Acta Math. Univ. Comenianae Vol. LXV, 2(1996), pp. 171–173 171

RNP AND KMP ARE INCOMPARABLE PROPERTIES IN NONCOMPLETE SPACES

G. LÓPEZ

Abstract. We exhibit an example in a noncomplete space of a closed, bounded and convex subset verifying KMP and failing RNP and, another such example verifying RNP and failing KMP.

We begin this note by recalling some definitions: (See [2] and [3]). Let X be a normed linear space and let C be a closed, bounded and convex subset of X.

C is said to be dentable if for each ε > 0 there is x ∈ C such that x /∈ co(C \ B(x, ε)), where co denotes the closed convex hull and B(x, ε) is the closed ball with centrum x and radius ε.

C is said to have the Radon-Nikodym property (RNP) if every nonempty subset of C is dentable.

C is said to have the Krein-Milman property if every closed and convex subset, F , of C verifies F = co(Ext F ), where Ext F denotes the set of extreme points of F .

It is known that C has KMP if every closed and convex subset of C has some extreme point. (Even in noncomplete spaces.)

The above definition of RNP working in noncomplete spaces and, today, the most authors define RNP in Banach spaces as here.

For a Banach space X it is known that RNP implies KMP and the converse is an well known open problem.

We prove that KMP does not imply RNP in noncomplete spaces. For this we consider a closed, bounded and convex subset, ST S, which appears in [1], of c_0(Γ).

In [1] it is shown that ST S_0 = ST S in c_0(Γ).

Our goal is to prove that ST S_0 is a closed, bounded and convex subset of c_{00}(Γ) verifying KMP and failing RNP.

Now we descript briefly the set ST S_0 of c_{00}(Γ).

Γ denotes the set of finite sequences of natural numbers and 0 denotes the empty sequence in Γ.

Received June 29, 1995.

1980 Mathematics Subject Classification (1991 Revision). Primary 46B20, 46B22.

172 G. LÓPEZ

For α, β ∈ Γ we define α ≤ β if |α| ≤ |β| and α_i = β_i for 1 ≤ i ≤ |α|, where |α| is the lenght of α. Of course |0| = 0 and 0 ≤ α ∀ α ∈ Γ.

c_{00}(Γ) = {x ∈ R^Γ : {α ∈ Γ : x(α) ≠ 0} is finite}

For each α ∈ Γ we define b_α ∈ c_{00}(Γ) by b_α(γ) = 1 if γ ≤ α and b_α(γ) = 1 in other case.

And ST S_0 = co{b_α : α ∈ Γ} ⊂ c_{00}(Γ).

So, ST S_0 is a nonempty closed, bounded and convex subset of c_{00}(Γ).

Theorem. ST S_0 has KMP and fails RNP.

Proof. It is easy to see that b_β ∈ co(A \ B(b_β, 1)) ∀β ∈ Γ, where A = {b_α : α ∈ Γ}, because lim n!+1^{b(α,1) + . . . + b(α,n)} n = b_α ∀ α ∈ Γ. Then A is not dentable and so ST S_0 fails RNP.

Now let C be a nonempty closed and convex subset of ST S_0. We will see that Ext (C) ≠ ∅.

Let z ∈ C, and K = {x ∈ C : supp(x) ⊆ supp(z)}, where for each x ∈ C, supp(x) = {α ∈ Γ : x(α) ≠ 0}.

Now K is a nonempty, convex and compact face of C. The Krein-Milman theorem says us that Ext (K) ≠ ∅ and so, Ext (C) ≠ ∅ because K is a face of C.�

Remark. As in [1] it is easy to see that ST S_0 fails PCP (the point of continuity property) because {b_{(α,i)}} converges weakly to b_α when i → +∞, ∀α ∈ Γ and ‖b_{(α,i)} − b_α‖ = 1 ∀α ∈ Γ. (This is not inmediate because our environment space is not complete.)

Now, we give an example of a closed, bounded and convex set in a noncomplete space verifying RNP and failing KMP.

For this, we consider c_0 the Banach space of real null sequences with the maximum norm and, c_{00} the nonclosed subspace of c_0 of real sequences with a finite numbers of terms nonzero. So, c_{00} is a noncomplete normed linear space. We define: F_0 = æ_{x ∈ c} 00 : |x_n| ≤ 1 n ∀ n ∈ N œ Then F_0 is a closed, bounded and convex subset of c_{00}.

It is clear that F_0 has not extreme points because if x ∈ F_0 and k ∈ N such that x(n) = 0 ∀ n ≥ k, then y = x +^1_k e_k and z = x −^1_k e_k are elements of F_0 such that x =^{y+z}_2 . (e_k is the sequence with value 1 in k and value 0 in n ≠ k.)

RNP AND KMP PROPERTIES IN NONCOMPLETE SPACES 173

Therefore, F_0 fails KMP.

Let us see, now, that F_0 has RNP. If C is a subset of F_0, then C is a weakly compact of c_0, since the closure of F_0 in c_0, F is it. So C is dentable. (See [2, Th. 2.3.6].)

Then F_0 has RNP and fails KMP.

References

1. Argyros S., Odell E. and Rosenthal H., On certain convex subsets of c0, Lecture Notes in

Math. 1332 (1988), 80–111, Berlin.

2. Bourgin R. D., Geometric aspects of convex sets with the Radon Nikodym property, Lecture

Notes in Math. 993 (1980), Springer Verlag.

3. Diestel J. and Uhl J. J. (j.r.), Vector measures, Math. Surveys, 15, Amer. Math. Soc., (1977).

G. López, Departamento de Análisis Matemático, Facultad de Ciencias, Universidad de Granada, (18071), Granada, Spain, e-mail: glopezp@goliat.ugr.es