Acta Math. Univ. Comenianae Vol. LXVIII, 2(1999), pp. 319–323 319

UNIFORMLY WIGGLY DOMAINS AND RADIAL VARIATION

P. F. X. MÜLLER

1. Introduction

In a recent article [5] P. W. Jones and the author verified the so called Anderson conjecture for conformal maps on the unit disk; i.e., we proved that for each conformal map φ on the unit disk there exists an angle β such that

(1.1)

∫_1 0 |φ^{′′}(re^{iβ} )| dr < ∞.

The conjecture was formulated by Anderson in 1971 [1] and popularized by Ch. Pommerenke’s book [8] and N. Makarov’s survey [7]. For an early discussion of Anderson’s conjecture see also the collection of problems edited by Ch. Pommerenke in 1972 [9].

In this note we present a class of conformal maps for which (1.1) can be given an elementary proof. We say that a domain Ω is uniformly wiggly if the corresponding Riemann map φ: D → Ω satisfies the following condition.

(1.2)

For each w ∈ D there exists z ∈ D with |z − w| ≤ (1 − |w|)/2 and (1 − |z|)|φ^{′′}(z)|/|φ^′(z)| > δ, where δ > 0 is independent of w.

In [4] one finds a geometric description of these domains that motivates the terminology. We consider these domains here for the following reasons.

(1) Important and well known examples like the von Koch curve, hyperbolic Julia sets and limit sets of degenerate Kleinian groups bound uniformly wiggly domains. (See [7], [10], [3].)

(2) A lower estimate in the law of the interated logarithm for b = log |φ^′| holds precisely when Ω is uniformly wiggly. (See [7].)

(3) The special case of uniformly wiggly domains illustrates the proof of the general case given in [5]; in particular the role played by the stopping time Lipschitz domains and the estimates coming from J. Bourgain’s theorem [2].

Received September 10, 1998.

1980 Mathematics Subject Classification (1991 Revision). Primary 30D45, 30C20. Key words and phrases. Bloch functions, Conformal maps. Supported by the Austrian Academy of Sciences, APART Programm.

320 P. F. X. M^¨ULLER

2. Uniformly Wiggly Domains and Radial Variation We start the proof by first collecting simple consequences of condition (1.2). Let n = n(R, δ) be a large integer, its value will be specified later. For z = re^{iθ} let G(z) = { ρe^{iψ} : |ψ − θ| < 1 − r, (1 − r)2^{−n} ≤ (1 − ρ) < 2(1 − r) } . Let R(z) denote the boundary of G(z) and let

O(z) = R(z) ∩ {w : 1 − |w| > (1 − |z|)/4} and U(z) = R(z) \ O(z).

Let h_z be the harmonic measure of G(z) evaluated in z. Using square functions, Koebe’s distortion estimates and (1.2) we verify that that b = log |φ^′| satisfies the following estimates. (See [4].) (∫ R(z)

|b(w) − b(z)|^2 dh_z (w)

)_{1/2}

≥ C_0n,

(2.1) (∫ R(z)

|b(w) − b(z)|^4 dh_z (w)

)_{1/4}

≤ C_0n,

(2.2) (∫ O(z)

|b(w) − b(z)|^2 dh_z (w)

)_{1/2}

≤ C_0,

(2.3) ∫ R(z)

(b(w) − b(z))dh_z(w) = 0.

(2.4)

Below we use the following simple observation which in the special case of uniformly wiggly domains replaces the following components used in [5] for the proof of the general case: Bourgain’s estimates from [2], Beurling’s estimates on harmonic measure and the analysis of stopping time Lipschitz-domains.

Lemma 1. Let (R, μ) be a probability space and let b: R → R be square integrable, R^− denotes {w : b(w) ≤ 0}. Let O ⊆ R and U = R \ O. Suppose that the following conditions hold: (∫ R b^2 dμ

)_{1/2}

≤ C_2 ∫ R |b| dμ,

(2.5) ∫ O b^2 dμ ≤ τ ∫ R b^2 dμ,

(2.6) ∫ R b dμ = 0.

(2.7)

UNIFORMLY WIGGLY DOMAINS AND RADIAL VARIATION 321

Then, the following lower estimate holds

(2.8) ∫ U∩R^−

b^2 dμ ≥ ( C^{−2}_2 4 − τ ) ∫ R b^2 dμ.

Proof. By (2.5) and (2.7) we have

(2.9) (∫ R^−

b^2 dμ

)_{1/2} ≥ ∫ R^−

|b| dμ = 1 2 ∫ R |b| dμ ≥

C^{−1}_2 2 (∫ R b^2 dμ

)_{1/2} .

From the identity R^− = {R^− ∩ U} ∪ {R^− ∩ O} it follows that R^− ∩ U ⊆ R^− \ O. Hence, by (2.7) and (2.9) ∫ R^−∩U

b^2 dμ ≥ ∫ R^−

b^2 dμ − ∫ O b^2 dμ ≥ c_2 4 ∫ R b^2 dμ − τ ∫ R b^2 dμ. □ Remarks. 1. Condition (2.5) follows from

(2.10) (∫ R b^4 dμ

)_{1/4}

≤ C_4 (∫ R b^2 dμ

)_{1/2} .

We can take C_2 = C^6_4 . Indeed, Hölder’s inequality applied to u^2 = |u|^{2/3}|u|^{4/3} gives ∫ R b^2 dμ ≤ (∫ R |b| dμ

)_{2/3} (∫ R b^4 dμ

)_{1/3} . By (2.10), ∫ R b^2 dμ ≤ C^4_4 (∫ R |b| dμ

)_{2/3} (∫ R b^2 dμ

)_{1/3} . Or (∫ R b^2dμ

)_{1/2}

≤ C^4_4 (∫ R |b|dμ

)_{2/3} . This gives C_2 = C^6_4 .

2. Let φ: D → Ω satisfy (1.2), and let b = log |φ^′|. For z ∈ D let w_z be the harmonic measure on the boundary of G(z), evaluated at z. Then the function w → b(w) − b(z) on the probability space (R(z), h_z) satisfies the hypothesis of Lemma 1. This follows from (2.1)–(2.4), and the previous remark.

322 P. F. X. M^¨ULLER

Theorem 1. When Ω is uniformly wiggly then the Riemann map φ : D → Ω satisfies (1.1).

Remark. As we pointed out above, this theorem holds true for any conformal map. (See [5].) The point made in this paper is that for uniformly wiggly domains we obtain an elementary proof which is given below. Its ingredients are the measure theoretic Lemma 2 and Remark 2.

Proof of Theorem 1. Fix η > 0, then for n large enough it follows from the meanvalue property of harmonic functions that there exists z_1 ∈ D with 2^{−n} ≥ |z_1| > 1 − 1/8 and b(z_1) − b(0) < −η.

Suppose we have already constructed z_1, z_2, . . . , z_l so that for k ≤ l,

b(z_k) − b(z_{k−1}) < −η,

z_k ∈ U(z_{k−1}) and 1 − |z_k| < 1 2 (1 − |z_{k−1}|).

(2.11)

Then consider G(z_l). It follows from Remark 2 and Lemma 1 that there exists z_{l+1} ∈ U(z_l) such that b(z_{l+1}) − b(z_l) < −η. Summing the corresponding telescoping series gives

(2.12) b(z_k) < −kη

for k ∈ N. Next, by (2.11) the sequence z_k converges to a point in T, call it e^{iβ} . We fix k, and let L_k = {z ∈ (0, e^{iβ}) : |z_k| ≥ |z| ≥ |z_{k+1}|}. Again by (2.11), for z ∈ L_k we have |z − z_k| ≤ (1 − |z|)2^n. Now we recall that |∇b(z)|(1 − |z|) ≤ 6, for z ∈ D, (see [8]). By (2.12) this gives b(z) < −kη + n, for z ∈ L_k, and ∫ L_k |∇b(ζ)| |dζ| ≤ 24n. Summing over k we have, for z ∈ (0, e

iβ ),

b(z) < − 1 4n ∫ (0,z)

|∇b(ζ)| |dζ| + 24n.

A simple change of variables transforms this estimate into (1.1). Indeed, we observe that 2|φ^{′′}| = |∇b|e^b and write,

2 ∫_1 0 |φ^{′′}(re^{iβ} )| dr =

∫_1 0 |∇b(re^{iβ} )|e^{b(reiβ )} dr

≤ c_1

∫_1 0 |∇b(re^{iβ} )|e^{−c2 ∫ r0 |∇b(ρeiβ )| dρ} dr

≤ c_3.

UNIFORMLY WIGGLY DOMAINS AND RADIAL VARIATION 323

References

1. Anderson J. M., Category theorems for certain Banach spaces of analytic functions, J. Reine Angew. Math. 249 (1971), 83–91.

2. Bourgain J., Bounded variation of measure convolution, Matematicheskie Zametki 54 (1993), 24–33.

3. Bishop Ch. and Jones P. W., Wiggly sets and limit sets, Arkiv f. Math., to appear. 4. Jones P., Square functions, Chauchy integrals, analytic capacity and Hausdorff measure, LNM 1384 (1989), 24–68, Springer-Verlag.

5. Jones P. W. and Müller P. F. X., Radial variation of Bloch functions, Math. Res. Lett. 4 (1997), 1–7.

6. Koebe P., Über die Uniformisierung der algebraischen Kurven II, Math. Ann. 69 (1910). 7. Makarov N. G., Probability Methods in the Theory of Comformal Mappings, Leningrad Math.

J. 1 (1990), 1–56.

8. Pommerenke Ch., Boundary Behaviour of Conformal Maps, Springer-Verlag, Berlin – Heildelberg, 1992.

9. , Problems in complex function theory, Bull. Lond. Math. Soc. 4 (1972), 354–360. 10. Przytycki F., Urbanksi M. and Zdunik A., Harmonic, Gibbs and Hausdorff measures for holomorphic maps, Ann. Math. 130 (1989), 1–40.

P. F. X. Müller, Department of Mathematics, J. Kepler University Linz, A-4040 Linz, Austria; e-mail: pfxm@bayou.uni-linz.ac.at