Acta Math. Univ. Comenianae Vol. LXIV, 1(1995), pp. 43–46 43

A NOTE ON TOPOLOGICAL D–POSETS OF FUZZY SETS

V. PALKO

Abstract. Kôpka and Chovanec in [KCH] defined the difference poset (D-poset) as a partially ordered set with a partial difference operation. We show in this paper that every difference operation on a dense subset of h0; 1i is continuous with respect to the usual topology of the real line. We prove also some consequences for the continuity of the difference operation on D-posets of fuzzy sets.

Difference posets were defined by Kôpka and Chovanec in [KCH] and they are investigated in many recent papers (see for example [DR], [NP], [P] and [RB]).

Definition 1. Difference poset (briefly D-poset) is a couple (D, ⊖), where D is a partially ordered set with the largest element 1 and the difference ⊖ is the partial operation, which defines for every a, b ∈ D, a ≤ b, an element b ⊖ a in such a way that the following conditions are satisfied: i) b ⊖ a ≤ b ii) b ⊖ (b ⊖ a) = a iii) if a ≤ b ≤ c, then c ⊖ b ≤ c ⊖ a and (c ⊖ a) ⊖ (c ⊖ b) = b ⊖ a.

Special cases of D-posets are orthomodular posets and another example are D-posets of fuzzy sets defined in [K]. D-poset (F, ⊖) is a D-poset of fuzzy sets, if elements of F are functions defined on a nonempty set X with values in ⟨0, 1⟩ and the largest (smallest) element of F is the function identically equal to 1 (0). Moreover, the partial ordering of F is given via: for f, g ∈ F , f ≤ g, if f(t) ≤ g(t) for every t ∈ X.

The continuity of ⊖ with respect to various topologies was studied in [P]. There was also introduced the notion of a topological D-poset. If a D-poset D with a topology T forms a topological space (D, T ) and T × T is the usual product topology, let T_0 be the relative topology on the set G = {(a, b) ∈ D × D; a ≤ b} induced by T × T .

Definition 2. (D, ⊖, T ) is called a topological D-poset, if ⊖: (G, T_0) → (D, T ) is a continuous mapping.

Received January 27, 1994.

1980 Mathematics Subject Classification (1991 Revision). Primary 06A06, 26E50. Key words and phrases. Difference poset, fuzzy sets.

44 V. PALKO

We use the following notation. For x, x_n ∈ R, x_n → x denotes lim_{n→∞} x_n = x and x_n ↗ x (x_n ↘ x) means that x_n → x and x_n is increasing (decreasing). Let F be a dense subset of ⟨0, 1⟩, containing 0 and 1. Let F be ordered by the standard order of real numbers and let (F, ⊖) be a D-poset.

Lemma 3. Let x, y, x_n ∈ F . Then a) x_n ↗ x ≤ y implies y ⊖ x_n ↘ y ⊖ x, b) x_n ↘ x, x ≤ x_n ≤ y implies y ⊖ x_n ↗ y ⊖ x.

Proof. a) Obviously, y ⊖ x_n is decreasing. If y ⊖ x_n would not converge to y ⊖ x, then there exists p ∈ F such that y ⊖ x_n > p > y ⊖ x. This implies y ⊖ (y ⊖ x_n) = x_n < y ⊖ p < y ⊖ (y ⊖ x) = x, a contradiction.

b) Clearly, y ⊖x_n is increasing. If it does not converge to y ⊖x, then there exists p ∈ F , y ⊖ x_n < p < y ⊖ x, and this implies x_n > y ⊖ p > x, a contradiction. �

A simple consequence of this lemma is

Lemma 4. If x_n, x, y ∈ F , x_n → x, x_n ≤ y, x ≤ y, then y ⊖ x_n → y ⊖ x.

Lemma 5. Let x, y, y_n ∈ F . Then a) x ≤ y_n ↗ y implies y_n ⊖ x ↗ y ⊖ x, b) y_n ↘ y ≥ x implies y_n ⊖ x ↘ y ⊖ x.

Proof. a) We have 1 ⊖ y ≤ 1 ⊖ y_n ≤ 1 ⊖ x and, by Lemma 3a), 1 ⊖ y_n ↘ 1 ⊖ y. Then by Lemma 3b), (1 ⊖ x) ⊖ (1 ⊖ y_n) = y_n ⊖ x ↗ (1 ⊖ x) ⊖ (1 ⊖ y) = y ⊖ x.

b) We have 1 ⊖ y_n ≤ 1 ⊖ y ≤ 1 ⊖ x and, by Lemma 3, (1 ⊖ x) ⊖ (1 ⊖ y_n) = y_n ⊖ x ↘ (1 ⊖ x) ⊖ (1 ⊖ y) = y ⊖ x. �

An immediate consequence is

Lemma 6. If x, y, y_n ∈ F , y_n → y, x ≤ y, x ≤ y_n, then y_n ⊖ x → y ⊖ x.

Lemma 7. Let x, y, x_n, y_n ∈ F , x_n ≤ y_n, x ≤ y. Let arbitrary of the following conditions be satisfied:

a) x_n ↗ x, y_n ↘ y, b) x_n ↘ x, y_n ↗ y, c) x_n ↗ x, y_n ↗ y, d) x_n ↘ x, y_n ↘ y. Then y_n ⊖ x_n → y ⊖ x.

Proof. a) In this case y_n ⊖ x_n is decreasing and y_n ⊖ x_n ≥ y ⊖ x. If it does not converge to y ⊖ x, there exist p, q ∈ F such that y_n ⊖ x_n > p > q > y ⊖ x. Then y_n ⊖ (y_n ⊖ x_n) = x_n < y_n ⊖ p < y_n ⊖ q < y_n ⊖ (y ⊖ x). Since x_n → x and, by Lemma 6, y_n ⊖ p → y ⊖ p, y_n ⊖ q → y ⊖ q, y_n ⊖ (y ⊖ x) → y ⊖ (y ⊖ x) = x, we obtain x ≤ y ⊖ p < y ⊖ q ≤ x, a contradiction.

b) The case x = y is trivial. Let us assume x < y. Then y_n ≥ y ⊖ x for n ≥ n_0. Obviously, y_n ⊖ x_n is increasing, y_n ⊖ x_n ≤ y ⊖ x. If it does not converge to y ⊖ x,

A NOTE ON TOPOLOGICAL D–POSETS OF FUZZY SETS 45

then there again exist p, q ∈ F such that y_n ⊖ x_n < p < q < y ⊖ x. Then for n ≥ n_0, y_n ⊖ (y_n ⊖ x_n) = x_n > y_n ⊖ p > y_n ⊖ q > y_n ⊖ (y ⊖ x). Hence, by Lemma 6, x ≥ y ⊖ p > y ⊖ q ≥ y ⊖ (y ⊖ x) = x, a contradiction.

c) Let us assume the case x = y. Then 0 ≤ y_n ⊖ x_n ≤ x ⊖ x_n. Since x ⊖ x_n → x ⊖ x = 0, we obtain y_n ⊖ x_n → 0 = y ⊖ x.

If x < y, we can assume x < y_n. Then we have x_n ≤ x < y_n ≤ y. This implies y ⊖ x_n ≥ y_n ⊖ x_n ≥ y_n ⊖ x. Since both of y ⊖ x_n and y_n ⊖ x converge to y ⊖ x, we obtain y_n ⊖ x_n → y ⊖ x.

d) If x = y, then y_n ⊖ x ≥ y_n ⊖ x_n ≥ 0 and y_n ⊖ x → 0 implies y_n ⊖ x_n → 0. If x < y, we can assume x ≤ x_n < y ≤ y_n. Then y_n ⊖ x ≥ y_n ⊖ x_n ≥ y ⊖ x_n. Immediately, y_n ⊖ x_n → y ⊖ x. Lemma is proved. �

Theorem 8. If ⊖ is an arbitrary difference operation on F and x_n, y_n, x, y ∈ F , then x_n → x, y_n → y, x ≤ y, x_n ≤ y_n implies y_n ⊖ x_n → y ⊖ x, i.e. (F, ⊖, T ), where T is the topology induced by the standard topology on the real line, is a topological D-poset.

Proof. If y_n ⊖ x_n would not converge to y ⊖ x, then there would exist subsequences x_{nk} , y_{nk} , each of them increasing or decreasing, such that x_{nk} → x, y_{nk} → y and y_{nk} ⊖ x_{nk} 9 y ⊖ x. This is a contradiction with Lemma 7. �

Previous result gives some simple consequences for the continuity of difference operations on some D-posets of fuzzy sets.

In the following, (F, ⊖) denotes a D-poset of fuzzy sets and X is the domain of elements of F .

Definition 9. We say that the difference operation ⊖ on F is coordinate dependent, if for every f_1, f_2, g_1, g_2 ∈ F and t ∈ X, f_1(t) = f_2(t), g_1(t) = g_2(t), f_1 ≤ g_1, f_2 ≤ g_2 implies (g_1 ⊖ f_1)(t) = (g_2 ⊖ f_2)(t).

Example. Let F = ⟨0, 1⟩^X and let for every t ∈ X a continuous strictly increasing function u_t : ⟨0, 1⟩ → R, u_t(0) = 0, be given. Let us define the difference operation ⊖ on F in the following way: for f, g ∈ F , f ≤ g, (g ⊖ f)(t) = u^{−1}_t (u_t(f(t)) − u_t(g(t))), t ∈ X. Then ⊖ is coordinate dependent. �

Let T_{pc} be the topology of pointwise convergence on F , i.e. a net f_α of elements of F converges to f ∈ F iff f_α(t) converges to f(t) for every t ∈ X.

For every f, g ∈ F , let us define function f ∨ g as follows: (f ∨ g)(t) = max{f(t), g(t)}. Theorem 10. Let f ∨ g ∈ F for every f, g ∈ F . Let for every t ∈ X the set {f(t); f ∈ F } be dense in ⟨0, 1⟩. Then for every coordinate dependent difference operation ⊖, (F, ⊖, T_{pc}) is a topological D-poset.

Proof. Let us prove the continuity of ⊖ by contradiction. If ⊖ is not continuous in (f_0, g_0) ∈ G, then there exist ε > 0 and t_0 ∈ X such that for every n ∈ N there

46 V. PALKO

exist f_n, g_n ∈ F , f_n ≤ g_n such that, |f_n(t_0) − f_0(t_0)| <^1_n , |g_n(t_0) − g_0(t_0)| <^1_n and |(g_n ⊖ f_n)(t_0) − (g_0 ⊖ f_0)(t_0)| ≥ ε.

Let us denote F_0 = {f(t_0); f ∈ F }. If x, y ∈ F_0, x ≤ y and x = f(t_0), y = g(t_0), where f, g ∈ F , then g(t_0) = (f ∨ g)(t_0) and f ≤ f ∨ g. So, if x = f(t_0), then we can choose g ∈ F , g ≥ f such that y = g(t_0).

Let us define the difference operation ⊖_{t0} on the set F_0 = {f(t_0); f ∈ F } in the following way. For x, y ∈ F_0, x ≤ y, let us define y ⊖_{t0} x = (g ⊖ f)(t_0), where x = f(t_0), y = g(t_0), f, g ∈ F , f ≤ g. Since ⊖ is coordinate dependent, ⊖_{t0} is well defined. The verification of the difference properties of ⊖_{t0} is a routine.

Then we have f_n(t_0) → f_0(t_0), g_n(t_0) → g_0(t_0) and g_n(t_0)⊖_{t0} f_n(t_0) 9 g_0(t_0)⊖_{t0} f_0(t_0), what is a contradiction to the Lemma 7. Theorem is proved. �

References

[DR] Dvurečenskij A. and Riečan B., Decomposition of measures on orthoalgebras and difference posets, (to appear).

[K] Kôpka F., D-posets of fuzzy sets, Tatra Mount. Math. Publ. 1 (1992), 83–87. [KCH] Kôpka F. and Chovanec F., D-posets, Math. Slovaca, (to appear). [NP] Navara M. and Pták P., Difference posets and orthoalgebras, (to appear). [P] Palko V., Topological difference posets, submitted.

[RB] Riečanová Z. and Bršel D., Counterexamples in Difference posets and Orthoalgebras, Internat. J. Theoret. Phys. 23 (1994), 133–141.

V. Palko, Department of Mathematics, Faculty of Electrical Ingeneering, Slovak Technical University, Ilkovičova 3, 812 19 Bratislava, Slovakia, e-mail: palko@kmat.elf.stuba.sk