Acta Math. Univ. Comenianae Vol. LXIII, 1(1994), pp. 55–75 55

NON–ARCHIMEDEAN SEQUENTIAL SPACES AND THE FINEST LOCALLY CONVEX TOPOLOGY WITH THE SAME COMPACTOID SETS

A. K. KATSARAS, C. PETALAS and T. VIDALIS

Abstract. For a non-Archimedean locally convex space (E, τ), the finest locally convex topology having the same as τ convergent sequences and the finest locally convex topology having the same as τ compactoid sets are studied.

Introduction

For a locally convex space E over the field of either the real numbers or the complex numbers, Webb investigated in [13] the finest locally convex topology on E having the same convergent sequences as the original topology. Also, he studied the finest locally convex topology which has the same precompact sets.

In this paper we look at analogous problems for non-Archimedean spaces. For a non-Archimedean locally convex space (E, τ), we study the sequential locally convex topology τ^s which is the finest locally convex topology with the same as τ convergent sequences. Passing from τ to τ^s, we get that the category of non- Archimedean sequential locally convex spaces and continuous linear maps is a full coreflective subcategory of the category of all locally convex spaces. If τ is the weak topology of c_0, then τ^s coincides with the norm topology of c_0 which of course is not true in the classical case. For a zero dimensional topological space X and a non-Archimedean locally convex space E, we look at the problem of when is the space C(X, E), of all continuous E-valued functions on X, with the topology of either the pointwise convergence or the compact convergence, a sequential space. In case E is metrizable, it is shown that C(X, E) is sequential iff it is bornological and this happens iff X is N -replete, where N is the set of natural numbers.

For a non-Archimedean locally convex topology τ on E, we study the locally convex topology τ^c which coincides with the finest locally convex topology with the same as τ compactoid sets. The compactoid sets in non-Archimedean spaces are much more important than the precompact sets. As in the case of τ^s, we get that the category of all non-Archimedean locally convex spaces (E, τ) and continuous linear maps, for which τ = τ^c, is a full coreflective subcategory of the

Received November 25, 1992; revised January 3, 1994.

1980 Mathematics Subject Classification (1991 Revision). Primary 46S10.

56 A. K. KATSARAS, C. PETALAS and T. VIDALIS

category of all locally convex spaces. If τ is the weak topology of ℓ^∞ and if the field is non-spherically complete, it is shown that τ^s coincides with the finest locally convex topology which agrees with τ on norm bounded sets and with the finest polar topology having the same as τ compactoid sets.

1. Preliminaries

All vector spaces considered in this paper will be over a complete non-Archime-dean valued field K whose valuation is non-trivial.

For a subset S of a vector space E over K , we will denote by co (S) the absolutely convex hull of S. The edged hull A^e, of an absolutely convex subset A of E, is defined by: A^e = A if the valuation of K is discrete, and A^e = ∩{λA : |λ| > 1} if the valuation of K is dense (see [9]).

A subset B, of a locally convex space E over K , is called compactoid if, for each neighborhood V of zero, there exists a finite subset S of E such that B ⊂ co (S)+V . For a non-Archimedean seminorm p on E, we will denote by E_p the quotient space E/ker p equipped with the norm ||[x]_p|| = p(x), where ker p = {x : p(x) = 0}. By Ê_p we will denote the completion of E_p.

A seminorm p on E is called polar if p = sup{|f| : f ∈ E^∗, |f| ≤ p}, where E^∗ is the algebraic dual space of E. The locally convex space E is called polar if its topology is generated by a family of polar seminorms (see [9]). Equivalently, E is a polar space if it has a base at zero consisting of polar sets, i.e. sets V with V = V^{00}, where V^{00} is the bipolar of V . For other notions refering to non-Archimedean locally convex spaces and for related results we refer to [9].

2. Sequential Spaces

Definition 2.1. A subset V , of a locally convex space E, is called a sequential neighborhood of zero if every null sequence in E lies eventually in V . The space E is called sequential if every convex sequential neighborhood of zero is a neighborhood of zero.

We have the following easily established

Lemma 2.2. Let V be an absolutely convex absorbing subset of a locally convex space E. Then, V is a sequential neighborhood of zero iff its Minkowski functional p_V is sequentially continuous.

Proposition 2.3. For a locally convex space E, the following are equivalent: (1) E is a sequential space.

(2) Every sequentially continuous seminorm on E is continuous. (3) For every locally convex space F , every sequentially continuous linear map from E to F is continuous.

NON–ARCHIMEDEAN SEQUENTIAL SPACES 57

(4) For every Banach space F , every sequentially continuous linear map from E to F is continuous.

Proof. The equivalence of (1) and (2) follows from Lemma 2.2 (2) ⇒ (3) Let f : E → F be linear and sequentially continuous. If V is a convex neighborhood of zero in F , then f^{−1}(V ) is a convex sequential neighborhood of zero in E and hence f^{−1}(V ) is a neighborhood of zero.

(4) ⇒ (2) Let p be a sequentially continuous seminorm on E and consider the Banach space Ê_p. The canonical mapping π_p : E → Ê_p is sequentially continuous and hence continuous, which implies that p is continuous. �

Let now (E, τ) be a locally convex space. The family of all convex sequential τ-neighborhoods of zero is a base at zero for a locally convex topology τ^s. The family of polar (with respect to the pair ⟨E, E^∗⟩) sequential τ-neighborhoods of zero is a base at zero for a polar topology τ^s_π. We have the following

Proposition 2.4. 1) τ^s coincides with the coarsest sequential topology finer than τ.

2) τ is sequential iff τ = τ^s.

3) τ^s is the finest locally convex topology on E having the same convergent sequences as τ.

4) If τ_1 is a locally convex topology on E such that every τ-null sequence is also τ_1-null, then τ_1 is coarser then τ^s.

5) The topologies τ and τ^s have the same bounded sets.

6) If F is a locally convex space and f : E → F a linear mapping, then f is τ^s-continuous iff it is sequentially τ-continuous.

7) τ^s is generated by the family of all non-Archimedean seminorms on E which are sequentially τ-continuous.

8) τ^s_π is the finest of all polar topologies τ_1 on E such that every τ-convergent sequence is also τ_1-convergent. If τ is polar, then τ ≤ τ^s_π and the topologies τ and τ^s_π have the same convergent sequences.

9) τ^s_π ≤ τ^s.

10) τ^s_π is generated by the family of all sequentially τ-continuous polar seminorms on E.

11) τ^s_π is the largest of all polar topologies which are coarser than τ^s.

Proposition 2.5. Let (E, τ) and (F, τ_1) be locally convex spaces. If a linear map f : (E, τ) → (F, τ_1) is continuous, then f is also (τ^s, τ^s_1 )-continuous and (τ^s_π , (τ_1)^s_π)-continuous.

Using the preceding Proposition we get that the category of non-Archimedean sequential locally convex spaces and continuous linear maps is a full coreflective subcategory of the category of all locally convex spaces.

58 A. K. KATSARAS, C. PETALAS and T. VIDALIS

Corollary 2.6. If (E, τ) = ∏ α∈I (E_α, τ_α), then τ^s ≥ ∏ α∈I (τ_α)^s and τ^s_π ≥ ∏ α∈I (τ_α)^s_π .

Proposition 2.7. Let (E, τ) = ∏_n k=1(E_k, τ_k ). Then

τ^s = n∏ k=1 (τ_k)^s and τ^s_π = n∏ k=1 (τ_k)^s_π .

Proof. Let τ_0 = ∏_n k=1(τ_k )^s. By the preceding Corollary, we have τ_0 ≤ τ^s.

On the other hand, let V be a convex sequential τ-neighborhood of zero in E. If j_k : E_k → E is the canonical injection, then V_k = j^{−1}_k (V ) is a sequential τ_k - neighborhood of zero in E_k. It follows that W = ∏_n k=1 V_k is a τ_0-neighborhood of zero with W ⊂ V , which proves that τ^s ≤ τ_0.

The proof for the case of τ^s_π is analogous. �

Recall that a locally convex space E is called polarly bornological (see [9]) if every subset of E, which is polar with respect to the pair ⟨E, E^∗⟩ and which absorbs bounded sets is a neighborhood of zero. Equivalently, E is polarly bornological if every polar seminorm on E, which is bounded on bounded sets, is continuous.

Proposition 2.8. Let (E, τ) be a locally convex space. 1) If (E, τ) is bornological, then τ = τ^s. 2) If (E, τ) is polarly bornological, then τ^s_π ≤ τ.

Proof. 1) It follows from the fact that τ and τ^s have the same bounded sets. 2) Let p be a sequentially continuous polar seminorm. Then, p is bounded on bounded sets. In fact, let B be a bounded set with sup_{x∈B} p(x) = ∞. Let |λ| > 1 and choose a sequence (x_n) in B with p(x_n) > |λ|^n. Now, λ^{−n}x_n → 0 but p(λ^{−n}x_n) ≥ 1 for all n, a contradiction. Since E is polarly bornological, p is continuous and the result follows from Proposition 2.4. �

Proposition 2.9. If E is finite dimensional, then it is sequential.

Proof. If E is Hausdorff, then E is topologically isomorphic to K^n, where n = dim(E), and so E is sequential. If E is not Hausdorff, let F = {0}. Since E/F is Hausdorff and finite-dimensional, its topology is given by some norm ‖ · ‖. If π : E → E/F is the quotient map, then it is easy to see that the topology of E is given by the seminorm p(x) = ‖π(x)‖. Thus E is seminormable and hence sequential. �

We have also the following easily established

NON–ARCHIMEDEAN SEQUENTIAL SPACES 59

Proposition 2.10. Let {E_α : α ∈ I} be a family of locally convex spaces, E a vector space and, for each α ∈ I, f_α : E_α → E a linear mapping. If each E_α is sequential and if E is equipped with the finest locally convex topology for which each f_α is continuous, then E is sequential.

Corollary 2.11. Quotient spaces and direct sums of sequential locally convex spaces are sequential.

The result about direct sums of sequential spaces also follows using the general theory of coreflective subcategories.

For a locally convex space (E, τ), we will denote by E^s the space of all sequentially τ-continuous linear functionals on E. Clearly E^s = (E, τ^s)^′.

Definition 2.12. A subset B of E^∗ is called sequentially τ-equicontinuous if x_n^τ→ 0 in E implies that f(x_n) → 0 uniformly for f ∈ B, i.e. lim_{n→∞} sup_{f ∈B} |f(x_n)| = 0. Clearly every sequentially τ-equicontinuous subset of E^∗ is contained in E^s and E^s is the union of all such subsets of E^∗.

Lemma 2.13. If B ⊂ E^∗ is sequentially τ-equicontinuous, then its bipolar

B�_{, with respect to the pair ⟨E}∗_{, E⟩, is also sequentially τ-equicontinuous.}

Proof. It follows from the fact that for each x ∈ E we have sup_{f ∈B} |f(x)| = sup_{f ∈B} � |f(x)| . � In the following Proposition, we will denote by b(E^s, E) the strong topology on E^s.

Proposition 2.14. If τ is polar, then every sequentially τ-equicontinuous subset H of E^s is b(E^s, E)-bounded.

Proof. Assume that H is not strongly bounded and let A be a σ(E, E^s)-bounded subset of E such that sup x∈A, f ∈H |f(x)| = ∞ . Since E^′ ⊂ E^s, the set A is σ(E, E^′)-bounded and hence it is τ-bounded since τ is polar.

Let |λ| > 1 and choose a sequence (x_n) in A and a sequence (f_n) in H such that |f_n(x_n)| ≥ |λ|^n for all n. Since A is bounded, we have that λ^{−n}x_n^τ→ 0. Moreover, |f_n(λ^{−n}x_n)| ≥ 1 which contradict the fact that H is sequentially τequicontinuous. �

Since, for each f ∈ E^s, the seminorm p_f (x) = |f(x)| is polar and sequentially continuous, it is clear that E^s = (E, τ^s_π )^′.

60 A. K. KATSARAS, C. PETALAS and T. VIDALIS

Proposition 2.15. τ^s_π coincides with the topology of uniform convergence on the sequentially τ-equicontinuous subsets of E^s.

Proof. It is easy to see that a subset of E^s is τ^s_π -equicontinuous iff it is sequentially τ-equicontinuous. Now the result follows form the fact that τ^s_π is a polar topology. �

Notation. For a locally convex space (E, τ), we will denote by E^b the space of all bounded linear functionals on E, i.e. the space of all f ∈ E^∗ which are bounded on τ-bounded sets. By τ^n we will denote the topology on E^b of uniform convergence on the τ-null sequences in E.

Proposition 2.16. For an absolutely convex subset H of E^s, the following assertions are equivalent:

(1) H is sequentially τ-equicontinuous. (2) H is τ^n-compactoid.

Proof. (1) ⇒ (2). Let p be the Minkowski functional of the polar H^0 of H in E. We have that p(x) = sup_{f ∈H} |f(x)| (x ∈ E). Let A = {x_n : n ∈ N }, where (x_n) is a τ-null sequence in E. Let 0 < |μ| < 1 and let ε > 0 with 4ε ≤ |μ|. There exists an index n_0 such that p(x_n) < ε if n > n_0. We choose a basis {z_1, . . . , z_k} for F = [x_1, . . . , x_{n0} ] which is^1_2 -orthogonal with respect to the seminorm p. We may assume that p(z_1) ≥ p(z_2) ≥ · · · ≥ p(z_k). Let m ≤ k be such that p(z_i) > 0 if i ≤ m and p(z_i) = 0 if i > m. We may assume that |μ| ≤ p(z_i) < 1 for i ≤ m. There are g_1, . . . , g_m in G^′, where G = [z_1, . . . , z_m], with g_i(z_j ) = 0 if i ≠ j and g_i(z_i) = 1. For x = ∑_m i=1 λ_iz_i ∈ G, we have p(x) ≥ 1 2 sup 1≤i≤m |λ_i|p(z_i) ≥ sup_{1≤i≤m} |μλ_i| 2 . Thus, |g_i(x)| = |λ_i| ≤ 2 |μ| p(x) . Since p is a polar seminorm, there exists a continuous extension g_i of g_i to all of E such that |g_i(y)| ≤ 4 |μ| p(y) for all y ∈ E. Note that g_i ∈ (E, τ^s_π )^′ = E^s. Let now f ∈ H and set h = ∑_m i=1 f(z_i)g_i. Since f ∈ H, we have |f| ≤ p and so |f(z_i)| ≤ p(z_i) ≤ 1, which implies that h ∈ co (g_1, . . . , g_m). Moreover, h = f on G. For m < i ≤ k, we have |g_i(z_i)| ≤ 4 |μ| p(z_i) = 0 ,

NON–ARCHIMEDEAN SEQUENTIAL SPACES 61

which implies that h = f on F . Finally, for n > n_0, we have |f(x_n)| ≤ p(x_n) < 1, |g_i(x_n)| ≤ 4 |μ| p(x_n) ≤ 4ε |μ| ≤ 1 . Therefore, |(f − h)(x_n)| ≤ 1 for all n and so f − h ∈ A^0, where A^0 is the polar of A in E^b. Thus H ⊂ co (g_1, . . . , g_m) + A^0,

which proves that H is τ^n-compactoid.

(2) ⇒ (1). Let (x_n) be a τ-null sequence in E and set A = {x_n : n ∈ N }. Since the polar A^0 of A in E^b is a τ^n-neighborhood of zero, given μ ≠ 0 in K there are g_1, . . . , g_m in the linear hull [H] ⊂ E^s of H such that

H ⊂ co (g_1, . . . , g_m) + μA^0 .

Let n_0 be such that |g_k(x_n)| ≤ |μ|, for k = 1, . . . , m, if n ≥ n_0. Now sup_{f ∈H} |f(x_n)| ≤ |μ| for all n ≥ n_0. In fact, let f ∈ H. There exist g ∈ co (g_1, . . . , g_m) and h ∈ A^0 such that f = g + μh, which implies that, for n ≥ n_0, we have |f(x_n)| ≤ |μ| since |g(x_n)| ≤ |μ|. This proves that H is sequentially τ-equicontinuous. �

3. The Topology τ^c

In this section we will study the finest locally convex topology on E having the same compactoid sets as a given locally convex topology.

Proposition 3.1. Let τ_1, τ_2 be locally convex topologies on E such that every τ_1-compactoid is also τ_2-compactoid. Then, every τ_1-bounded set is also τ_2- bounded.

Proof. Let A be a subset of E which is τ_1-bounded but not τ_2-bounded. We may assume that A is absolutely convex. Since A is not τ_2-bounded, given μ ∈ K , with |μ| > 1, there exist a convex τ_2-neighborhood V of zero and a sequence (x_n) in A with x_n /∈ μ^{2n}V . The sequence (y_n), y_n = μ^{−n}x_n, is τ_1-null and hence τ_1-compactoid, which implies that (y_n) is τ_2-compactoid. Therefore, (y_n) is τ_2- bounded and so μ^{−n}y_n^{τ2}→ 0, which is a contradiction since μ^{−n}y_n /∈ V .

Let now τ be a locally convex topology on E and let B_τ be the family of all convex absorbing subsets V of E with the following property: For each τcompactoid subset A of E there exists a finite subset S of E such that A ⊂ co (S) + V . Clearly every convex τ-neighborhood of zero is in B_τ and, for each V ∈ B_τ and each μ /∈ 0, we have μV ∈ B_τ . If V_1, V_2 are in B_τ , then V = V_1 ∩ V_2

62 A. K. KATSARAS, C. PETALAS and T. VIDALIS

is also in B_τ . In fact, let A be an absolutely convex τ-compactoid and let |λ| > 1. There exists a finite subset S = {x_1, . . . , x_n} of E such that

A ⊂ co (S) + λ^{−2}V_1 .

By [3, Lemma 1.2], there exists a finite subset S_1 = {y_1, . . . , y_n} of λA such that

A ⊂ co (S_1) + λ^{−1}V_1 .

Since the set B = [A + co (S_1)] ∩ (λ^{−1}V_1) is a τ-compactoid, using again [3, Lemma 1.2], we can find a finite subset S_2 of λB ⊂ V_1 such that

B ⊂ co (S_2) + V_2. Now A ⊂ co (S_1 ∪ S_2) + V_1 ∩ V_2 .

In fact, let x ∈ A. There exists z_1 ∈ co (S_1) such that x − z_1 ∈ λ^{−1}V_1. Since x − z_1 ∈ B, there exists z_2 ∈ co (S_2) ⊂ V_1 such that x − z_1 − z_2 ∈ V_2. Since x−z_1 ∈ B ⊂ λ^{−1}V_1 ⊂ V_1, we have that x−z_1−z_2 ∈ V_1∩V_2 and z_1+z_2 ∈ co (S_1∪S_2), which completes the proof of our claim. This proves that V_1 ∩ V_2 ∈ B_τ . It follows from the above that B_τ is a base at zero for a locally convex topology τ^c finer than τ. �

Proposition 3.2. (1) τ^c is the finest locally convex topology on E having the same compactoid sets as τ.

(2) If τ_1 is a locally convex topology on E such that every τ-compactoid is also τ_1-compactoid, then τ_1 ≤ τ^c.

(3) The topologies τ and τ^c have the same bounded sets. (4) If (E, τ) is bornological, then τ = τ^c.

(5) If F is a locally convex space and f : E → F a linear mapping, then f is τ^c-continuous iff it maps τ-compactoid sets into compactoid sets in F .

(6) τ^c = τ iff, for any locally convex space F , any linear map f : E → F mapping τ-compactoid sets into compactoid sets is τ-continuous.

(7) τ^c = τ iff, for any Banach space F , any linear function f : E → F , mapping τ-compactoid sets into compactoid sets, is τ-continuous.

Proof. (1) and (2) follows easily from the definitions. (3) It follows from (1) and Proposition 3.1. (4) It follows from (3) since τ ≤ τ^c.

(5) Necessity follows from (1) since images of compactoid sets, under continuous linear mappings, are compactoid. For the sufficiency, let the linear function f : E → F map τ-compactoid sets into compactoid sets and let V be a convex neighborhood of zero in F . Let A be an absolutely convex τ-compactoid in E

NON–ARCHIMEDEAN SEQUENTIAL SPACES 63

and let |λ| > 1. Since f(A) is compactoid in F , there exists a finite subset T of λf(A) such that f(A) ⊂ co (T ) + V . If S is a finite subset of λA with T = f(S), then A ⊂ co (S) + f^{−1}(V ). This proves that f^{−1}(V ) ∈ B_τ and so f^{−1}(V ) is a τ^c-neighborhood of zero.

(6) Necessity follows from (5). To prove the sufficiency of the condition, it suffices to take F = (E, τ^c) and consider the identity map from E to F .

(7) Suppose that, for any Banach space F , any linear function from E to F , which maps τ-compactoid sets into compactoid sets, is continuous. Let p be a τ^ccontinuous non-Archimedean seminorm on E and consider the Banach space G = Ê_p. The canonical mapping φ_p : E → G maps τ-compactoid sets into compactoid sets, and so φ_p is continuous, which implies that p is τ-continuous. �

Notation 3.3. We will denote by τ^c_π the finest of all polar topologies τ_1 on E such that every τ-compactoid set is also τ_1-compactoid.

We have the following easily established

Lemma 3.4. a) τ^c_π is the finest polar topology on E coarser than τ^c. b) If τ is polar, then τ ≤ τ^c_π and the two topologies τ and τ^c_π have the same compactoid sets and the same bounded sets.

c) Every τ-bounded set is τ^c_π-bounded.

Let us recall next the notion of the Kolmogorov diameters of a bounded set. If p is a non-Archimedean seminorm on E and A a p-bounded set, then for each non-negative integer n the n-th Kolmogorov diameter δ_{n,p}(A) of A, with respect to p, is the infimum of all |μ|, μ ∈ K , for which there exists a subspace F of E, with dim F ≤ n, such that A ⊂ F + μB_p(0, 1), where B_p(0, 1) = {x ∈ E : p(x) ≤ 1} (see [8]).

By [8], a subset A of E is τ-compactoid iff lim_{n→∞} δ_{n,p}(A) = 0 for each τcontinuous seminorm p on E.

Lemma 3.5. A non-Archimedean seminorm p on E is τ-bounded, i.e. it is bounded on bounded sets, iff p is bounded on τ-compactoid sets.

Proof. Assume that there exists a τ-bounded set A such that sup_{x∈A} p(x) = ∞. Given |λ| > 1, there exists a sequence (x_n) in A with p(x_n) > |λ|^{2n}. Now, the sequence (λ^{−n}x_n) is τ-null and hence τ-compactoid but sup_n p(λ^{−n}x_n) = ∞. �

Proposition 3.6. Let P_τ be the family of all τ-bounded non-Archimedean seminorms p on E such that lim_{n→∞} δ_{n,p}(A) = 0 for each τ-compactoid set A. Then:

a) If p ∈ P_τ and if q is a non-Archimedean seminorm on E with q ≤ p, then q ∈ P_τ .

b) If p_1, p_2 ∈ P_τ , then p_1 + p_2 and p = max{p_1, p_2} are also in P_τ .

64 A. K. KATSARAS, C. PETALAS and T. VIDALIS

c) If p ∈ P_τ , then |μ|p ∈ P_τ for each μ ∈ K .

Proof. Let p ∈ P_τ and let μ ≠ 0. Given a τ-compactoid set A, there exists an n such that δ_{n,p}(μA) < |μ| since μA is τ-compactoid. By [8, Proposition 3.2], there are x_1, . . . , x_n in E such that

μA ⊂ co (x_1, . . . , x_n) + μB_p(0, 1)

and so A ⊂ co (μ^{−1}x_1, . . . , μ^{−1}x_n) + B_p(0, 1) .

This proves that B_p(0, 1) is in B_τ .

Let now p_1, p_2 ∈ P_τ and μ ≠ 0. Choose λ ∈ K with 0 < |λ| < |μ|/2. Since both λB_{p1} (0, 1) and λB_{p2} (0, 1) are in B_τ , the same is true for the set

V = [λB_{p1} (0, 1)] ∩ [λB_{p2} (0, 1)] = λ[B_{p1} (0, 1) ∩ B_{p2} (0, 1)] .

If p = p_1 + p_2, then V ⊂ μB_p(0, 1) and so B_p(0, 1) ∈ B_τ . It follows that there are y_1, . . . , y_m in E such that

A ⊂ co (y_1, . . . , y_m) + μB_p(0, 1)

and so δ_{m,p}(A) ≤ |μ|. Thus, for n ≥ m, we have δ_{n,p}(A) ≤ |μ|, which proves that δ_{n,p}(A) → 0 and so p ∈ P_τ . The proofs of the other assertions in the Proposition follow easily from the definitions. �

Proposition 3.7. (1) A non-Archimedean seminorm p on E is τ^c-continuous iff it belongs to P_τ .

(2) The family of all polar members of P_τ generates the topology τ^c_π.

Proof. (1) If p ∈ P_τ , then, as we have seen in the proof of the preceding Proposition, B_p(0, 1) belongs to B_τ and so p is τ^c-continuous. Conversely, let p be τ^c-continuous. If A is τ-compactoid, then A is τ^c-compactoid and so δ_{n,p}(A) → 0, which proves that p ∈ P_τ .

(2) The proof is analogous to that of (1). �

We have the following easily established

Proposition 3.8. If a linear map f : (E, τ) → (F, τ_1) is continuous, then f is (τ^c, τ^c_1 )-continuous and (τ^c_π, (τ_1)^c_π )-continuous.

In view of the preceding Proposition, we get that the category of all locally convex spaces (E, τ), with τ^c = τ, and continuous linear maps is a full coreflective subcategory of the category of all locally convex spaces.

Corollary 3.9. If (E, τ) = ∏ α∈I (E_α, τ_α), then τ^c ≥ ∏ α∈I (τ_α)^c and τ^c_π ≥ ∏ α∈I (τ_α)^c_π. The proof of the following Proposition is analogous to that of Proposition 2.7.

NON–ARCHIMEDEAN SEQUENTIAL SPACES 65

Proposition 3.10. If (E, τ) = ∏_n k=1(E_k, τ_k), then τ^c = ∏_n k=1 τ^c_k and τ^c_π = ∏_n k=1(τ_k)^c_π .

Proposition 3.11. (E, τ^c)^′ = (E, τ^c_π )^′ = E^b.

Proof. If A is τ-compactoid, then A is τ-bounded and so A is σ(E, E^b)-bounded, which implies A is σ(E, E^b)-compactoid. Since σ(E, E^b) is a polar topology, we have that σ(E, E^b) ≤ τ^c_π and so

E^b = (E, σ(E, E^b))^′ ≤ (E, τ^c_π)^′.

On the other hand, let f ∈ (E, τ^c)^′ and let A be a τ-bounded set. Then, A is τ^c-bounded and so f is bounded on A which proves that f ∈ E^b. �

We will need the following Proposition which is analogous to the Grothendieck’s interchange Theorem. We will say that a family M of subsets of a vector space G is directed if given M_1, M_2 ∈ M there exists M_3 ∈ M containing both M_1 and M_2.

Proposition 3.12. Let ⟨E, F ⟩ be a dual pair of vector spaces over K and let M (resp. N ) be a directed family of σ(E, F )-bounded (resp. σ(F, E)-bounded) subsets of E (resp. F ) covering E (resp. F ). On E we consider the topology τ_N of uniform convergence on the members of N and on F the topology τ_M of uniform convergence on the members of M. Then, the following statements are equivalent:

(1) Each member of M is τ_N -compactoid. (2) Each member of N is τ_M-compactoid.

Proof. (1) ⇒ (2). Without loss of generality, we may assume that all members of M and N are absolutely convex. Let H ∈ N , M ∈ M and γ ≠ 0. Since γ^{−1}M is τ_N -compactoid, given |λ| > 1 there are x_1, . . . , x_n in E such that

γ^{−1}M ⊂ co (x_1, . . . , x_n) + λ^{−1}H^0 .

The set D = {(f(x_1), . . . , f(x_n)) : f ∈ H} is bounded in K^n. Let μ ∈ K be such that |f(x_k)| ≤ |μ| for all f ∈ H and for k = 1, 2, . . . , n. If z^{(k)} = (0, 0, . . . , μ, . . . , 0), where μ is in the k-position, then D ⊂ co (z^{(1)}, . . . , z^{(n)}). By [3, Lemma 1.2], there are f_1, . . . , f_n in H such that D ⊂ λ co (c^1, . . . , c^n), where c^k = (f_k(x_1), . . . , f_k(x_n)). Let now f ∈ H. There are γ_1, . . . , γ_n in K , |γ_k| ≤ 1 such that

f(x_i) = λ n∑ k=1 γ_kf_k(x_i), i = 1, . . . , n .

66 A. K. KATSARAS, C. PETALAS and T. VIDALIS

Let h = f − λ ∑_n k=1 γ_kf_k. If x ∈ M, then

γ^{−1}x = n∑ i=1 λ_ix_i + z, |λ_i| ≤ 1, z ∈ λ^{−1}H^0 . We have h (_n ∑ i=1 λ_ix_i ) = n∑ i=1 λ_i ( f(x_i) − λ n∑ k=1 γ_kf_k(x_i) ) = 0 .

Thus, |h(γ^{−1}x)| = | | | | f(z) − λ n∑ k=1 γ_kf_k(z) | | | | ≤ 1 since f, f_k ∈ H and z ∈ λ^{−1}H^0. This proves that h ∈ γM^0. Therefore, H ⊂ λ co (f_1, . . . , f_n) + γM^0, which proves that H is τ_M-compactoid.

(2) ⇒ (1). The proof is analogous. � Let τ^0 denote the topology on E^b of uniform convergence on the τ-compactoid subsets of E. By τ^{00} we will denote the topology on E of uniform convergence on the τ^0-compactoid subsets of E^b.

Proposition 3.13. If a set B ⊂ E^b is τ^0-compactoid, then its bipolar B^{00}, with respect to the pair ⟨ E, E^b ⟩ , is also τ^0-compactoid.

Proof. Let A ⊂ E be τ-compactoid and let A^0 be its polar in E^b. Let |λ| > 1 and let f_1, . . . , f_n in E^b be such that B ⊂ co (f_1, . . . , f_n) + λ^{−1}A^0 .

By an argument similar to the one used by Schikhof in [9, Corollary 5.8], we get that

B^{00} ⊂ [co (f_1, . . . , f_n) + λ^{−1}A^0]^{00} ⊂ [co (f_1, . . . , f_n) + λ^{−1}A^0]^e ⊂ co (λf_1, . . . , λf_n) + A^0 , which proves that B^{00} is τ^0-compactoid. � Lemma 3.14. If τ is polar, then τ ≤ τ^{00}.

Proof. Consider the dual pair ⟨E, E^′⟩, E^′ = (E, τ)^′, and take M the family of all τ-compactoid subsets of E and N the family of all τ-equicontinuous subsets of E^′. Since τ is polar, we have that τ = τ_N . Using Proposition 3.12, we get that each H ∈ N is τ_M-compactoid and so H is τ^0-compactoid. If now V is a polar τ-neighborhood of zero, we have that V = V^{00} is a τ^{00}-neighborhood of zero, and this proves that τ ≤ τ^{00}. �

NON–ARCHIMEDEAN SEQUENTIAL SPACES 67

Proposition 3.15. For every locally convex space (E, τ), we have τ^{00} = τ^c_π .

Proof. Let M be the family of all τ-compactoid subsets of E and N the family of all τ^0-compactoid subsets of E^b. Since τ_M = τ^0 and τ_N = τ^{00}, it follows from Proposition 3.12 that every τ-compactoid set is τ^{00}-compactoid and so τ^{00} ≤ τ^c. Since τ^{00} is a polar topology, we have that τ^{00} ≤ τ^c_π. On the other hand, if τ_1 = τ^c_π, then every τ-compactoid set is τ_1-compactoid and so every τ-bounded set is τ_1-bounded, which implies that G = (E, τ_1)^b ⊂ E^b and τ^0|G ≤ τ^0_1 . If H ⊂ G is τ^0_1 -compactoid, then H is τ^0-compactoid, and this implies that τ^{00}_1 ≤ τ^{00}. Since τ_1 is polar, we have (by the preceding Proposition) τ_1 ≤ τ^{00}_1 ≤ τ^{00} and so τ^{00} = τ^c_π .�

Proposition 3.16. τ^{00} = τ^c_π is the finest of all polar topologies on E which agree with σ(E, E^b) on τ-compactoid sets.

Proof. The topology τ^{00} is polar and (E, τ^{00})^′ = E^b. If A ⊂ E is τ-compactoid, then A is τ^{00}-compactoid and so τ^{00} = σ(E, E^b) on A by [9, Theorem 5.12]. On the other hand, let τ_1 be a polar topology on E agreeing with σ(E, E^b) on τcompactoid sets. Let A be an absolutely convex τ-compactoid set. Then, A is σ(E, E^b)-bounded and hence A is σ(E, E^b)-compactoid. Since τ_1 = σ(E, E^b) on A, it follows that A is τ_1-compactoid by [10, Proposition 4.5]. Thus, every τ-compactoid set is τ_1-compactoid, which implies that τ_1 ≤ τ^{00} since τ_1 is polar.�

Corollary 3.17. An absolutely convex subset V of E is a τ^c_π -neighborhood of zero iff for each τ-compactoid set A there are f_1, . . . , f_n in E^b such that n⋂ k=1 {x ∈ E : |f_k(x)| ≤ 1} ∩ A ⊂ V .

Corollary 3.18. Let τ be a polar topology and assume that E^b = E^′. Then, τ^c_π is the finest of all polar locally convex topologies on E which agree with τ on τ-compactoid sets.

Proof. It follows from Proposition 3.16 since τ = σ(E, E^′) on τ-compactoid sets by [9, Theorem 5.12]. �

Proposition 3.19. For a locally convex space (E, τ), the following are equivalent:

(1) τ^s_π ≤ τ^c_π.

(2) Every τ-compactoid set is τ^s_π -compactoid.

(3) Every sequentially τ-equicontinuous subset of E^b is τ^0-compactoid. (4) The topologies τ^s_π and σ(E, E^s) coincide on τ-compactoid sets. (5) The topologies τ^0 and σ(E^b, E) coincide on every sequentially τ-equicontinu-ous subset of E^b.

Proof. (1) ⇒ (2) It follows from the fact that every τ-compactoid set is τ^c_π - compactoid.

68 A. K. KATSARAS, C. PETALAS and T. VIDALIS

(2) ⇒ (1) It is obvious.

(1) ⇒ (3) Let H ⊂ E^b be sequentially τ-equicontinuous. Then, H^0 is a τ^s_π - neighborhood of zero and so H^0 is a τ^c_π-neighborhood of zero. Therefore, there exists a τ^0-compactoid subset B of E^b such that B^0 ⊂ H^0. It follows that H ⊂ B^{00} and B^{00} is τ^0-compactoid by Proposition 3.13.

(3) ⇒ (1) It follows from Propositions 2.15 and 3.15.

(2) ⇒ (4) Since E^s = (E, τ^s_π )^′, the topologies τ^s_π and σ(E, E^s) coincide on τ^s_π -compactoid sets (by [9, Theorem 5.12]) and so they coincide on τ-compactoid sets.

(4) ⇒ (2) Let A be an absolutely convex τ-compactoid. Then, A is τ-bounded and so A is σ(E, E^s)-bounded, which implies that A is σ(E, E^s)-compactoid. By [10, Proposition 4.5], A is τ^s_π-compactoid.

(3) ⇒ (5) Let H ⊂ E^b be sequentially τ-equicontinuous. Then, H is τ^0- compactoid. Consider the topologies τ^0 and σ(E^b, E). The topology τ^0 is finer than σ(E^b, E) and it has a base at zero consisting of absolutely convex σ(E^b, E)- closed sets. By [10, Theorem 1.4], τ^0 = σ(E^b, E) on H.

(5) ⇒ (3) Let H be a sequentially τ-equicontinuous subset of E^b. Without loss of generality, we may assume that H is absolutely convex. Since H is σ(E^b, E)- bounded, it is σ(E^b, E)-compactoid and so H is τ^0-compactoid by [10, Proposition 4.5]. �

Proposition 3.20. For every locally convex space (E, τ), the following are equivalent:

(1) τ^c_π ≤ τ^s_π. (2) E^s = E^b.

(3) τ^s_π coincides with the topology of uniform convergence on the τ^n-compactoid subsets of E^b.

(4) τ^s_π ≥ (τ^c_π )^s_π.

(5) τ^s_π is finer than the topology of uniform convergence on the τ^n-null sequences in E^b.

Proof. (1) ⇒ (2)

E^b = (E, τ^c_π)^′ ⊂ (E, τ^s_π)^′ = E^s ⊂ E^b .

(2) ⇒ (3) It follows from Proposition 2.15 and 2.16.

(3) ⇒ (1) Let τ_1 be the topology of uniform convergence on the τ^n-compactoid subsets of E^b. Since every τ-null sequence is τ-compactoid, we have that τ^n ≤ τ^0 and hence every τ^0-compactoid is also τ^n-compactoid. Therefore, τ_1 ≥ τ^{00} = τ^c_π .

(1) ⇒ (4) It is obvious.

(4) ⇒ (1) Since τ^c_π is polar, we have

τ^c_π ≤ (τ^c_π )^s_π ≤ τ^s_π .

NON–ARCHIMEDEAN SEQUENTIAL SPACES 69

(3) ⇒ (5) It follows from the fact that every τ^n-null sequence is τ^n-compactoid. (5) ⇒ (2) Let τ_2 be the topology of uniform convergence on the τ^n-null sequences in E^b. Since τ_2 is finer than σ(E, E^b), we have that E^b ⊂ (E, τ_2)^′ and so

E^s ⊂ E^b ⊂ (E, τ_2)^′ ⊂ (E, τ^s_π)^′ = E^s . � Note. If τ is polar, then τ ≤ τ^c_π and so τ^s_π ≤ (τ^c_π )^s_π. Hence, in case of polar τ, in the preceding Proposition (4) may be replaced by τ^s_π = (τ^c_π)^s_π .

Proposition 3.21. If (E, τ) is a polar space which is polarly bornological, then τ = τ^s_π = τ^c_π.

Proof. Let f ∈ E^b. The seminorm p(x) = |f(x)| is polar and it is bounded on τ-bounded sets and so p is τ-continuous, since (E, τ) is polarly bornological. It follows that every f ∈ E^b is τ-continuous and so E^b = E^s = E^′. Since τ is polar, we have τ ≤ τ^c_π . Thus, by Propositions 2.8 and 3.20, we have τ ≤ τ^c_π ≤ τ^s_π ≤ τ. �

Examples. Taking as τ either the topology σ(ℓ^∞, c_0) or the topology σ(c_0, ℓ^∞), we will look at the topologies τ^s, τ^s_π, τ^c, τ^c_π .

Every element y of ℓ^∞ defines a continuous linear functional f_y on c_0 by f_y(x) = ⟨x, y⟩ = ∑_∞ n=1 x_ny_n. Moreover, ‖f_y‖ = ‖y‖. Using the principle of uniform boundedness, we get that a subset of ℓ^∞ is norm-bounded iff it is σ(ℓ^∞, c_0)- bounded. Also, a subset of c_0 is norm-bounded iff it is σ(c_0, ℓ^∞)-bounded by [9, Corollary 7.7].

We will need the following

Proposition 3.22. Let τ = σ(ℓ^∞, c_0) and let τ_1 be the finest locally convex topology on ℓ^∞ agreeing with τ on norm-bounded (equivalently on τ-bounded) sets. Then:

1) The topology τ_1 is polar.

2) If τ_2 is the metrizable locally convex topology on ℓ^∞ generated by the countable family of seminorms {p_n : n ∈ N }, p_n(x) = |x_n|, then τ_2 coincides with τ on normbounded sets and hence τ|A is metrizable on each τ-bounded set A.

Proof. 1) Let B_n = {x ∈ ℓ^∞ : ‖x‖ ≤ n}. By [5, Theorem 5.2], τ_1 has a base at zero consisting of sets W of the form

(*) W = W_0 ∩ (_∞ ⋂ n=1 (B_n + W_n) ) ,

where each W_n is a τ-neighborhood of zero. We may assume that, for each n, there exists a finite subset S_n of c_0 such that W_n = S^0_n, where S^0_n is the polar of S_n in ℓ^∞. If F = (ℓ^∞, τ_1), then each W_n is a polar set in F . Note that τ ≤ τ_1

70 A. K. KATSARAS, C. PETALAS and T. VIDALIS

and so c_0 ⊂ F^′. Since B_n is τ-bounded, it is τ-compactoid and hence, for |λ| > 1, there exists a finite subset A_n of B_n such that

B_n ⊂ λc_0(A_n) + W_n .

Taking bipolars with respect to the pair ⟨F, F^′⟩ and using [9, Corollary 5.8], we get (B_n + W_n)^{00} ⊂ (λc_0(A_n) + W_n)^{00} = (λc_0(A_n) + W_n)^e ⊂ λ(λc_0(A_n) + W_n ⊂ λ^2(c_0(A_n) + W_n) ⊂ λ^2(B_n + W_n)

and so W^{00} ⊂ λ^2W . This proves that τ_1 has a base at zero consisting of polar sets and so it is a polar topology.

2) Clearly τ_2 ≤ τ. To show that τ_2 = τ on norm-bounded sets, let (x^α) be a norm-bounded net in E with x^{α τ2}→ 0. Let ε > 0 and let d ≥ sup_α ‖x^α‖. Let y ∈ c_0 and choose ε_1 > 0 with ε_1(d + ‖y‖) < ε. Let m be such that |y_n| < ε_1 if n > m. If α_0 is such that |x^α_k | < ε_1 for all α ≥ α_0 and all k = 1, 2, . . . , m, then for α ≥ α_0 we have | ⟨x^α, y⟩ | = | | | | | ∑ n x^α_n y_n | | | | | ≤ ε . � The proof of the next Proposition is similar to the one of Proposition 3.22.

Proposition 3.23. 1) On each norm-bounded subset of c_0, the weak topology τ = σ(c_0, ℓ^∞) coincides with the metrizable locally convex topology generated by the countable family of seminorms {p_n : n ∈ N }, p_n(x) = |x_n|.

2) If τ_3 is the finest locally convex topology on c_0 agreeing with τ on normbounded sets. then τ_3 is polar.

Example I. Let E = ℓ^∞ and τ = σ(ℓ^∞, c_0). If τ_1 is as in Proposition 3.22, then:

1) τ^s = τ^s_π = τ_1 and each of these topologies is strictly coarser than the norm topology τ_{‖·‖} and strictly finer than τ.

2) If K is not spherically complete, then τ_1 = τ^s_π = τ^s = τ^c_π.

Proof. We show first that τ = τ^s on each norm-bounded set A. To show that τ^s|A ≤ τ|A, it suffices to prove that the identity map I : (A, τ|A) → (A, τ^s|A) is continuous. Since τ|A is metrizable, it suffices to show that I is sequentially continuous, which is clearly true. Thus τ|A = τ^s|A and so τ^s ≤ τ_1 by the definition of τ_1. To prove that τ_1 ≤ τ^s, it is sufficient to show that every τ-null sequence

NON–ARCHIMEDEAN SEQUENTIAL SPACES 71

is τ_1-null. So, let (y^n) be a τ-null sequence. Then (y^n) is τ-bounded and hence norm-bounded. Since τ = τ_1 on norm-bounded sets, we have that (y^n) is a τ_1-null sequence. Thus τ_1 = τ^s. In view of Proposition 3.2, the topology τ^s is polar and so τ^s = τ^s_π. The topology τ_1 is coarser than the norm topology. In fact, let V be an absolutely convex subset of E which is not a norm-neighborhood of zero. There exists a sequence (y^n) in E, ‖y^n‖ ≤^1_n , y_n /∈ V . Since τ_1 = τ on norm-bounded sets and since y^{n τ}→ 0, it follows that y^{n τ1}→ 0 and this implies that V is not a τ_1-neighborhood of zero. So, τ_1 ≤ τ_{‖·‖}. But τ_1 ≠ τ_{‖·‖}. In fact, let e^n ∈ ℓ^∞, e^n_k = 0 if k ≠ n and e^n = 1. The sequence (e^n) is τ-null and hence τ_1-null, since (e^n) is norm-bounded, but (e^n) is not a norm-null sequence.

Finally, τ_1 is strictly finer than τ. In fact, let 0 < |λ| < 1. The sequence (λ^ne^n) is a sequentially τ-equicontinuous subset of E^b. If H = {λ^ne^n : n ∈ N }, then the polar H^0 of H in E is a τ^s_π-neighborhood of zero by Proposition 2.15. But H^0 is not a τ-neighborhood of zero. In fact, assume that there exists a finite subset S of c_0 such that S^0 ⊂ H^0. Using [11, Corollary 1.2], we get that the set [c_0(S)]^e is σ(c_0, l^∞)-closed. Taking bipolars with respect to the pair ⟨c_0, l^∞⟩, and using [9, Proposition 4.10], we get

H ⊂ H^{00} ⊂ S^{00} = [c_0(S)]^{00} = [ c_0(S) σ(c_0, l^∞) ]_e

= [c_0(S)]^e ⊂ λc_0(S)

for |λ| > 1, which cannot hold since H is linearly independent. This proves that τ is strictly coarser than τ^s_π = τ_1.

2) Assume that K is not spherically complete. Then (ℓ^∞, ‖ · ‖)^′ = c_0. Since a subset of ℓ^∞ is norm-bounded iff it is τ-bounded, it follows that

E^s = E^b = c_0 = (ℓ^∞, ‖ · ‖)^′ = (E, τ)^′.

Since a subset A of E is τ-compactoid iff it is τ-bounded and this is true iff A is norm-bounded, it follows from Corollary 3.18 that τ^c_π = τ_1. Also since a subset A of E is τ-compactoid iff it is norm-bounded, it follows that the topology τ^0 on E^b = c_0 is the norm topology of c_0. As it is well known, a subset H of c_0 is norm-compactoid iff there exists z ∈ c_0 such that H ⊂ H_z = {y ∈ c_0 : |y_n| ≤ |z_n| for all n}. If p_z is defined on ℓ^∞ by p_z(x) = sup_n |z_nx_n|, then the polar of H_z in ℓ^∞ coincides with the set {x ∈ ℓ^∞ : p_z(x) ≤ 1}. Thus τ^{00} = τ^c_π is generated by the family of seminorms {p_z : z ∈ c_0}. �

72 A. K. KATSARAS, C. PETALAS and T. VIDALIS

Example II. Let E = c_0 and τ = σ(c_0, ℓ^∞). Then 1) τ^s = τ^s_π = τ_{‖·‖}.

2) τ^c = τ^c_π and this topology is strictly coarser than the norm topology τ_{‖·‖} of c_0.

Proof. 1) It is well known that a sequence in c_0 is norm-convergent iff it is weakly convergent (see [12, p. 158]). It follows from this that the norm topology τ_{‖·‖} on c_0 is coarser than τ^s_π since the norm topology is polar. On the other hand, every norm-convergent sequence is τ-convergent and hence τ^s-convergent, which implies that τ^s ≤ τ_{‖·‖}. Therefore τ^s = τ^s_π = τ_{‖·‖}.

2) There are norm-bounded subsets of c_0 which are not norm-compactoid. If A is such a set, then A is τ-compactoid (since it is τ-bounded) and hence τ^ccompactoid. This implies that τ^c ≠ τ_{‖·‖}. If V is an absolutely convex subset of E which is not a norm-neighborhood of zero and if 0 < |λ| < 1, then there exists a sequence (y^n) in E with y^n /∈ V and ‖y^n‖ ≤ |λ|^n. Now the sequence (z^n) = (λ^{−n}y^n) is τ-bounded and hence τ^c-bounded. Since z^n /∈ λ^{−n}V for all n, it follows that V is not a τ^c-neighborhood of zero. This proves that τ^c is strictly coarser that the norm topology. To prove that τ^c = τ^c_π, we consider the topology τ_3 defined in Proposition 3.23. Let A be a τ-bounded set and consider the identity map I : (A, τ|A) → (A, τ^c|A). If (y^n) is a sequence in A with y^{n τ}→ x, then y^n → x in the norm topology, which implies that y^{n τ c}→ x since τ^c is coarser than τ_{‖·‖}. Thus I is sequentially continuous and hence I is continuous since τ|A is metrizable by Proposition 3.23. It follows that τ^c|A = τ|A, for each τ-bounded set A, and so τ^c ≤ τ_3. It is also clear that E^b = c^′_0 = ℓ^∞ since the τ-bounded subsets of E coincide with the norm-bounded sets. Thus E^b = (E, τ)^′. Since τ and τ_3 are polar topologies, we have that τ_3 = τ^c_π and so τ^c = τ^c_π = τ_3. �

Remark 3.24. Let F be a subspace of a locally convex space (E, τ) and let τ_1 = τ|F . It is easy to see that τ^c|F ≤ τ^c_1 , τ^c_π |F ≤ (τ_1)^c_π , τ^s|F ≤ τ^s_1 , τ^s_π|F ≤ (τ_1)^s_π. The following is an example where τ^c_π|F ≠ (τ_1)^c_π, τ^s|F ≠ τ^s_1 , τ^s_π |F ≠ (τ_1)^s_π .

Example. Assume that K is not spherically complete and take E = ℓ^∞, τ = σ(ℓ^∞, c_0). As we have seen τ^c_π = τ^s = τ^s_π. Let F = c_0, τ_1 = τ|F . Since a subset of F is τ_1-bounded iff it is norm-bounded, it follows that (F, τ_1)^b = c^′_0 = ℓ^∞. Let z ∈ ℓ^∞ \ c_0. The set V = {x ∈ c_0 : | ⟨x, z⟩ | ≤ 1} is a τ^{00}_1 = (τ_1)^c_π neighborhood of zero. But V is not a neighborhood of zero with respect to the topology τ_2 = τ^c_π|F . In fact, if V were a τ_2-neighborhood of zero, then there would exist y ∈ c_0 such that

(*) W = {x ∈ c_0 : p_y(x) ≤ 1} ⊂ V .

NON–ARCHIMEDEAN SEQUENTIAL SPACES 73

It follows easily from (*) that |z_n| ≤ |y_n|, for all n, and so z ∈ c_0, a contradiction. Thus τ_2 is strictly coarser than (τ_1)^c_π . Since V is clearly a convex sequential τ_1- neighborhood of zero, it follows that τ^s|F is strictly coarser than τ^s_1 and that τ^s_π|F is strictly coarser than (τ_1)^s_π.

4. Sequential Spaces of Continuous Functions

Let X be a zero-dimensional Hausdorff topological space and let β_0X be its Banaschewski compactification (see [1]). As in [1], v_0X is the set of all x ∈ β_0X with the following property: For every sequence (V_n) of neighborhoods of x in β_0X we have ∩^∞_{n=1}V_n ∩ X ≠ ∅. By [1, Theorem 9], v_0X is the N -repletion vNX of X. Let E be a Haudorff locally convex space over K and let C(X, E) be the space of all continuous E-valued functions on X. We will denote by C_s(X, E) (resp. C_c(X, E)) the space C(X, E) equipped with the topology of simple convergence (resp. of compact convergence). If f is a function from X to E, p a seminorm on E and A a subset of X, we define ‖f‖_{A,p} = sup{p(f(x)) : x ∈ A}. Let now p be a non-zero non-Archimedean continuous seminorm on E and set G^p = {p(s) : s ∈ E}. On G^p we consider the ultrametric d defined by d(a, b) = { 0, if a = b max{a, b}, if a ≠ b. Under this metric, G^p becomes a real-compact, strongly ultraregular, non-compact topological space and so u_GpX = v_0X = vNX (see [1, Theorem 9]). If f is in C(X, E), then the function f_p : X → G^p, f_p(x) = p(f(x)), is continuous and so it has a continuous extension f̃_p to all of v_0X.

Proposition 4.1. If C_s(X, E) or C_c(X, E) is sequential, then E is sequential and X is N -replete.

Proof. Let W be a convex sequential neighborhood of zero in E. Let F = C_s(X, E) (resp. F = C_c(X, E)) and suppose that F is sequential. Let x_0 ∈ X. The set V = {f ∈ F : f(x_0) ∈ V } is a convex sequential neighborhood of zero in F . Since F is sequential, there exists a finite (resp. compact) subset D of X and a continuous seminorm q on E such that (*) {f ∈ F : ‖f‖_{D,q} ≤ 1} ⊂ V .

74 A. K. KATSARAS, C. PETALAS and T. VIDALIS

It follows from (*) that {s ∈ E : q(s) ≤ 1} ⊂ V and so V is a neighborhood of zero in E.

To prove that X is N -replete, suppose that there exists y_0 ∈ v_0X \ X. Let p be a continuous non-zero seminorm on E. We define q on F by q(f) = f̃_p(y_0). It is easy to see that q is a non-Archimedean seminorm on F . Moreover, q is sequentially continuous.

In fact, let f_n → 0 in F and suppose that q(f_n) ↛ 0. Going to a subsequence if necessary, we may assume that q(f_n) > ε > 0 for all n. Set

V_n = {y ∈ u_0X : (f̃_n)_p(y) > ε}.

Each V_n is a neighborhood of y_0 in v_0X and so ∩^∞_{n=1}V_n ∩ X ≠ ∅. Let z ∈ V_n ∩ X for all n. For this z, we have p(f_n(z)) > ε for all n, which contradicts the fact that f_n → 0 in F .

Proposition 4.2. If E is metrizable, then the following assertions are equivalent:

(1) C_s(X, E) is bornological. (2) C_s(X, E) is sequential. (3) C_c(X, E) is bornological. (4) C_c(X, E) is sequential. (5) C_s(X, K ) is bornological. (6) C_s(X, K ) is sequential. (7) C_c(X, K ) is bornological. (8) C_c(X, K ) is sequential. (9) X is N -replete.

Proof. Since every bornological space is sequential, it follows from the preceding Proposition that each of the (1)–(8) implies (9). Also, by [6, Theorem 2.9], (1) ⇔ (3) ⇔ (9) and (5) ⇔ (7) ⇔ (9). Thus the result follows. �

References

1. Bachman G., Beckenstein E., Narici L. and Warner S., Rings of continuous functions with

values in a topological field, Trans. Amer. Math. Soc. 204 (1975), 91–112. 2. Govaerts W., Bornological spaces of non-Archimedean valued functions with the compact

open topology, Proc. Amer. Math. Soc. 78 (1980), 132–134.

3. Caenepeel S. and Schikhof W. H., Two elementary proofs of Katsaras’ theorem on p-adic

compactoids, Proc. Conf. on p-adic Analysis, Hengelhoef, 1986, 41–44.

4. Katsaras A. K., On the topology of simple convergence in non-Archimedean function spaces,

J. Math. Anal. Appl. 111, No 2 (1985), 332–348.

5. , Spaces of non-Archimedean valued functions, Bolletino U.M.I. (6) 5-B (1986),

603–621.

6. , Bornological spaces of non-Archimedean valued functions, Proc. Kon. Ned. Akad.

Wet. A 90, No 1 (1987), 41–50.

NON–ARCHIMEDEAN SEQUENTIAL SPACES 75

7. , On non-Archimedean locally convex spaces, Bull. Greek Math. Soc. 29 (1988), 61–83. 8. , Non-Archimedean Λ0-compactoid sets and Λ0-Nuclear Operators, Bolletino U.M.I (7) 7-B (1993), 691–718.

9. Schikhof W. H., Locally convex spaces over non-spherically complete valued fields, I, II, Bull.

Soc. Math. Belgique, Ser. B 38 (1986), 187–224.

10. , Topological stability of p-adic compactoids under continuous injections, Report 8644,

Department of Mathematics, Catholic University, Nijmegen, The Netherlands, 1991.

11. , The continuous linear image of a p-adic compactoid, Proc. Kon. Ned. Akad. Wet A 92, No 1 (1989), 119–123.

12. Van Rooij A. C. M., Non-Archimedean Functional Analysis, Marcel Dekker Inc., New York,

1978.

13. Webb J. H., Sequential Convergence in locally convex spaces, Proc. Cambr. Phil. Soc. 64

(1968), 341–364.

A. K. Katsaras, Department of Mathematics, University of Ioannina, Ioannina, Greece

C. Petalas, Department of Mathematics, University of Ioannina, Ioannina, Greece

T. Vidalis, Department of Mathematics, University of Ioannina, Ioannina, Greece