and x ∈ R^n.

Proof. For brevity, we write F (x) = Φ(1/N, x), G(x) = φ(1/N, x). Then Φ(1, x) = F^N (x), φ(N, 1/N, x) = G^N (x) and, in virtue of the simple inequalities |F 0_{(x)| ≤ 1 + a/N, |G}0_{(x)| ≤ 1 + a/N,} |F 0_{(F} k_{(x)) − G}0_{(G}k_{(x))| ≤ |F} 0_{(F} k_{(x)) − G}0_{(F} k_{(x))| + |G}0_{(F} k_{(x)) − G}0_{(G}k_{(x))|} ≤ KN�^p + b|F^k(x) − G^k(x)| ≤ cN�^p, k = 0, 1, . . . , N, x ∈ R^n, (where a, b, c are constants independent of N), we obtain via some elementary “product formulas [7]” that

|Φ0_{x(1, x) − φ}0_{x(N, 1/N, x)| = |(F} N_)0_{− (G}N_)0_|

= |F 0(F^N�^1) · F 0(F^N�^2) · . . . · F 0 − G0(G^N�^1) · G0(G^N�^2) · . . . · G0| ≤ N�1_∑ k=0 |F 0_{(F} N�1_{) · . . . · F} 0_{(F} k+1_{) · [F} 0_{(F} k_{) − G}0_{(G}k_{)] · G}0_{(G}k�1_{) · . . . · G}0_|

≤ N(1 + a/N)^N�^1cN�^p ≤ exp(a) · cN�^{(p}�^{1)} whenever 1/N < h_0 and x ∈ R^n. � Remark 2.2. As a joint generalization of (14) and (15), an inductive application of the arguments we used in proving Proposition 2.1 yields that, for j = 0, 1, . . . , p, there holds

(16) |Φ^{(j)}_x (1, x) − φ^{(j)}_x (N, 1/N, x)| ≤ KN�^{(p}�^{j)} whenever 1/N < h_0, x ∈ R^n.

It is worth to note that (16) is conform to the Hadamard-Landau interpolation inequality (see e.g. [12, Thm. 2.6]) valid for u ∈ C^p(R^n, R^n):

(17) |u^{(j)}|^p ≤ const (j, p) · |u|^p�^j · |u^{(p)}|^j , j = 0, 1, . . . , p .

Conformity means that, with u = Φ(1, ·) − φ(N, 1/N, ·), inequality (17) implies that (16) is equivalent to its special cases j = 0 and j = p. For Runge-Kutta or l-derivative one-step methods of order p, (16) can be slightly improved [9, Prop. 1].

Now we turn back to the qualitative properties of discretizations. Assuming p ≥ 2, inequalities (14) and (15) imply that φ(N, 1/N, ·) is a small C^1 perturbation of Φ(1, ·). Encouraged by this observation, especially when treating persistence phenomena for qualitative properties under discretizations, one is induced to apply

36 B. M. GARAY

perturbation theory for the limiting process φ(N, 1/N, ·) → Φ(1, ·), N → ∞. An immediate result is that, for N sufficiently large, φ(N, 1/N, ·) and Φ(1, ·) are conjugate providing Φ(1, ·) is structurally stable. This is the case e.g. for Morse-Smale gradient systems [23, Cor. 1.3].

Everything is much harder if the relationship between Φ(h, ·) and φ(h, ·) is investigated where standard perturbation results can not be directly applied. The difficulty is that, with h → 0^+, both Φ(h, ·) and φ(h, ·) approach the identity, an operator which behaves badly in perturbation theory. The fact that h�^1(Φ(h, ·) − Id) → f and h�^1(φ(h, ·) − Id) → f is fundamental for applying [7] nonlinear semigroup theory in numerical analysis but does not give much help in studying the relationship between Φ(h, ·) and φ(h, ·). However, from the view-point of introducing stepsize as an additional small parameter, a refinement of classical qualitative theory might help. The proof of the Theorem is nothing else but such an analysis of the proofs in [6], [24]. Reconsideration of some hard proofs (e.g. in [14], [22], [25]) would also be desirable.

The previous two paragraphs indicate that a natural way for comparing the qualitative properties of Φ(h, ·) and φ(h, ·) is to subdivide the problem into compar- ing the pairs Φ(1/N, ·) ←→ Φ(1, ·), Φ(1, ·) ←→ φ(N, 1/N, ·) and φ(N, 1/N, ·) ←→ φ(1/N, ·), respectively — for simplicity, we assumed that h = 1/N for some positive integer N. Roughly speaking, the three steps are “taking Nth power”, “applying classical perturbation results” and “taking Nth root”. (We feel the last step is the hardest. In general, contrary to the situation considered in [12], the conjugacy found for time T = 1 (i.e. the conjugacy between Φ(1, ·) and φ(N, 1/N, ·)) does not work automatically for time T = 1/N (i.e. between Φ(1/N, ·) and φ(1/N, ·)). Neither time averages of conjugacies work.) This is the context the first question of Problem 2.3 has to be understood. The second question of Problem 2.3 relates already to Remark 2.4 as well. Of course, we do not expect one-word “yes” or “no” answers but look for examples, necessary and/or sufficient conditions, connections to weakenings of the concept of structural stability etc.

Problem 2.3. Is it true that the qualitative properties of φ(N, 1/N, ·) and φ(1/N, ·) are, in some sense, the same (qualitative root problem)? Is it possible to embed φ(h, ·) into a continuous-time dynamical system Φ̃_h such that the qualitative properties of Φ̃_h and Φ are, in some sense, the same (qualitative embedding problem)?

Remark 2.4. The problem of embeddability of discrete dynamical systems into continuous ones is extremely difficult. For a survey, see [27]. Besides the line case which is trivial, only the circle case is entirely solved [17]. C^2 selfdiffeomorphisms of the circle with irrational rotation numbers are conjugate to rotations. In particular, they embed into continuous-time dynamical systems. If the nonzero rotation number is rational, then embeddability implies all points are periodic [17]. Thus, φ(h, ·) restricted to the collection of the hyperbolic invariant

DISCRETIZATION AND PLANAR MS SYSTEMS 37

curves embeds into a continuous-time dynamical system provided that all rotation numbers are irrational. But rotation numbers are strictly increasing continuous functions of the stepsize [3, Thm. 4.1]. This gives an indication that the exceptional set in the Conjecture might be countable. (Or should one take only the “nice” irrational numbers?)

Concluding this paper, we present a simple local conjugacy result which corresponds to the local flow-box/rectification theorem [15, Thm. 5.8] and, in its various aspects, is implicitely contained in several papers [4], [10], [12], [16], [21] on discretizations and/or embeddings but was probably never stated explicitely. The easy proof is omitted.

Proposition 2.5. Assume that the conditions listed at the beginning of this section are all satisfied and let P be a nonequilibrium point for ẋ = f(x). Then there is an open neighbourhood N of P in R^n with the properties as follows. There exist positive constants h_0, K and, for all h ∈ (0, h_0], there exists a C^{p+1} diffeomorphism H_h : N → H_h(N ) such that H_h(Φ(h, x)) = φ(h, H_h(x)) and |H_h(x) − x| ≤ Kh^p whenever x ∈ N , Φ(h, x) ∈ N and h ∈ (0, h_0]. In particular, locally, in a neighbourhood of P , φ(h, ·) embeds into a continuous-time local C^{p+1} dynamical system which is transversal to the codimension one affine hyperplane orthogonal to f(P ) at P .

References

1. Abraham R., Marsden J. E. and Ratiu T., Manifolds, Tensor Analysis and Applications, Springer, Berlin, 1983.

2. Andronov A. and Pontryagin L., Systèmes grossiers, Dokl. Akad. URSS 14 (1937), 247–251. 3. Beyn W. J., On invariant curves for one-step methods, Numer. Math. 51 (1987), 103–122. 4. , On the numerical approximation of phase portraits near stationary points, SIAM J.

Numer. Anal. 24 (1987), 1095–1113.

5. Bosznay A. P. and Garay B. M., On a geometric problem concerning discs, Acta Sci. Math.

Szeged 52 (1988), 325–329; erratum, ibid. 54 (1990), 209–210.

6. deBaggis H. F., Dynamical systems with stable structure, In:Contributions to the Theory of Nonlinear Oscillations 2 (S. Lefschetz, ed.), Princeton Univ. Press, Princeton N.J., 1952, pp. 37–59.

7. Chorin A. J., Hughes T. R. J., McCracken M. F. and Marsden J. E., Product formulas and numerical algorithms, Commun. Pure Appl. Math. 31 (1978), 205–256.

8. Conley C., Isolated invariant sets and the Morse index, AMS CBMS 38, Providence, R.I., 1978.

9. Eirola T., Two concepts for numerical periodic solutions of ODE’s, Appl. Math. Comput.

31 (1989), 121–131.

10. Fec̆kan M., Note on a Poincaré map, Math. Slovaca 42 (1991), 83–87. 11. Garay B. M., A metric characterization of compact plane retracts and applications, Ann.

Math. pura appl. 139 (1985), 329–340.

12. , Discretization and some qualitative properties of ordinary differential equations about equilibria, Acta Math. Univ. Comenianae LXII(2) (1993), 249–275.

13. Hartman P., On local homeomorphisms of Euclidean spaces, Bol. Soc. Math. Mexicana 5 (1960), 220–241.

14. Hirsch M., Pugh C. and Shub M., Invariant Manifolds, Springer, Berlin, 1977.

38 B. M. GARAY

15. Irwin M. C., Smooth Dynamical Systems, AP, New York, 1980.

16. Kloeden P. E. and Lorenz J., Stable attracting sets in dynamical systems and their one-step discretizations, SIAM J. Numer. Anal. 23 (1986), 986-995.

17. Li Z. and Song G. H., Necessary and sufficient conditions for embedding a self-mapping of S1 in a semiflow, Chenese Quart. J. Math. 3 (1988), 44–46.

18. Markus L., Lectures in Differentiable Dynamics, AMS CBMS 3, Providence, R.I., 1971. 19. Mrozek M., Leray functor and cohomological Conley index for discrete time dynamical systems, Trans. Amer. Math. Soc. 318 (1990), 149–178.

20. , Some remarks on Garay’s conjecture, Acta Math. Hungar. 57 (1991), 53–59. 21. Mrozek M. and Rybakowski K. P., Discretized ordinary differential equations and the Conley index, J. Dyn. Diff. Eq. 4 (1992), 57–63.

22. Nitecki Z., Differentiable Dynamics, MIT Press, Cambridge, Mass., 1971. 23. Palis J. and Smale S., Structural stability theorems, In: Global Analysis, Proc. Symp. in Pure Math., vol. 14, AMS, Providence, R.I., 1970, pp. 223–232.

24. Peixoto M. M., On structural stability, Ann. of Math. (2) 69 (1959), 199–222. 25. Robbin J. W., A structural stability theorem, Ann. of Math. (3) 94 (1971), 447–493. 26. Smale S., On gradient dynamical systems, Ann. of Math. (2) 74 (1961), 199–206. 27. Utz W. R., The embedding of homeomorphisms in continuous flows, Top. Proceedings 6 (1981), 159–177.

B. M. Garay, Department of Mathematics, University of Technology, H-1521 Budapest, Hungary