Acta Math. Univ. Comenianae Vol. LXVIII, 1(1999), pp. 91–110 91

STRICT REFINEMENT FOR DIRECT SUMS AND GRAPHS

A. A. ISKANDER

Abstract. We study direct sums of structures with a one element subuniverse. We give a characterization of direct sums reminescent to that of inner products of groups. The strict refinement property is adapted to direct sums and to restricted Cartesian products of graphs. If a structure has the strict refinement property (for direct products), it has the strict refinement property for direct sums. Connected graphs satisfy the strict refinement property for their restricted Cartesian products.

Chang, Jónsson and Tarski introduce in [6] the strict refinement property for relational structures. Some of the ideas also appear in Fell and Tarski [9]. They show that for algebras with the strict refinement property, such as lattices, rings with zero annihilators and perfect groups, if an algebra A is a direct product of directly indecomposable algebras, then not only the directly indecomposable factors are unique up to isomorphism, but also the resulting factor congruence set on A is unique. In [23], Sabidussi defines relations on the edges of graphs that give a representation of certain connected graphs as Cartesian products of finitely many Cartesian indecomposable graphs and again these Cartesian indecomposable factors are unique up to isomorphism and the defined relation itself is unique. Cartesian products of infinite sets of connected nontrivial graphs are not connected. The strict refinement property is not (easily) applicable to Cartesian decompositions of graphs. In the present paper, we study the possibility of strict refinement for direct sums of structures and follow this study with an adaptation of the strict refinement property to graphs.

For any set A we denote the identity or diagonal relation {(x, x) : x ∈ A} on A by Δ(A), and sometimes simply by Δ. If α is an equivalence relation on a set A and a ∈ A, a/α is the α-equivalence class of a; i.e., a/α = {x ∈ A : aαx}. If α, β are equivalence relations on a set A, then α ∘ β is the relational composition of α and β; i.e., x(α ∘ β)y iff there is z ∈ A such that xαz and zβy. A set of congruence relations {α_i : i ∈ I} on an algebra A is called a direct factor set

Received January 24, 1998; revised October 19, 1998.

1980 Mathematics Subject Classification (1991 Revision). Primary 05C99, 08B25; Secondary 68R10.

Key words and phrases. Direct sums, algebras with a one element subuniverse, direct sum sets, dual direct sum sets of congruences, graphs, vertex, edge, homomorphism, Cartesian product, strict refinement property, refinement property, direct factor sets, Cartesian indecomposable graphs, connected graphs, unique factorization.

92 A. A. ISKANDER

(DFS) on A if ⋂ {α_i : i ∈ I} = Δ and for any a_i ∈ A (i ∈ I) there is a ∈ A such that aα_ia_i (i ∈ I). The direct factor sets on an algebra A are the congruence relations α_i = {(x, y) ∈ A × A : x_i = y_i} where A is identified with ∏ {A_i : i ∈ I} and conversely A_i can be identified with the quotient algebra A/α_i. If α_i (i = 1, 2) is a direct factor set, then α_1, α_2 is called a direct factor pair. This is the case iff α_1 ∩ α_2 = Δ and α_1 ∘ α_2 = α_2 ∘ α_1 = A × A. A decomposition operation on an algebra (or a structure in general) is a homomorphism f : A × A −→ A satisfying the equations f(x, x) ≈ x and f(f(x, y), z) ≈ f(x, z) ≈ f(x, f(y, z)). If v ∈ A, f_v(x) = f(x, v) and f^v(y) = f(v, y), then ker f_v, ker f^v is a direct factor pair. Conversely, if A = B × C, then f((b, c), (b0, c0)) = (b, c0) is a decomposition operation. If α_i(i ∈ I) are equivalence relations on a set A, then ⋁ {α_i : i ∈ I} is the smallest equivalence relation on A that contains α_i (i ∈ I). We shall present a similar concept for direct sums of algebras, or structures in general, with a one element subuniverse.

Unless otherwise stated we shall use the terminology of McKenzie, McNulty and Taylor [20]. For the general theory of universal algebras the reader may consult Burris and Sankappanavar [5], Cohn [7], Grätzer [11], Maltsev [19] and McKenzie, McNulty and Taylor [20]. For refinement properties of direct products of finite structures the reader may consult Jónsson and Tarski [16]. For the general theory of graphs the reader may consult Berge [1], Biggs [2], Bollobás [3], Bondy and Murty [4] and Harary [13].

Definition 1. Let A_i (i ∈ I) be algebras of a given similarity type such that for every i ∈ I, there is a one element subuniverse a_i of A_i. The subset of all x ∈ ∏ {A_i : i ∈ I} such that {i ∈ I : x_i ≠ a_i} is finite is a subalgebra of the Cartesian product ∏ {A_i : i ∈ I}. This subalgebra will be denoted by ∑ {(A_i, a_i) : i ∈ I} and will be called the direct sum of (A_i, a_i) (i ∈ I).

Definition 2. Let A be an algebra with a one element subuniverse 0. A set of congruences {α_i : i ∈ I} is called a direct sum set (DSS) modulo a congruence α and α is the direct sum of α_i (i ∈ I) and we write α = ∑ {α_i : i ∈ I} if (i) α = ⋂ {α_i : i ∈ I}. (ii) For every x ∈ A, the set {i ∈ I : (x, 0) /∈ α_i} is finite.

(iii) For any family x_i (i ∈ I) of elements of A such that {i ∈ I : (x_i, 0) /∈ α_i} is finite, there is x ∈ A such that (x, x_i) ∈ α_i for every i ∈ I.

If the congruences α_i (i ∈ I) form a direct sum set modulo Δ(A), then α_i (i ∈ I) will be called a direct sum set.

If I is a finite set, then α_i (i ∈ I) is a DSS iff it is a DFS. If α_1, α_2 is a direct factor pair modulo α, we write α = α_1 ⊕ α_2.

The notation α = ∑ {α_i : i ∈ I} is used here similar to the parallel notation for the case when the congruences {α_i : i ∈ I} is a direct factor set modulo α (as for instance in [20]).

REFINEMENT FOR SUMS AND GRAPHS 93

Let A be an algebra and let α_i (i ∈ I) be congruences on A and α = ⋂ {α_i : i ∈ I}. The epimorphism x −→ x/α_i of A onto A/α_i will be denoted by p_i. The resulting homomorphism of A into ∏ {A/α_i : i ∈ I} will be denoted by p; i.e., p(x) = (p_i(x) : i ∈ I).

Theorem 1. Suppose A is an algebra with a one element subuniverse 0 and α_i (i ∈ I) are congruences on A. Then p(A) is a direct sum of {(p_i(A), p_i(0)) : i ∈ I} iff α_i (i ∈ I) is a direct sum set modulo α = ker(p).

Proof. Let α_i (i ∈ I) be a DSS modulo α = ⋂ {α_i : i ∈ I} = ker(p). Let a ∈ ∑ {p_i(A) : i ∈ I}. Then F = {i ∈ I : a_i ≠ p_i(0)} is finite. Let x_i = 0 if i ∈ I\F and x_i/α_i = a_i if i ∈ F . Thus x_i (i ∈ I) satisfies F = {i ∈ I : (x_i, 0) /∈ α_i} is finite. There is x ∈ A such that (x, x_i) ∈ α_i for every i ∈ I. Thus p_i(x) = p_i(x_i) = a_i if i ∈ F and p_i(x) = p_i(0) if i ∈ I\F . Thus p(x) = a. Let y ∈ A. Then {i ∈ I : (y, 0) /∈ α_i} is finite. Hence {i ∈ I : p_i(y) ≠ p_i(0)} is finite and so p(y) ∈ ∑ {(p_i(A), p_i(0)) : i ∈ I}. Conversely, let p(A) = ∑ {(p_i(A), p_i(0)) : i ∈ I}. If x ∈ A, then p(x) ∈ p(A) and the set {i ∈ I : p_i(x) ≠ p_i(0)} is finite. Hence {i ∈ I : (x, 0) /∈ α_i} is finite. Let x_i (i ∈ I) be elements of A satisfying {i ∈ I : (x_i, 0) /∈ α_i} is finite. Then {i : p_i(x_i) ≠ p_i(0)} is finite. Hence there is a ∈ ∑ {(p_i(A), p_i(0)) : i ∈ I} such that a_i = p_i(x_i), i ∈ I. So, there is x ∈ A such that p(x) = a; i.e., p_i(x) = a_i = p_i(x_i), i ∈ I. Thus (x, x_i) ∈ α_i, i ∈ I. Also ker(p) = ⋂ {α_i : i ∈ I}. This shows that α_i (i ∈ I) is a DSS modulo ker(p). �

Definition 3. Suppose A is an algebra and φ_i (i ∈ I) are congruences on A. The family φ_i (i ∈ I) is called a dual direct sum set (DDSS) modulo a congruence α if

(i) φ_i ∘ φ_j = φ_j ∘ φ_i, for all i, j ∈ I, (ii) φ_i ∩ ( ⋁ {φ_j : j ∈ I\{i}}) = α for all i ∈ I, (iii) ⋁ {φ_i : i ∈ I} = A × A. The motivation behind this definition will be clear from the following theorem:

Theorem 2. Let A be an algebra with a one element subuniverse 0. Then (i) If α_i ( i ∈ I) is a direct sum set modulo α and φ_i = ⋂ {α_j : j ∈ I\{i}} for all i ∈ I, then φ_i (i ∈ I) is a dual direct sum set modulo α. Furthermore, α_i = ⋁ {φ_j : j ∈ I\{i}} for all i ∈ I and φ_i, α_i is a direct factor pair modulo α.

(ii) If φ_i ( i ∈ I) is a dual direct sum set modulo α and α_i = ⋁ {φ_j : j ∈ I\{i}} for all i ∈ I, then α_i (i ∈ I) is a direct sum set modulo α. Furthermore, φ_i = ⋂ {α_j : j ∈ I\{i}} for all i ∈ I and φ_i, α_i is a direct factor pair modulo α.

Proof. Let α_i (i ∈ I) be a DSS modulo α and let φ_i = ⋂ {α_j : j ∈ I\{i}}, i ∈ I. We need to show that φ_i (i ∈ I) is a DDSS modulo α. Denote by A_i

94 A. A. ISKANDER

the quotient algebra A/α_i and identify A/α with ∑ {(A_i, 0/α_i) : i ∈ I}. Then α_i = {(x, y) : p_i(x) = p_i(y)} and φ_i = {(x, y) : p_j (x) = p_j (y), j ∈ I\{i}}. Thus (x, y) ∈ φ_i ∘ φ_j iff there is z ∈ A such that (x, z) ∈ φ_i and (z, y) ∈ φ_j . Thus φ_i ∘ φ_j = {(x, y) : p_r(x) = p_r(y), r ∈ I\{i, j}} = φ_j ∘ φ_i. Let (x, y) ∈ A × A. Then F = {i ∈ I : (x, y) /∈ α_i} is finite. Thus p_j (x) = p_j (y) for all j /∈ F . Hence (x, y) ∈ ⋁ {φ_j : j ∈ F } ⊆ ⋁ {φ_j : j ∈ I}. If (x, y) ∈ ⋁ {φ_j : j ∈ I, j ≠ i}, there is a finite set G ⊆ I\{i} such that (x, y) ∈ ⋁ {φ_j : j ∈ G}. Then p_r(x) = p_r(y) for all r ∈ I\G. Thus p_i(x) = p_i(y); i.e., (x, y) ∈ α_i and ⋁ {φ_j : j ∈ I\{i}} ⊆ α_i ⊆ ⋁ {φ_j : j ∈ I\{i}}. If (x, y) ∈ φ_i ∩ ⋁ {φ_j : j ∈ I\{i}}, then (x, y) ∈ φ_i = ⋂ {α_j : j ∈ I\{i}} and (x, y) ∈ α_i; i.e., (x, y) ∈ ⋂ {α_j : j ∈ I} = α. Since φ_i, α_i permute, φ_i ∩ α_i = α and φ_i ∨ α_i = A × A, (A/φ_i) × (A/α_i) ∼= A/α. We need to establish the statement (ii). For any X ⊆ I, let ~X = ⋁ {φ_j : j ∈ X}. As φ_i ∩ ( ⋁ {φ_j : j ∈ I\{i}}) = α, α ⊆ ~X for every non-void X ⊆ I. Then

Claim 1. For any subsets S, T of I, ~S ∘ ~T = ~T ∘ ~S.

Indeed, since the relations φ_i (i ∈ I) are mutually permutable, φ_i ∘φ_j = φ_i ∨φ_j . The assertion follows easily.

Claim 2. If S, T ⊆ I and S ∩ T = ∅, then ~S ∩ ~T = α.

Let (x, y) ∈ ~S ∩ ~T . Then there are finite subsets F ⊆ S and G ⊆ T such that (x, y) ∈ ~F ∩ ~G. We show that ~F ∩ ~G = α by induction on |F | ≥ 1. It is true for |F | = 1. Let |F | > 1 and ℓ ∈ F , ℓ /∈ V and F = V ∪ {ℓ}. By induction, ~V ∩ ~G = α. Let a( ~F ∩ ~G)b. As ~V , φ_ℓ are permutable, there is c ∈ A such that a ~V cφ_ℓb and a ~Gb. Then c(φ_ℓ ∘ ~G)a; i.e., a(φ_ℓ ∨ ~G)c and a ~V c. As V and G ∪ {ℓ} are disjoint, ~V ∩ (φ_ℓ ∨ ~G) = α by induction. So aαc. Thus a ~Gb and aφ_ℓb. Hence aαb as φ_ℓ ∩ ~G = α. Claim 3. If S, T ⊆ I, then ~S ∩ ~T = ~(S ∩ T ).

We need to show only the case S ∩ T ≠ ∅, S ⊈ T and T ⫅̸ S. Let λ = ~(S ∩ T ), μ = ~ (S\T ) and ν = ~(T \S). Then λ∩μ = λ∩ν = μ∩ν = α and ~S = λ∨μ, ~T = λ∨ν. Let a( ~S ∩ ~T )b. As λ, μ, ν are permutable, there are c, d ∈ A such that aλcμb and aλdνb. Hence cλd. Also, c(μ ∨ ν)d since cμb and dνb. But (μ ∨ ν) ∩ λ = α. Thus cαd. But then c(μ ∩ ν)b. Hence cαb and so, aλb. Thus ~S ∩ ~T ⊆ λ = ~(S ∩ T ). The reverse inclusion is obvious.

From Claims 1, 2, 3, α_i = ⋁ {φ_j : j ∈ I\{i}} (i ∈ I) are mutually permutable. Let (x, y) ∈ ⋂ {α_j : j ∈ I\{i}}. Then (x, y) ∈ α_j for every j ∈ I\{i}. Thus there are finite subsets F_j ⊆ I\{j} such that (x, y) ∈ ~F_j . Fix r ∈ I\{i}. For every s ∈ F_r, s ≠ i, s /∈ F_s. Thus F_r ∩ ( ⋂ {F_s : s ∈ F_r, s ≠ i}) ⊆ {i}. Thus (x, y) ∈ φ_i; i.e. ⋂ {α_j : j ∈ I, j ≠ i} ⊆ φ_i. As φ_i ⊆ α_j for every j ≠ i. the reverse inclusion also holds. Thus for every i ∈ I, φ_i = ⋂ {α_j : j ∈ I\{i}}. We need to show that ⋂ {α_i : i ∈ I} = α. ⋂ {α_i : i ∈ I} = α_i ∩ ( ⋂ {α_j : j ∈ I\{i}}) = α_i ∩ φ_i = α.

REFINEMENT FOR SUMS AND GRAPHS 95

As φ_i, α_i are permutable and φ_i ∨ α_i = A × A, φ_i, α_i are a direct factor pair modulo α. Let x ∈ A. We need to show that {i ∈ I : (x, 0) /∈ α_i} is finite. Since A × A = ⋁ {φ_i : i ∈ I}, there is a finite set F ⊆ I such that (x, 0) ∈ ~F ⊆ α_i for every i ∈ I\F . Thus {i ∈ I : (x, 0) /∈ α_i} ⊆ F . Finally, suppose x_i ∈ A (i ∈ I) satisfy {i ∈ I : (x_i, 0) /∈ α_i} = G is finite. We need to find x ∈ A such that (x, x_i) ∈ α_i for every i ∈ I. This is possible by induction on |G|. If |G| = 0, then x = 0 will do. Let |G| > 0 and G = H ∪ {ℓ}, ℓ /∈ H. Then |H| < |G|. Put y_i = x_i if i ≠ ℓ and y_ℓ = 0. Then {i ∈ I : (y_i, 0) /∈ α_i} = H. By induction there is y ∈ A such that (y, y_i) ∈ α_i for every i ∈ I. Now (y, x_ℓ) ∈ A × A = φ_ℓ ∨ α_ℓ = φ_ℓ ∘ α_ℓ. Thus there is x ∈ A such that (y, x) ∈ φ_ℓ and (x, x_ℓ) ∈ α_ℓ. Hence (y, x) ∈ α_i for all i ∈ I\{ℓ}. Hence xα_iyα_ix_i for all i ∈ I, i ≠ ℓ and (x, x_i) ∈ α_i for all i ∈ I. �

Remark 1. The characterization of dual direct sums in the case when I is finite also works for algebras without one element subuniverses and is similar to the case of internal direct sums in groups. In fact condition (ii) of Definition 3 can be replaced by the following condition:

(ii0_{) φi ∩}^⋁_{{φj : 1 ≤ j < i} = α for 1 < i ≤ n.}

We shall show that condition (ii0) implies condition (ii) of Definition 3 in the presence of conditions (i) and (iii) of Definition 3 in the case I = {1, 2, . . . , n}. Assume that conditions (i), (iii) of Definition 3 and condition (ii)0 hold. We first show by induction on n − k that ( ⋁ {φ_j : 1 ≤ j ≤ k}) ∩ ( ⋁ {φ_j : k < j ≤ n}) = α, for all 1 ≤ k < n. Since this is true for k = n − 1, assume it is true for all k > m where m < n. Let λ = ⋁ {φ_j : 1 ≤ j ≤ m} and μ = ⋁ {φ_j : m + 1 < j ≤ n}. We need to show that λ ∩ (φ_{m+1} ∨ μ) = α. Let a, b ∈ A and a(λ ∩ (φ_{m+1} ∨ μ))b. As the φ_{m+1}, μ are permutable, there is c ∈ A such that aφ_{m+1}cμb. Thus c(φ_{m+1} ∨ λ)b. As μ ∩ (φ_{m+1} ∨ λ) = α, cαb. Hence a(φ_{m+1} ∩ λ)b and by condition (ii0) aαb. Since conditions (ii) and (ii0) are identical for i = n, we shall prove that (ii0) implies (ii) by induction on n − i. Let condition (ii) be true for all i > m for some m < n. Let γ = ⋁ {φ_j : 1 ≤ j < m} and δ = ⋁ {φ_j : m < j ≤ n}. We need to show that φ_m ∩ (γ ∨ δ) = α. Let a(φ_m ∩ (γ ∨ δ))b. Then there is c ∈ A such that aγcδb. Hence c(γ ∨ φ_m)b. But (γ ∨ φ_m) ∩ δ = α, so cαb. Thus a(φ_m ∩ γ)b. Then aαb.

A DDSS is essentially an internal characterization of a direct sum.

Theorem 3. Let A be an algebra and let φ_i (i ∈ I) be a dual direct sum set on A. Suppose 0 is a one element subuniverse. Then there is an isomorphism of A onto ∑ {(0/φ_i, 0) : i ∈ I}. Proof. Let φ_i (i ∈ I) be a DDSS and let 0 be a one element subuniverse. By Theorem 2, α_i = ⋁ {φ_j : j ∈ I\{i}} (i ∈ I) is a DSS and for every i ∈ I, φ_i, α_i is a direct factor pair. Thus for every x ∈ A, there is x_i ∈ A such that 0φ_ix_iα_ix. As φ_i ∩ α_i = Δ, x_i is unique. By Theorem 1, p(x) = (x/α_i : i ∈ I) gives an isomorphism of A onto ∑ {A/α_i : i ∈ I}. Also A ∼= A/α_i × A/φ_i. The mapping

96 A. A. ISKANDER

x/α_i −→ x_i is an isomorphism of A/α_i onto the subalgebra 0/φ_i, i ∈ I. Thus x −→ (x_i : i ∈ I) is an isomorphism of A onto ∑ {(0/φ_i, 0) : i ∈ I}. � The following lemmas prepare for characterizations of the strict refinement property for direct sums:

Lemma 1. Let A be an algebra with a one element subuniverse 0. Suppose α_i (i ∈ I) is a direct sum set modulo α and β_i (i ∈ I) are congruences on A such that for every i ∈ I, α_i ⊆ β_i and β = ⋂ {β_i : i ∈ I}. Then β_i (i ∈ I) is a direct sum set modulo β.

Proof. Let x_i ∈ A (i ∈ I) and let {i ∈ I : (x_i, 0) /∈ β_i} = F be finite. Let y_i = x_i if i ∈ F and y_i = 0 if i ∈ I\F . Then {i ∈ I : (y_i, 0) /∈ α_i} = F is finite and so there is x ∈ A such that (x, y_i) ∈ α_i ⊆ β_i for every i ∈ I. As y_i = 0 if i ∈ I\F and (x_i, 0) ∈ β_i if i ∈ I\F , (x, x_i) ∈ β_i for every i ∈ I. If x ∈ A, then {i ∈ I : (x, 0) /∈ β_i} ⊆ {i ∈ I : (x, 0) /∈ α_i} is finite. Thus the family β_i (i ∈ I) is a DSS modulo β. �

Lemma 2. Let A be an algebra with a one element subuniverse 0. Let α_i (i ∈ I) be a direct sum set modulo α and let α = ⋂ {β_i : i ∈ I} where β_i (i ∈ I) are congruences on A such that α_i ⊆ β_i for every i ∈ I. Then α_i = β_i for every i ∈ I. Proof. Let k ∈ I. Put γ_i = α_i if i ∈ I\{k} and γ_k = β_k. By Lemma 1, γ_i ( i ∈ I) is a DSS modulo ⋂ {γ_i : i ∈ I} ⊆ ⋂ {β_i : i ∈ I} = α. Now φ_k, α_k and φ_k, γ_k are direct factor pairs modulo α, where φ_k = ⋂ {α_i : i ∈ I\{k}} = ⋂ {γ_i : i ∈ I\{k}}. Let aγ_kb. Then there is c ∈ A such that aφ_kcα_kb. Thus cγ_kb and aγ_kb. Hence aγ_kc. As φ_k ∩ γ_k = α, aαc and so, aα_kb. Thus α_k = γ_k = β_k. �

Lemma 3. Let A be an algebra with a one element subuniverse 0 and let α_i (i ∈ I) and β_j (j ∈ J) be direct sum sets modulo α. Then the following conditions are equivalent:

(i) There are congruences γ_{ij} ((i, j) ∈ I × J) such that α_i = ⋂ {γ_{ij} : j ∈ J} and β_j = ⋂ {γ_{ij} : i ∈ I} for every i ∈ I and j ∈ J.

(ii) α_i ∨ β_j ((i, j) ∈ I × J) is a direct sum set modulo α and α_i = ⋂ {α_i ∨ β_j : j ∈ J} and β_j = ⋂ {α_i ∨ β_j : i ∈ I} for every i ∈ I and j ∈ J.

(iii) α_i ∨ β_j ((i, j) ∈ I × J) is a direct sum set modulo α.

Proof. It is clear that (ii) ⇒ (i), (iii). We need to show that (iii) ⇒ (ii) and (i) ⇒ (iii). As α_i ⊆ α_i ∨ β_j for all j ∈ J, α_i ⊆ ⋂ {α_i ∨ β_j : j ∈ J} = γ_i. By Lemma 1, γ_i (i ∈ I) is a DSS modulo ⋂ {γ_i : i ∈ I} = ⋂ {α_i ∨ β_j : (i, j) ∈ I × J} = α. By Lemma 2, α_i = γ_i = ⋂ {α_i ∨ β_j : j ∈ J}, i ∈ I. The equalities β_j = ⋂ {α_i ∨ β_j : i ∈ I} (j ∈ J) are similar. It remains to show that (i) ⇒ (iii).

For every (i, j) ∈ I × J, α_i ∨ β_j ⊆ γ_{ij} . ⋂ {α_i ∨ β_j : j ∈ J} ⊆ ⋂ {γ_{ij} : j ∈ J} = α_i. Hence ⋂ {α_i ∨ β_j : (i, j) ∈ I × J} = ⋂ {α_i : i ∈ I} = α. Let x ∈ A. As α_i

REFINEMENT FOR SUMS AND GRAPHS 97

(i ∈ I) and β_j (j ∈ J) are DSSs modulo α, the sets F = {i ∈ I : (x, 0) /∈ α_i} and G = {j ∈ J : (x, 0) /∈ β_j } are finite. Hence {(i, j) ∈ I ×J : (x, 0) /∈ α_i ∨β_j } ⊆ F ×G is finite. Suppose x_{ij} ∈ A ((i, j) ∈ I × J) satisfy {(i, j) : (x_{ij} , 0) /∈ α_i ∨ β_j } is finite. Fix k ∈ I. Then {j ∈ J : (x_{kj} , 0) /∈ α_k ∨ β_j } is finite. As α_k ∨ β_j (j ∈ J) is a DSS modulo α_k, by Lemma 1, there is x_k ∈ A such that (x_k , x_{kj} ) ∈ α_k ∨β_j for all j ∈ J. Let G = {k ∈ I : (x_k , 0) /∈ α_k}. As α_k = ⋂ {α_k ∨β_j : j ∈ J}, for every k ∈ G, there is j(k) ∈ J such that (x_k , 0) /∈ α_k ∨ β_{j(k)}. But (x_k, x_{kj} ) ∈ α_k ∨ β_j for all k ∈ I and j ∈ J. Hence (x_{kj(k)} , 0) /∈ α_k ∨ β_{j(k)} for every k ∈ G. Thus G is finite and there is x ∈ A such that (x, x_k ) ∈ α_k for all k ∈ I. Hence (x, x_{kj} ) ∈ α_k ∨(α_k ∨β_j ) = α_k ∨β_j for all k ∈ I and j ∈ J. This shows that the family α_i ∨ β_j ((i, j) ∈ I × J) is a DSS modulo α. �

Lemma 4. Let A be an algebra and let φ_i (i ∈ I) and ψ_j (j ∈ J) be dual direct sum sets on A. If φ_i ∩ ψ_j ((i, j) ∈ I × J) is a dual direct sum set, then for every i ∈ I, φ_i = ⋁ {φ_i ∩ ψ_j : j ∈ J} and for every j ∈ J, ψ_j = ⋁ {φ_i ∩ ψ_j : i ∈ I}. Proof. Let aφ_kb. Since A × A = ⋁ {φ_i ∩ ψ_j : (i, j) ∈ I × J}, there is a finite set F ⊆ I × J such that (a, b) ∈ ⋁ {φ_i ∩ ψ_j : (i, j) ∈ F }. As φ_i ∩ ψ_j are mutually permutable, there is c ∈ A such that aγc and cδb, where γ = ⋁ {φ_k ∩ ψ_j : (k, j) ∈ F } ⊆ φ_k and δ = ⋁ {φ_i ∩ ψ_j : (i, j) ∈ F, i ≠ k}. Thus bφ_kc and (b, c) ∈ ⋁ {φ_i : i ∈ I\{k}}. Hence b = c and φ_k ⊆ ⋁ {φ_k ∩ ψ_j : j ∈ J} ⊆ φ_k. � The strict refinement property can be defined for direct sums. Later we shall see that an algebra or a structure satisfies the strict refinement property for direct sums iff it satisfies the strict refinement property (for direct products.)

Definition 4. Let A be an algebra with a one element subuniverse 0. Then A satisfies the strict refinement property for direct sums (SRPS) if for any direct sum sets α_i (i ∈ I) and β_j (j ∈ J), there is a direct sum set γ_{ij} ((i, j) ∈ I × J) such that α_i = ⋂ {γ_{ij} : j ∈ J} for every i ∈ I and β_j = ⋂ {γ_{ij} : i ∈ I} for every j ∈ J. For direct sums, the strict refinement property implies the refinement property.

In other words, if A is an algebra with a one element subuniverse 0 and A satisfies the SRPS and A ∼= ∑ {B_i : i ∈ I} ∼= ∑ {C_j : j ∈ J}, then there are algebras D_{ij} ((i, j) ∈ I × J) such that for every i ∈ I, B_i ∼= ∑ {D_{ij} : j ∈ J} and for every j ∈ J, C_j ∼= ∑ {D_{ij} : i ∈ I}. Furthermore, if A has SRPS and A ∼= ∑ {B_i : i ∈ I} ∼= ∑ {C_j : j ∈ J} where all B_i, i ∈ I and C_j , j ∈ J are directly indecomposable algebras, then there is a DDSS φ_i (i ∈ I) on A and a bijective mapping g : I −→ J such that 0/φ_i ∼= B_i ∼= C_{g(i)} for every i ∈ I. Algebras with SRPS and with a one element subuniverse that are direct sums of directly indecomposable algebras have a unique DDSS φ_i (i ∈ I) such that the substructures 0/φ_i are directly indecomposable.

We are now ready to show that for structures with a one element subuniverse, the strict refinement property is equivalent to SRPS.

98 A. A. ISKANDER

Theorem 4. For an algebra A with a one element subuniverse 0, the following conditions are equivalent:

(i) A has the strict refinement property for direct sums.

(ii) A has the strict refinement property for direct sums for finite index sets I and J.

(iii) The set of factor congruences of A forms a Boolean lattice (i.e., it is a sublattice of the congruence lattice of A and the distributive laws hold on this sublattice).

(iv) If Δ = α ⊕ α0 = β ⊕ β0 for α, α0, β, β0 congruences on A, then (α ∨ β) ∧ α0 ≤ β. (v) f_vg_v = g_vf_v for all decomposition operations f, g, and all v ∈ A. (vi) There is v ∈ A such that f_vg_v = g_vf_v for all decomposition operations f, g. (vii) A has the strict refinement property for direct sums for index sets I and J such that |I| = |J| = 2.

(viii) For any dual direct sum sets φ_i (i ∈ I) and ψ_j (j ∈ J), φ_i ∩ ψ_j ((i, j) ∈ I × J) is a dual direct sum set, and φ_i = ⋁ {φ_i ∩ ψ_j : j ∈ J} for every i ∈ I, and ψ_j = ⋁ {φ_i ∩ ψ_j : i ∈ I} for every j ∈ J.

(ix) For any dual direct sum sets φ_1, φ_2 and ψ_1, ψ_2, φ_1 ∩ ψ_1, φ_1 ∩ ψ_2, φ_2 ∩ ψ_1, φ_2 ∩ ψ_2 is a dual direct sum set.

Proof. Conditions (i), (ii), (iii), (iv), (v), (vi) are the formulation for direct sums of the corresponding conditions for direct products in ([20, Theorem 5.17, p. 303]). Since for any finite set I, α_i (i ∈ I) is a DFS iff it is a DSS, Lemma 2 of ([20, p. 302]) holds for direct sums as its proof uses only finite direct factor sets. The only place that needs a change in the proof of ([20, Theorem 5.17, p. 303]) is that, after obvious notational changes, following α_i = ⋂ {α_i ∨ β_j : j ∈ J} and β_j = ⋂ {α_i ∨ β_j : i ∈ I}, by Lemma 3, the family α_i ∨ β_j ((i, j) ∈ I × J) forms a DSS and α_i = ∑ {α_i ∨ β_j : j ∈ J} and β_j = ∑ {α_i ∨ β_j : i ∈ I}. It is clear that condition (ii) implies condition (vii). We can show that condition (vii) implies condition (iii) in the same way as (ii) implies (iii) in ([20, Theorem 5.17, p. 303]). That conditions (viii) and (i) are equivalent and condition (vii) is equivalent to condition (ix) follows from Theorem 2, Lemma 3, and Lemma 4. �

From Theorem 4, the strict refinement property for direct sums holds iff it is true for finite index sets I and J. As for finite index sets DSS coincides with DFS, the following is valid.

Corollary 1. Let A be an algebra with a one element subuniverse 0. Then A has the strict refinement property iff A satisfies the strict refinement property for direct sums.

REFINEMENT FOR SUMS AND GRAPHS 99

Let A be any algebra with a one element subuniverse 0 that has the strict refinement property such as congruence distributive algebras, perfect or centerless algebras in congruence permutable varieties such as rings with zero annihilator, etc. If A is the direct sum of directly indecomposable algebras A_i (i ∈ I), then there is precisely one DDSS φ_i (i ∈ I) such that 0/φ_i ∼= A_i, i ∈ I. If A ∼= ∑ {B_j : j ∈ J} where every B_j is directly indecomposable, and ψ_j (j ∈ J) is the DDSS such that B_j ∼= 0/ψ_j , j ∈ J, then |I| = |J| and {φ_i : i ∈ I} = {ψ_j : j ∈ J}. Examples: If a lattice L is a direct sum of directly indecomposable sublattices containing an element a ∈ L, then this set of “direct summands” is unique. If a ring is a direct sum of its directly indecomposable ideals and every such ideal is a ring with zero annihilator, then this set of ideals is unique. A direct sum of a set of finite centerless groups is a direct sum of directly indecomposable groups and the set of resulting normal subgroups is unique.

Now we study the applicability of refinement properties to graphs. All the results of this paper can be carried over to directed graphs without loops and for which from any given vertex to another there can be no more than one directed edge. By a graph Γ we mean a pair of not necessarily finite sets (V (Γ), E(Γ)) where V (Γ) is the set of vertices of Γ and E(Γ) (the set of edges of Γ) is a set of unordered pairs of distinct elements of V (Γ). Thus, in this article, graphs have neither loops nor multiple edges. A graph may be viewed as a set with a symmetric irreflexive binary relation. We write a ∈ V (Γ) to mean that a is a vertex of Γ and if a pair {a, b} is an edge of Γ, we write ab ∈ E(Γ). A path in Γ connecting the vertices a, b ∈ V (Γ) is a sequence of vertices c_0, c_1, . . . , c_n ∈ V (Γ) such that for 1 ≤ i ≤ n, c_i�_1c_i ∈ E(Γ) and a = c_0, b = c_n. If n ≥ 3, a graph with n distinct vertices c_0, c_1, . . . , c_n�_1 and n edges c_0c_1, c_1c_2, . . . , c_n�_2c_n�_1, c_n�_1c_0 is called a cycle of length n and denoted by C_n. A graph Γ is connected if for any distinct vertices a, b ∈ V (Γ), there is a path in Γ connecting a, b. A homomorphism of a graph Γ_1 into a graph Γ_2 is a mapping f from V (Γ_1) into V (Γ_2) such that for any a, b ∈ V (Γ_1), if f(a) ≠ f(b) and ab ∈ E(Γ_1), then f(a)f(b) ∈ E(Γ_2). Two graphs Γ_1, Γ_2 are isomorphic and we write Γ_1 ∼= Γ_2 if there is a bijective mapping f from V (Γ_1) onto V (Γ_2) such that f and f�^1 are homomorphisms. For any non-void set A of vertices of a graph Γ, by Γ[A] we denote the subgraph of Γ whose vertex set is A and for any a, b ∈ A, ab is an edge of Γ[A] iff ab ∈ E(Γ). The Cartesian product of graphs Γ_i, i ∈ I is the graph Γ such that V (Γ) is the direct product of the V (Γ_i), i ∈ I (i.e., the set of all x = (. . . , x_i, . . . ) where x_i ∈ V (Γ_i), i ∈ I. For x, y ∈ V (Γ), xy ∈ E(Γ) iff there is precisely one i ∈ I such that x_iy_i ∈ E(Γ_i) and for every j ∈ I\{i}, x_j = y_j . We denote the Cartesian product of graphs Γ_1, Γ_2 by Γ_1⊕Γ_2. This construction appeared in Harary [12], Miller [21], Sabidussi [22], [23] and, in Shapiro [24]. The restricted Cartesian product of graphs (Γ_i, v_i), i ∈ I, where v_i ∈ V (Γ_i) is given for every i ∈ I, is the graph Γ such that V (Γ) is the direct

100 A. A. ISKANDER

sum of the pointed sets (V (Γ_i), v_i), i ∈ I (i.e., the set of all x = (. . . , x_i, . . . ) where x_i ∈ V (Γ_i), i ∈ I such that {i ∈ I : x_i ≠ v_i} is finite). For x, y ∈ V (Γ), xy ∈ E(Γ) iff there is precisely one i ∈ I such that x_iy_i ∈ E(Γ_i) and for every j ∈ I\{i}, x_j = y_j . If Γ is the restricted Cartesian product of (Γ_i, v_i), i ∈ I, we shall write Γ = ∑ {(Γ_i, v_i) : i ∈ I}. A graph Γ is called Cartesian indecomposable if it is non-trivial, i.e., contains more than one vertex, and Γ is not isomorphic to a Cartesian product of any two non-trivial graphs. The general theory of strict refinement of relational structures introduced in Chang, Jónsson, and Tarski [6], is applicable to the direct product of graphs; i.e., the direct product Γ_1 ⊗ Γ_2 where V (Γ_1 ⊗ Γ_2) = V (Γ_1) × V (Γ_2) and (u_1, u_2)(v_1, v_2) ∈ E(Γ_1 ⊗ Γ_2) iff u_iv_i ∈ E(Γ_i) for i = 1, 2. A graph Γ satisfies the refinement property for restricted Cartesian products if whenever Γ ∼= ∑ {(Γ_i, v_i) : i ∈ I} ∼= ∑ {(Ξ_j , u_j ) : j ∈ J}, there are graphs Ψ_{ij} , and w_{ij} ∈ V (Ψ_{ij} ), i ∈ I, j ∈ J such that Γ_i ∼= ∑ {(Ψ_{ij} , w_{ij} ) : j ∈ J} and Ξ_j ∼= ∑ {(Ψ_{ij} , w_{ij} ) : i ∈ I} for every i ∈ I, j ∈ J. Some of the graphs Ψ_{ij} may be composed of one vertex only. A similar definition can be given for the refinement property relative to direct product decompositions. If G is any finite bipartite graph and 2C_3 is the disjoint union of two cycles of length 3, then G ⊗ C_6 ∼= G ⊗ 2C_3. (cf. Lovász [17], [18] and McKenzie, McNulty and Tayler [20, p. 331].) The cycle C_4 is directly indecomposable, i.e., not isomorphic to the direct product of any two nontrivial graphs. The same is true of 2C_3, but C_6 ∼= K_2 ⊗ C_3 where K_2 is a graph with two vertices and one edge. Since C_4 is bipartite, C_4 ⊗ K_2 ⊗ C_3 ∼= C_4 ⊗ 2C_3 and so the direct product does not satisfy the refinement property even for finite graphs. A directly indecomposable graph may not be Cartesian indecomposable and vice-versa. K_2 ⊗ K_2 ∼= 2K_2 and K_2 ⊕K_2 ∼= C_4. C_6 is Cartesian indecomposable. However, the restricted Cartesian product of a set of connected graphs is connected and every connected graph is, up to an isomorphism, uniquely the restricted Cartesian product of Cartesian indecomposable graphs. (cf. Sabidussi [23], Imrich [14])

Sabidussi gives in [23], an internal characterization of Cartesian decomposition of connected graphs by means of an equivalence relation on the set of edges. A similar method was given by Vizing [25]. Similar equivalence relations on the edges of a graph are used in Feder [8], Graham and Winkler [10] and Imrich and Zerovnik [15] to give efficient algorithms for the Cartesian decompositions of finite connected graphs. Imrich shows that every connected graph is, up to isomorphism, uniquely the restricted Cartesian product of Cartesian indecomposable graphs ([14, Szatz 4 and Szatz 5]). We shall give another characterization using equivalence relations on the set of vertices in a fashion reminiscent of the inner product of groups. We shall adapt the definition of the strict refinement property so that we can apply it to the restricted Cartesian product of graphs.

The following definition and lemma provide a connection between dual direct sum sets and restricted Cartesian decompositions of graphs:

REFINEMENT FOR SUMS AND GRAPHS 101

Definition 5. Let φ, ψ be equivalence relations on the set of vertices of a graph Γ. The relation φ satisfies the edge condition relative to the relation ψ if for any a, b, c of V (Γ) such that aφb, aψc and ab ∈ E(Γ), there is d ∈ V (Γ) such that cφd, bψd and cd ∈ E(Γ). A family of equivalence relations φ_i (i ∈ I) on V (Γ) satisfies the edge condition if φ_i satisfies the edge condition relative to φ_j for any ordered pair (i, j) ∈ I × I, i ≠ j.

Lemma 5. Let φ, ψ_i (i ∈ I) be equivalence relations on the set of vertices of a graph Γ and ψ = ⋁ {ψ_i : i ∈ I}. If for every i ∈ I, φ satisfies the edge condition relative to ψ_i, then φ satisfies the edge condition relative to ψ.

Proof. This is routine from the definition. �

Definition 6. Let Γ be a graph and let φ_i (i ∈ I) be equivalence relations on V (Γ). The family φ_i (i ∈ I) is called a graph dual direct sum set (GDDSS) if (i) The family φ_i (i ∈ I) is a dual direct sum set on V (Γ). (ii) The family φ_i (i ∈ I) satisfies the edge condition. (iii) If ab ∈ E(Γ), then aφ_ib for some i ∈ I.

Now we give an internal characterization for Cartesian decompositions of graphs.

Theorem 5. Let Γ, Γ_i (i ∈ I) be graphs and v_i ∈ V (Γ_i) (i ∈ I). There is an isomorphism of Γ onto ∑ {(Γ_i, v_i) : i ∈ I} iff there is a graph dual direct sum set φ_i (i ∈ I) on V (Γ) and v ∈ V (Γ) such that for every i ∈ I, (Γ_i, v_i) ∼= (Γ[v/φ_i], v).

Proof. Let (Γ, v) = ∑ {(Γ_i, v_i) : i ∈ I}. Define φ_i on V (Γ) by aφ_ib iff a_j = b_j for all j ∈ I\{i}. Checking that the family φ_i (i ∈ I) is a GDDSS routinely follows from the definitions.

We need to show the converse. Suppose φ_i (i ∈ I) is a GDDSS on V (Γ). Let v ∈ V (Γ) and let Γ_i = Γ[v/φ_i], v_i = v, i ∈ I. We shall show that (Γ, v) ∼= ∑ {(Γ_i, v_i) : i ∈ I}. By Theorem 3, (V (Γ), v) ∼= ∑ {(V (Γ_i), v_i) : i ∈ I} as pointed sets. For every i ∈ I, we define a mapping π_i : Γ → Γ_i. Let x ∈ V (Γ). As φ_i and α_i = ⋁ {φ_j : j ∈ I\{i}} is a factor pair, there is a unique t ∈ V (Γ) such that vφ_itα_ix. Define π_i(x) = t. It is clear that π_i is surjective. Actually π_i is a graph homomorphism. Indeed, let bc ∈ E(Γ) and let π_i(b) ≠ π_i(c). As vφ_iπ_i(b)α_ib and vφ_iπ_i(c)α_ic, then π_i(b)φ_iπ_i(c). Also there is a unique j ∈ I such that bφ_j c, since bc ∈ E(Γ). If j ≠ i, then φ_j ⊆ α_i and so bα_ic, which in turn implies π_i(b)α_iπ_i(c) and consequently, as α_i ∩ φ_i = Δ, π_i(b) = π_i(c). Thus j = i and bφ_ic. As φ_i, i ∈ I satisfy the edge condition and α_i = ⋁ {φ_j : 1 ≤ j ≤ n, j ≠ i}, by Lemma 5, the pair φ_i, α_i satisfies the edge condition. This and α_i ∩ φ_i = Δ implies π_i(b)π_i(c) ∈ E(Γ[v/φ_i]). We need to show that cd ∈ E(Γ) iff π(c)π(d) is an edge in ∑ {(Γ_i, v_i) : i ∈ I}, where π(x) = (. . . , π_i(x), . . . ). Let cd ∈ E(Γ). As φ_i (i ∈ I) is a GDDSS, there is a unique i ∈ I, such that cφ_id. As φ_i ∩ α_i = Δ,

102 A. A. ISKANDER

π_i(c) ≠ π_i(d). As π_i is a graph homomrphism, π_i(c)π_i(d) ∈ E(Γ_i). If j ∈ I\{i}, then (c, d) ∈ φ_i ⊆ α_j and so π_j (c) = π_j (d). So π_k(c)π_k (d) ∈ E(Γ_k ) holds only for k = i. Hence π(c)π(d) is an edge of the restricted Cartesian product. On the other hand, if π(c)π(d) is an edge of the restricted Cartesian product, then cd ∈ E(Γ) follows from the fact that there is precisely one i ∈ I with π_i(c)π_i(d) ∈ E(Γ_i) and for j ∈ I\{i}, π_j (c) = π_j (d) and φ_i, α_i satisfy the edge condition; i.e., the mapping π is a graph isomorphism of (Γ, v) onto ∑ {(Γ_i, v_i) : i ∈ I}. �

Remark 2. Viewing the equivalence relations φ_i (i ∈ I) as partitions, for any given i ∈ I, and any vertices a, b of Γ the graphs Γ[a/φ_i] and Γ[b/φ_i] are isomorphic subgraphs of Γ. The homomorphism π_i restricted to b/φ_i provides a graph isomorphism of Γ[b/φ_i] onto Γ[a/φ_i].

In order to adapt the definition of the strict refinement property to the case of graphs, we need to find what a DSS for graphs should be. This is achieved by the following definition.

Definition 7. Let Γ be a graph and v ∈ V (Γ). A set α_i (i ∈ I) of equivalence relations on V (Γ) is called a graph direct sum set (GDSS) and every α_i is called a graph direct factor if

(i) α_i (i ∈ I) is a direct sum set on the pointed set (V (Γ), v). (ii) If ab ∈ E(Γ), then there is i ∈ I such that aα_j b for every j ∈ I\{i}. (iii) For every i ∈ I, α_i, ⋂ {α_j : j ∈ I\{i}} satisfy the edge condition.

Similar to Theorem 2 we have

Theorem 6. Let Γ be a graph and v ∈ V (Γ). Then (i) If α_i (i ∈ I) is a graph direct sum set on Γ, then φ_i = ⋂ {α_j : j ∈ I\{i}} (i ∈ I) is a graph dual direct sum set.

(ii) If φ_i (i ∈ I) is a graph dual direct sum set on Γ, then α_i = ⋁ {φ_j : j ∈ I\{i}} (i ∈ I) is a graph direct sum set.

Proof. In view of Theorem 2, we need only show that in (i), φ_i (i ∈ I) satisfy the edge condition and for every ab ∈ E(Γ), there is i ∈ I such that aφ_ib. The latter follows from (ii) of Definition 7. Let i, j ∈ I and i ≠ j, a, b, c ∈ V (Γ), aφ_ib, aφ_j c and ab ∈ E(Γ). Since φ_i, α_i is a factor pair and φ_j ⊆ α_i, there is a unique d ∈ V (Γ) such that cφ_id and bα_id. As α_i, φ_i satisfy the edge condition ((iii) of Definition 7), cd ∈ E(Γ). Now φ_i and φ_j are permutable. Hence there is e ∈ V (Γ) such that cφ_ie and bφ_j e. Again φ_j ⊆ α_i. So cφ_ie and bα_ie. Then e = d and bφ_j d.

To show (ii), let ab ∈ E(Γ). Then there is a unique i ∈ I such that aφ_ib. So aα_j b for every j ∈ I\{i}. Since φ_i, φ_j satisfy the edge condition for i ≠ j, by Lemma 5, φ_i satisfies the edge condition relative to ⋁ {φ_j : j ∈ I\{i}} = α_i. If ab ∈ E(Γ), aα_ib and aφ_ic. There is j ∈ I\{i} such that aφ_j b. As φ_j ⊆ α_i and φ_j satisfies the edge condition relative to φ_i, α_i satisfies the edge condition relative to φ_i. Since φ_i = ⋂ {α_j : j ∈ I\{i}}, (iii) of Definition 7 is satisfied. �

REFINEMENT FOR SUMS AND GRAPHS 103

Definition 8. Let Γ be a graph. A graph decomposition operation f on Γ is a graph homomorphism of the Cartesian product Γ ⊕ Γ onto Γ such that (i) The equations f(x, x) ≈ x and f(f(x, y), z) ≈ f(x, f(y, z)) ≈ f(x, z) hold in V (Γ). (ii) If ab ∈ E(Γ), then f(a, b) ∈ {a, b}. Theorem 7. Let Γ be a graph. Then (i) If Γ = Γ_1 ⊕ Γ_2 and f((x_1, x_2), (y_1, y_2)) = (x_1, y_2), then f is a graph decomposition operation on Γ.

(ii) If f is a graph decomposition operation on Γ and v ∈ V (Γ), then Γ ∼= Γ[v/ ker f_v] ⊕ Γ[v/ ker f^v].

Proof. It is sufficient to show in (i) that f(a, b) ∈ {a, b} if ab ∈ E(Γ) and f is a graph homomorphism of Γ ⊕ Γ into Γ. If x ∈ V (Γ), then x = (x_1, x_2) where x_i ∈ V (Γ_i), i = 1, 2. f(a, b) = (a_1, b_2). As ab ∈ E(Γ), either a_1 = b_1 in which case f(a, b) = (a_1, b_2) = (b_1, b_2) = b, or b_1 = b_2, in which case f(a, b) = a. If (a, b)(c, d) ∈ E(Γ ⊕ Γ), then either a = c and bd ∈ E(Γ) or ac ∈ E(Γ) and b = d. f(a, b) = (a_1, b_2), f(c, d) = (c_1, d_2). If a = c, then a_1 = c_1. If f(a, b) ≠ f(c, d), then b_2 ≠ d_2. As bd ∈ E(Γ_1 ⊕ Γ_2) and b_2 ≠ d_2, b_1 = d_1 and b_2d_2 ∈ E(Γ_2). Hence (a_1, b_2)(a_1, d_2) ∈ E(Γ_1 ⊕ Γ_2). Thus f(a, b)f(c, d) ∈ E(Γ). The other case is similar.

To show (ii), it suffices, in view of Theorem 5, to verify that the factor pair ker f_v, ker f^v is a GDSS. Let ab ∈ E(Γ). There is no loss in generality assuming f(a, b) = a. Thus f(a, b) = a = f(a, a) and (a, b) ∈ ker f_a = ker f_v. We need to show that ker f_v, ker f^v satisfy the edge condition. It suffices to show that ker f_v satisfies the edge condition relative to ker f^v. Let (a, b) ∈ ker f_v, (a, c) ∈ ker f^v and ab ∈ E(Γ). There is d ∈ V (Γ) such that (c, d) ∈ ker f_v and (b, d) ∈ ker f^v. As ker f_v = ker f_a, f(c, a) = f(d, a). Also ker f^v = ker f^c and f(c, a) = f(c, c) = c. Similarly f(d, d) = f(d, b) = d as ker f^v = ker f^d. So f(d, a) = c and f(d, b) = d. If c = d, then f(d, b) = d = c = f(c, a) = f(d, a). This implies that (a, b) ∈ ker f^v ∩ ker f_v = Δ(V (Γ)). So a = b contradicting ab ∈ E(Γ). Thus c ≠ d. As f is a homomorphism of the Cartesian square of Γ onto Γ and f(d, a) = c ≠ d = f(d, b) and ab ∈ E(Γ), cd ∈ E(Γ). This shows that ker f_v satisfies the edge condition relative to ker f^v. �

Now we propose to define the strict refinement property for graphs.

Definition 9. A graph Γ has the strict refinement property for restricted Cartesian products (GSRP) if for any v ∈ V (Γ) and graph direct sum sets α_i (i ∈ I) and β_j (j ∈ J) on Γ, there is a graph direct sum set γ_{ij} ((i, j) ∈ I × J) such that α_i = ∑ {γ_{ij} : j ∈ J} for every i ∈ I and β_j = ∑ {γ_{ij} : i ∈ I} for every j ∈ J.

104 A. A. ISKANDER

In view of Theorems 4, 5, 6 and 7, we have the following characterization of GSRP:

Theorem 8. The following conditions for a graph Γ are equivalent: (i) Γ has the strict refinement property for restricted Cartesian products. (ii) Γ has the strict refinement property for restricted Cartesian products for finite index sets I and J.

(iii) The set of factor congruences of Γ forms a Boolean lattice (i.e., it is a sublattice of the lattice of equivalence relations on V (Γ) and the distributive laws hold on this sublattice).

(iv) If Δ(V (Γ)) = α ⊕ α0 = β ⊕ β0 where α, α0 and β, β0 are graph direct sum sets on Γ, then (α ∨ β) ∧ α0 ≤ β.

(v) f_vg_v = g_vf_v for all graph decomposition operations f, g and all v ∈ V (Γ). (vi) There is v ∈ V (Γ) such that f_vg_v = g_vf_v for all graph decomposition operations f, g.

(vii) Γ has the strict refinement property for restricted Cartesian products for index sets I and J such that |I| = |J| = 2.

(viii) For any graph dual direct sum sets φ_i (i ∈ I) and ψ_j (j ∈ J), φ_i ∩ ψ_j ((i, j) ∈ I × J) is a graph dual direct sum set, and φ_i = ⋁ {φ_i ∩ ψ_j : j ∈ J} for every i ∈ I and ψ_j = ⋁ {φ_i ∩ ψ_j : i ∈ I} for every j ∈ J.

(ix) For any graph dual direct sum sets φ_1, φ_2 and ψ_1, ψ_2, the set φ_1 ∩ ψ_1, φ_1 ∩ ψ_2, φ_2 ∩ ψ_1, φ_2 ∩ ψ_2 is a graph dual direct sum set.

As in the general case GSRP implies the refinement property for restricted Cartesian products of graphs.

Theorem 9. Every connected graph has the strict refinement property for restricted Cartesian products.

A graph has the strict refinement property for restricted Cartesian products iff it satisfies condition (ix) of Theorem 8. First we prove the following lemma:

Lemma 6. If φ_1, φ_2 and ψ_1, ψ_2 are graph dual direct sum sets on a graph Γ, then the family φ_1 ∩ ψ_1, φ_1 ∩ ψ_2, φ_2 ∩ ψ_1, φ_2 ∩ ψ_2 is a graph dual direct sum set iff the equivalence relations φ_1 ∩ψ_1, φ_1 ∩ψ_2, φ_2 ∩ψ_1, φ_2 ∩ψ_2 are mutually permutable and φ_i = (φ_i ∩ ψ_1) ∨ (φ_i ∩ ψ_2) and ψ_i = (ψ_i ∩ φ_1) ∨ (ψ_i ∩ φ_2), i = 1, 2.

Proof. Let φ_1, φ_2 and ψ_1, ψ_2 be GDDSS on a graph Γ. Suppose the family φ_1 ∩ ψ_1, φ_1 ∩ ψ_2, φ_2 ∩ ψ_1, φ_2 ∩ ψ_2 is a GDDSS. Then φ_1 ∩ ψ_1, φ_1 ∩ ψ_2, φ_2 ∩ ψ_1, φ_2 ∩ ψ_2 is a DDSS on the set V (Γ) and by Lemma 4, φ_i = (φ_i ∩ ψ_1) ∨ (φ_i ∩ ψ_2) and ψ_i = (ψ_i ∩ φ_1) ∨ (ψ_i ∩ φ_2), i = 1, 2.

Conversely, if φ_1 ∩ ψ_1, φ_1 ∩ ψ_2, φ_2 ∩ ψ_1, φ_2 ∩ ψ_2 are mutually permutable and φ_i = (φ_i ∩ ψ_1) ∨ (φ_i ∩ ψ_2), ψ_i = (ψ_i ∩ φ_1) ∨ (ψ_i ∩ φ_2), i = 1, 2, then the family φ_1 ∩ ψ_1, φ_1 ∩ ψ_2, φ_2 ∩ ψ_1, φ_2 ∩ ψ_2 is a DDSS. Indeed, they satisfy conditions (i)

REFINEMENT FOR SUMS AND GRAPHS 105

and (iii) of Definition 3. Let a(φ_1 ∩ ψ_1)b and a((φ_1 ∩ ψ_2) ∨ (φ_2 ∩ ψ_1) ∨ (φ_2 ∩ ψ_2))b. As (φ_1 ∩ ψ_2) ∨ (φ_2 ∩ ψ_1) ∨ (φ_2 ∩ ψ_2) = (φ_1 ∩ ψ_2) ∨ φ_2, there is c ∈ V (Γ) such that a(φ_1 ∩ ψ_2)cφ_2b. Hence cφ_1aφ_1b and c(φ_1 ∩ φ_2)b. As φ_1 ∩ φ_2 = Δ, c = b. Then a(ψ_1 ∩ ψ_2)b and a = b. The other cases to verify condition (ii) of Definition 3 are similar. If ab ∈ E(Γ), then aφ_ib and aψ_j b for some i, j = 1, 2. It remains to verify the edge condition. Let a(φ_1 ∩ ψ_1)b and let ab ∈ E(Γ). As ψ_1, ψ_2 satisfy the edge condition, if a(φ_1 ∩ ψ_2)c, there is d ∈ V (Γ) such that cψ_1d, bψ_2d and cd ∈ E(Γ). As φ_1 ∩ ψ_1 and φ_1 ∩ ψ_2 are permutable, there is a vertex e such that b(φ_1 ∩ ψ_2)e and e(φ_1 ∩ ψ_1)c. Then (e, d) ∈ ψ_1 ∩ ψ_2 = Δ. Thus e = d and so φ_1 ∩ ψ_1 satisfies the edge condition relative to φ_1 ∩ ψ_2. If a(φ_2 ∩ ψ_2)c, again since ψ_1, ψ_2 satisfy the edge condition, there is d ∈ V (Γ) such that cd ∈ E(Γ), cψ_1d and bψ_2d. As φ_1 ∩ ψ_1 and φ_2 ∩ ψ_2 are permutable and c(φ_2 ∩ ψ_2)a(φ_1 ∩ ψ_1)b, there is e ∈ V (Γ) with c(φ_1 ∩ ψ_1)e and e(φ_2 ∩ ψ_2)b. Thus (e, d) ∈ ψ_1 ∩ ψ_2 = Δ. So, e = d and φ_1 ∩ ψ_1 satisfies the edge condition relative to ϕ_2 ∩ ψ_2. The remaining cases are similar. Thus the family φ_1 ∩ ψ_1, φ_1 ∩ ψ_2, φ_2 ∩ ψ_1, φ_2 ∩ ψ_2 is a GDDSS. �

The following definition is useful.

Definition 10. Let Γ be a graph and let φ, ψ be equivalence relations on V (Γ). The relations φ, ψ are edge permutable if for any vertices a, b, c ∈ V (Γ) such that aφb, aψc, where ab, ac ∈ E(Γ), there is d ∈ V (Γ) such that cφd, bψd and cd, bd ∈ E(Γ). Lemma 7. Let Γ be a graph and let φ, ψ be equivalence relations on V (Γ).

If φ, ψ are edge permutable and for every v ∈ V (Γ), Γ[v/ψ] is connected, then φ satisfies the edge condition relative to ψ.

Proof. Let aφb, aψc, a ≠ c and ab ∈ E(Γ). Then there is a path a = c_0, c_1, . . . , c_n = c such that c_iψc_{i+1} for all 0 ≤ i < n. As φ, ψ are edge permutable, there is b_1 ∈ V (Γ) such that bb_1, c_1b_1 ∈ E(Γ), c_1φb_1 and bψb_1. By induction there is a path b = b_0, b_1, . . . , b_n such that b_iψb_{i+1}, c_j φb_j , c_j b_j ∈ E(Γ) for all 0 ≤ i < n and 1 ≤ j ≤ n. Thus bψb_n, cφb_n and cb_n ∈ E(Γ). �

Proof of Theorem 9. Suppose Γ is a connected graph, a ∈ V (Γ) and φ_1, φ_2 and ψ_1, ψ_2 are two GDDSSs on Γ. By Theorem 5, Γ ∼= Γ[a/φ_1] × Γ[a/φ_2] ∼= Γ[a/ψ_1] × Γ[a/ψ_2]. Since Cartesian factors of connected graphs are connected (cf. Sabidussi [23]), from Theorem 5, Γ[a/φ_i], Γ[a/ψ_i], i = 1, 2 are connected. We need to show that φ_i ∩ ψ_j (i, j = 1, 2) is a GDDSS. First we show that φ_1, φ_2 and similarly ψ_1, ψ_2 are edge permutable. Indeed, suppose a, b, c ∈ V (Γ), aφ_1b, aφ_2c and ab, ac ∈ E(Γ). As φ_1, φ_2 satisfy the edge condition, there is d ∈ V (Γ) such that cd ∈ E(Γ) and cφ_1d, bφ_2d. Reversing the roles of φ_1, φ_2, there is e ∈ V (Γ) such that be ∈ E(Γ) and cφ_1e, bφ_2e. Thus dφ_1c, dφ_2b, eφ_1c, eφ_2b. As φ_1 ∩ φ_2 = Δ, d = e and φ_1, φ_2 are edge permutable. Next we show that any two of the four equivalence relations φ_i ∩ ψ_j , i, j = 1, 2 are edge permutable.

106 A. A. ISKANDER

This does not require that Γ be connected. Let ab, ac ∈ E(Γ) and a(φ_1 ∩ ψ_1)b. Suppose a(φ_1 ∩ ψ_2)c. As ψ_1, ψ_2 are edge permutable, there is d ∈ V (Γ) such that cψ_1d, bψ_2d and bd, cd ∈ E(Γ). Now cφ_1d or cφ_2d and bφ_1d or bφ_2d. Also cφ_1d iff bφ_1d. If cφ_2d, then bφ_2d and c(φ_1 ∩ φ_2)b. Thus b = c and a(ψ_1 ∩ ψ_2)b; i.e., a = b contradicting ab ∈ E(Γ). Hence c(φ_1 ∩ ψ_1)d and b(φ_1 ∩ ψ_2)d. Thus φ_1 ∩ ψ_1, φ_1 ∩ ψ_2 are edge permutable. If a(φ_2 ∩ ψ_2)c, there is d ∈ V (Γ) such that cψ_1d and bψ_2d where bd, cd ∈ E(Γ). Again cφ_1d or cφ_2d and bφ_1d or bφ_2d. If cφ_1d and bφ_1d, then a(φ_1 ∩ φ_2)c and a = c contradicting ac ∈ E(Γ). If cφ_2d and bφ_1d, then a(φ_1 ∩ φ_2)d and a = d. Then c(ψ_1 ∩ ψ_2)d and c = d contradicting cd ∈ E(Γ). If cφ_2d and bφ_2d, then a(φ_1 ∩ φ_2)b and a = b contradicting ab ∈ E(Γ). Thus the only possibility is cφ_1d and bφ_2d; i.e., c(φ_1 ∩ ψ_1)d, b(φ_2 ∩ ψ_2)d. Thus φ_1 ∩ ψ_1, φ_2 ∩ ψ_2 are edge permutable. The treatment of the remaining pairs is similar. If Γ is connected, we shall show that Γ[a/(φ_1 ∩ ψ_1)] is connected. If a, c ∈ V (Γ), a ≠ c and a(φ_1 ∩ ψ_1)c, there is a path a = c_0, c_1, . . . , c_n = c in Γ[a/φ_1]. As c_kc_{k+1} ∈ E(Γ) for 0 ≤ k < n, c_kψ_1c_{k+1} or c_kψ_2c_{k+1} for 0 ≤ k < n. Suppose for some 0 ≤ s < n, (c_s, c_{s+1}) /∈ ψ_1. As φ_1 ∩ ψ_1 and φ_1 ∩ ψ_2 are edge permutable, if (c_k�_1, c_k) ∈ ψ_2 and (c_k, c_{k+1}) ∈ ψ_1, there is c0_k such that (c_k�_1, c0_k) ∈ φ_1 ∩ ψ_1 and (c0_k, c_{k+1}) ∈ φ_1 ∩ ψ_2. Thus we can assume that in the given path, for some 0 < r ≤ n, (c_k, c_{k+1}) ∈ ψ_1 for all 0 ≤ k < r and (c_k, c_{k+1}) ∈ ψ_2 for all r ≤ k < n. Thus a(φ_1 ∩ ψ_1)c_r(φ_1 ∩ ψ_2)c. Then c_r(ψ_1 ∩ ψ_2)c and c = c_r. Thus there is a path a = c_0, c_1, . . . , c_n = c in Γ[a/(φ_1 ∩ ψ_1)]. This shows that for any v ∈ V (Γ) and for any i, j = 1, 2, the subgraph Γ[v/(φ_i ∩ ψ_j )] is connected. Now we show that the family φ_i ∩ ψ_j (i, j = 1, 2) satisfies the edge condition. This follows from Lemma 7. We need to show that any pair of φ_i ∩ ψ_j are permutable. Let a(φ_i ∩ψ_j )b, a(φ_r ∩ψ_s)c, where i, j, r, s ∈ {1, 2} and (i, j) ≠ (r, s). As Γ[a/(φ_i ∩ψ_j )] is connected, there is a path a = b_0, b_1, . . . , b_n = b such that (b_k, b_{k+1}) ∈ φ_i ∩ψ_j for all 0 ≤ k < n. By the edge condition there is d_1 with cd_1 ∈ E[Γ], (b_1, d_1) ∈ φ_r ∩ ψ_s and (c, d_1) ∈ φ_i ∩ ψ_j . By induction there is a path c = d_0, d_1, . . . , d_n in Γ[φ_i ∩ ψ_j ] such that (b_k, d_k) ∈ φ_r ∩ ψ_s for every 1 ≤ k ≤ n. Thus there is d(= d_n) such that c(φ_i ∩ ψ_j )d(φ_r ∩ ψ_s)b. This shows the permutability of φ_i ∩ ψ_j and φ_r ∩ ψ_s. By Lemma 6, and by symmetry, it suffices to show that φ_i = (φ_i ∩ ψ_1) ∨ (φ_i ∩ ψ_2). Let aφ_ib. As Γ[a/φ_i] is connected, there is a path a = b_0, b_1, . . . , b_n = b in Γ[a/φ_i]. Every (b_k, b_{k+1}) ∈ ψ_r for some r ∈ {1, 2} and thus belongs to (φ_i ∩ ψ_1) ∨ (φ_i ∩ ψ_2). Thus (a, b) ∈ (φ_i ∩ ψ_1) ∨ (φ_i ∩ ψ_2). This shows that φ_1 ∩ ψ_1, φ_1 ∩ ψ_2, φ_2 ∩ ψ_1, φ_2 ∩ ψ_2 form a GDDSS. �

If a graph satisfies the strict refinement property for restricted Cartesian products, it satisfies the property for any two GDDSSs. However, the Cartesian product of an infinite family of nontrivial connected graphs is not connected as shown in [23]. For general structures, as indicated in [6], the strict refinement property carries over to infinite direct products. Since pointed sets do not satisfy the strict refinement property, there are (disconnected) graphs that do not sat-

REFINEMENT FOR SUMS AND GRAPHS 107

isfy GSRP. If φ_i (i ∈ I) and ψ_j (j ∈ J) are GDDSSs on a connected graph Γ, a ∈ V (Γ) and all Γ[a/φ_i] and Γ[a/ψ_j ] are Cartesian indecomposable, then |I| = |J|, {φ_i : i ∈ I} = {ψ_j : j ∈ J} and so {Γ[a/φ_i] : i ∈ I} = {Γ[a/ψ_j ] : j ∈ J}. The following theorem is due to Imrich ([14, Szatz 4]). We shall give a proof using methods from the present paper.

Theorem 10. Every connected graph is a restricted Cartesian product of Cartesian indecomposable graphs.

The proof will be based on the following lemmas:

Lemma 8. Let Γ be a connected graph and let α be an equivalence relation on V (Γ). Then α is a graph direct factor on Γ iff

(i) If aαb, (a, c) /∈ α and ab, ac ∈ E(Γ), then there is d ∈ V (Γ) such that cαd, (b, d) /∈ α and bd, cd ∈ E(Γ). (ii) If a_0a_1 . . . a_n is a path and (a_i, a_{i+1}) /∈ α for 0 ≤ i < n and a_0 ≠ a_n, then (a_0, a_n) /∈ α.

Proof. If α, β is a GDSS, then (i) follows from the edge condition and ii follows from (a_i, a_{i+1}) ∈ β, for 0 ≤ i < n and so (a_0, a_n) ∈ β. As α ∩ β = Δ, (a_0, a_n) /∈ α. Conversely, the set {(x, y) : xy ∈ E(Γ), (x, y) /∈ α} generates an equivalence relation β on V (Γ). We need to show that α, β is a GDSS. It is clear that for every v ∈ V (Γ), Γ[v/β] is connected. From (i), α, β are edge permutable. By Lemma 7, α satisfies the edge condition relative to β. We shall show that for every v ∈ V (Γ), Γ[v/α] is connected. Indeed, let aαb and a ≠ b. As Γ is connected, there is a path a = c_0, c_1, . . . , c_n = b. If (c_i, c_{i+1}) /∈ α, then c_iβc_{i+1}. In view of the edge permutabilty of α, β we can assume that c_iαc_{i+1} for all 0 ≤ i < r and c_iβc_{i+1} for all r ≤ i < n. If r = n, we are through. Otherwise, bβc_r, aαc_r and aαb. Thus bαc_r. In view of (ii), b = c_r and Γ[a/α] is connected. Again, applying Lemma 7, β satisfies the edge condition relative to α. Every edge belongs to either α or β. Thus we need only show that α, β is a DSS. If a, b ∈ V (Γ) and a ≠ b, then there is a path from a to b. As α, β are edge permutable, we can assume the existence of a path a = b_0, b_1, . . . , b_n = b such that b_iαb_{i+1} and b_j βb_{j+1} implies i < j. Thus V (Γ) × V (Γ) = α ∘ β. From (ii), α ∩ β = Δ. Thus α, β form a GDSS and α is a graph direct factor. �

Lemma 9. If φ_i is a graph direct factor on a connected graph Γ for every i ∈ I, then ⋂ {φ_i : i ∈ I} is a graph direct factor on Γ.

Proof. Let α = ⋂ {φ_i : i ∈ I}. We need to show that α is a graph direct factor.

Let aαb, ab, ac ∈ E(Γ) and (a, c) /∈ α. There is k ∈ I such that (a, c) /∈ φ_k. As φ_k is a graph direct factor, there is d ∈ V (Γ) such that cφ_kd, (b, d) /∈ φ_k,and bd, cd ∈ E(Γ). If cφ_kd0, bd0 ∈ E(Γ) and (b, d0) /∈ φ_k , then d = d0, otherwise, dbd0 is a path where db, bd0 ∈ E(Γ), (d, b) /∈ φ_k, (b, d0) /∈ φ_k and dφ_kcφ_kd0 contradicting

108 A. A. ISKANDER

(ii) of Lemma 8. Let j ∈ I. Applying GSRP to the GDDSSs φ_k , φ0_k and φ_j , φ0_j , where φ_k, φ0_k and φ_j , φ0_j are (graph) factor pairs, φ_k ∩ φ_j , φ_k ∩ φ0_j , φ0_k ∩ φ_j ,

φ0_{k ∩ φ}0_{j is a GDDSS on Γ. Thus φk ∩ φj is a graph direct factor. As a(φk ∩ φj )b,}

(a, c) /∈ φ_k ∩ φ_j and ab, ac ∈ E(Γ), there is e ∈ V (Γ) such that c(φ_k ∩ φ_j )e, (b, e) /∈ φ_k ∩ φ_j and be, ce ∈ E(Γ). If (b, e) ∈ φ_k, then aφ_keφ_kc contradicting (a, c) /∈ φ_k. Thus (b, e) /∈ φ_k. Hence d = e. Thus cφ_id for every i ∈ I; i.e., cαd. As (b, d) /∈ φ_k, (b, d) /∈ α and so α satisfies (i) of Lemma 8. We need to show that α satisfy (ii) of Lemma 8. If a_0a_1 . . . a_n is a path, a_0 ≠ a_n and (a_i, a_{i+1}) /∈ α for 0 ≤ i < n, there is a finite set F ⊆ I such that β = ⋂ {φ_r : r ∈ F } and (a_i, a_{i+1}) /∈ β for 0 ≤ i < n. As F is finite, GSRP implies β is a graph direct factor and so (a_0, a_n) /∈ β. Since α ⊆ β, (a_0, a_n) /∈ α. Thus α is a graph direct factor. �

Proof of Theorem 10. Let Γ be a connected graph with at least two vertices. For every ab ∈ E(Γ), let φ_{ab} = ⋂ {φ : aφb and φ is a graph direct factor on Γ}. We shall show that {φ_{ab} : ab ∈ E(Γ)} is a GDDSS on Γ and for any v ∈ V (Γ), Γ[v/φ_{ab}] is Cartesian indecomposable. Since a ≠ b, φ_{ab} ≠ Δ. Every φ_{ab} is a graph direct factor on Γ by Lemma 9. If Γ[v/φ_{ab}] ∼= Γ_1 ⊕ Γ_2, then φ_{ab} = χ ∨ ψ, where χ, ψ are graph direct factors on Γ and Γ[v/φ_{ab}] ∼= Γ[v/χ] ⊕ Γ[v/ψ]. Hence either aχb, or aψb. If aχb, then φ_{ab} ⊆ χ ⊆ φ_{ab}. Thus Γ[v/φ_{ab}] is Cartesian indecomposable. If φ_{ab} ≠ φ_{ef} , then φ_{ab} ∩ φ_{ef} = Δ. Otherwise, φ_{ab} ∩ φ_{ef} is a nontrivial graph direct factor and φ_{ab} ∩ φ_{ef} , φ_{ab} ∩ φ0_{ef} , φ0_{ab} ∩ φ_{ef} , φ0_{ab} ∩ φ0_{ef} is a GDDSS by GSRP and φ_{ab} = (φ_{ab}∩φ_{ef} )∨(φ_{ab}∩φ0_{ef} ). As Γ[a/φ_{ab}] is Cartesian indecomposable, φ_{ab} ⊆ φ_{ef} or φ_{ab} ⊆ φ0_{ef} . If φ_{ab} ⊆ φ_{ef} , then φ_{ef} = (φ_{ab} ∩ φ_{ef} ) ∨ (φ0_{ab} ∩ φ_{ef} ), again by GSRP. As Γ[v/φ_{ef} ] is Cartesian indecomposable, φ_{ef} = φ_{ab} ∩ φ_{ef} or φ_{ef} = φ0_{ab} ∩ φ_{ef} . The first option implies φ_{ef} = φ_{ab} which is a contradiction. The other option (φ_{ef} = φ0_{ab} ∩φ_{ef} ) contradicts φ_{ab} ⊆ φ_{ef} . Thus φ_{ab} ⊆ φ0_{ef} and φ_{ab}∩φ_{ef} = Δ. Then (e, f) ∈ φ0_{ab} for every ef ∈ E(Γ), φ_{ef} ≠ φ_{ab} since (e, f) /∈ φ_{ab}. Thus φ_{ef} ⊆ φ0_{ab} for every ef ∈ E(Γ) such that φ_{ab} ≠ φ_{ef} . Hence ⋁ {φ_{ef} : ef ∈ E(Γ), φ_{ef} ≠ φ_{ab}} ⊆ φ0_{ab. Actually φ}0_{ab =}^⋁_{{φef : ef ∈ E(Γ), φef ≠ φab}, since for every cd ∈ E(Γ),}

(c, d) /∈ φ_{ab} implies φ_{cd} ≠ φ_{ab}. Thus φ_{ab} ∩ ( ⋁ {φ_{ef} : ef ∈ E(Γ), φ_{ef} ≠ φ_{ab}}) = Δ. If φ_{ab} ≠ φ_{cd}, then φ_{ab}, φ0_{ab} and φ_{cd}, φ0_{cd} are GDDSSs. Hence by GSRP, φ_{ab}, φ_{cd}, φ0_{ab ∩ φ}0_{cd is a GDDSS since φab ∩ φcd = Δ, φ}0_{ab ∩ φcd = φcd and φab ∩ φ}0_{cd = φab.} Thus φ_{ab} ∘ φ_{cd} = φ_{cd} ∘ φ_{ab}. As ⋁ {φ_{xy} : xy ∈ E(Γ)} = φ_{ab} ∨ ( ⋁ {φ_{ef} : ef ∈ E(Γ), φ_{ef} ≠ φ_{ab}}) = φ_{ab} ∨ φ0_{ab} = V (Γ) × V (Γ) and if uv ∈ E(Γ), then uφ_{uv} v. This shows that (iii) of Definition 6 holds. Thus φ_{xy} (xy ∈ E(Γ)) is a GDDSS on Γ. Since every Γ[v/φ_{ab}] is Cartesian indecomposable for every v ∈ V (Γ) and every ab ∈ E(Γ), by Theorem 5, Γ is a restricted Cartesian product of Cartesian indecomposable graphs. �

The factorization in Theorem 10 is essentially unique. On a connected graph Γ, the relation ab ∼ cd iff φ_{ab} = φ_{cd} is an equivalence relation on E(Γ), where φ_{ab} is the smallest graph direct factor on Γ containing (a, b). Let T (Γ) be a transversal

REFINEMENT FOR SUMS AND GRAPHS 109

of the equivalence relation ∼; i.e., T (Γ) ⊆ E(Γ) such that if ab, cd ∈ T (Γ) and {a, b} ≠ {c, d}, then φ_{ab} ≠ φ_{cd} and if xy ∈ E(Γ), there is ef ∈ T (Γ) such that φ_{xy} = φ_{ef} . Then the uniqueness of factorization can be expressed as follows:

Theorem 11. Let Γ ∼= ∑ {(Γ_i, v_i) : i ∈ I}, v_i ∈ V (Γ_i), i ∈ I. Suppose Γ is connected and Γ_i is a Cartesian indecomposable graph for every i ∈ I. Then there is a bijective mapping g : I −→ T (Γ) such that Γ_i ∼= Γ[v/φ_{g(i)}], i ∈ I where v ∈ V (Γ) corresponds to (. . . , v_i, . . . ) ∈ V ( ∑ {(Γ_i, v_i) : i ∈ I}).

This theorem states the uniqueness of decomposition of connected graphs as restricted Cartesian products of Cartesian indecomposable graphs. It is essentially Szatz 5 in Imrich [14].

Acknowledgement. The author is grateful to the referee for a very thoughtful critique and several valuable suggestions that improved the paper considerably. Thanks are also due to the Editors of Acta Mathematica Universitatis Comenianae for their patience.

References

1. Berge C., Graphs and hypergraphs, North-Holland, Amsterdam-New York-Oxford, 1976. 2. Biggs N. L., Algebraic graph theory, Second ed., Cambridge University Press, London, 1996. 3. Bollobás B., Graph theory, Graduate Texts in Mathematics, Springer-Verlag, New York,

1981.

4. Bondy J. A. andMurty U. S. R., Graph theory with applications, American Elsevier Pub.

Co., New York, 1976.

5. Burris S. and Sankappanavar H. P., A course in universal algebra, Graduate Texts in Math-

ematics, Springer-Verlag, New York – Heidelberg – Berlin, 1979.

6. Chang C. C., Jónsson B. and Tarski A., Refinement properties for relational structures,

Fund. Math. 55 (1964), 249–281.

7. Cohn P. M., Universal algebra, Harper and Row, 1965.

8. Feder T., Product graph representations, J. Graph Theory 16 (1993), 467–488. 9. Fell J. M. G. and Tarski A., On algebras whose factor algebras are Boolean, Pacific J. Math.

2 (1952), 297–318.

10. Graham R. L. and Winkler P. M., On isometric embeddings of graphs, Trans. Amer. Math.

Soc. 288 (1985), 527–536.

11. Grätzer G., Universal algebra, Second Edition, Springer-Verlag, New York, 1979. 12. Harary F., On the group of composition of two graphs, Duke Math. J. 26 (1959), 29–34. 13. , Graph theory, Addison-Wesley, Reading, MA., 1969.

14. Imrich W., Über das schwache Kartesische Produkt von Graphen, J. Combinatorial Theory

Ser B 11 (1971), 1–6.

15. Imrich W. and Z̆erovnik J., Factoring Cartesian-product graphs, J. Graph Theory 18 (1994),

557–567.

16. Jónsson B. and Tarski A., Direct decompositions of finite algebraic systems, Notre Dame

Mathematical Lectures no. 5 (1947), South Bend, IN..

17. Lovász L., Operations with structures, Acta Math. Acad. Sci. Hungar. 18 (1967), 321–328. 18. , On the cancellation law among finite relational structures, Period. Math. Hungar.

1(2) (1971), 145–156.

19. Maltsev A. I., Algebraic systems, Grundlehren der mathematischen Wissenschaften, vol. 192,

Springer-Verlag, New York, 1973.

110 A. A. ISKANDER

20. McKenzie R. McNulty G. and Taylor W., Algebras, lattices, varieties., Volume 1, Wadsworth

& Brooks/Cole, Monterey, California, 1987.

21. Miller D. J., Weak Cartesian product of graphs, Colloq. Math. 21 (1970), 55–74. 22. Sabidussi G., Graphs with given groups and given graph-theoretical properties, Canadian J.

Math. 9 (1957), 515–525.

23. , Graph multiplication, Math. Z. 72 (1960), 446–457.

24. Shapiro H. S., The embedding of graphs in cubes and the design of sequential relay circuits,

Bell Telephone Laboratories Memorandum, July 1953.

25. Vizing V. G., The Cartesian product of graphs, Vyčisl. Syst. 9 (1963), 30 –34 (in Russian);

Comp. El. Syst., 2 (1966), 352–365.

A. A. Iskander, Mathematics Department, University of Southwestern Louisiana, Lafayette, Louisiana 70504, USA; e-mail: awadiskander@usl.edu current address: 425 Dover Drive, Lafayette, Louisiuana 70503, USA