Acta Math. Univ. Comenianae Vol. LXIX, 1(2000), pp. 115–125 115

ON THE ROTATION SETS FOR NON–CONTINUOUS CIRCLE MAPS

L. ALSEDÀ and J. M. MORENO

Abstract. We give some examples of non-continuous circle maps whose rotation sets lack the good properties they have in the case of continuous maps.

1. Introduction

Let e: R −→ S^1 be the natural projection defined by e(x) = exp(2πix). A map F : R −→ R is called a lifting of a map f : S^1 −→ S^1 if e ∘ F = f ∘ e and there is a d ∈ Z such that F (x + 1) = F (x) + d for all x ∈ R. This d is called the degree of the lifting F . Note that since we do not impose continuity for F , every f has liftings of all degrees.

We shall only consider maps (liftings) of degree one. Following [4], a map F : R −→ R is called an old map (old is a mnemonic for ‘degree one lifting’) if F (x + 1) = F (x) + 1 for all x ∈ R. Clearly, F is an old map if and only if there exists f : S^1 −→ S^1 such that F is a lifting of f of degree one. It is easy to see that in this case F (x + k) = F (x) + k for all x ∈ R and k ∈ Z, and that iterates of an old map are also old maps.

A point x ∈ R is called periodic mod 1 of period q ∈ N and rotation number p/q for an old map F if F^q(x) − x = p ∈ Z and F^i(x) − x /∈ Z for i = 1, 2, . . . , q − 1. Similarly, for any x ∈ R we can define its orbit mod 1 under F as the set e^{−1}(Orb_f (e(x))) = Orb_F (x) + Z = ∪_{n≥0}(F^n(x) + Z). The orbit mod 1 of a periodic mod 1 point is also called a lifted cycle of F .

For an old map F and a point x ∈ R we define ρ_F (x) and ρ_F (x) (or ρ(x) and ρ(x) if no confusion seems possible) as

ρ_F (x) = lim sup m→∞ F^m(x) − x m and ρ_F (x) = lim inf_{m→∞}

F^m(x) − x m . When ρ_F (x) = ρ_F (x) we write ρ_F (x) or ρ(x) to denote both ρ_F (x) and ρ_F (x). The number ρ_F (x) (if it exists) is called the rotation number of x with respect

Received July 27, 1998.

1980 Mathematics Subject Classification (1991 Revision). Primary 34C35, 58F03; Secondary 26A18, 58F08, 54H20.

Key words and phrases. Periodic point, old map, rotation number, rotation set. The first author has been partially supported by the DGICYT grant number PB96–1153.

116 L. ALSED^`A and J. M. MORENO

to F . It is well known [1, Lemma 3.7.2] that if x ∈ R is a periodic mod 1 point of period q and rotation number p/q for an old map F , then ρ_F (x) = p/q. Thus we can talk about the rotation number ρ(P ) of a lifted cycle P of an old map. For non-decreasing old maps ρ_F (x) always exists and is independent on x [5, Theorem 1]. So, we denote by ρ(F ) the rotation number of F in this case. In the general case, we define the rotation set of F as

Rot(F ) = {ρ_F (x) : x ∈ R and ρ_F (x) = ρ_F (x)} .

Let B_1 be the class of old maps which are bounded on [0, 1] endowed with the topology of the uniform convergence. That is, B_1 is a metric space with the distance d(F, G) = sup_{x∈R} |F (x) − G(x)| = sup_{x∈[0,1]} |F (x) − G(x)| .

For F ∈ B_1 we can define the maps F_l and F_u as follows:

F_l(x) = inf{F (y) : y ≥ x} and F_u(x) = sup{F (y) : y ≤ x} .

These maps are old and non-decreasing (see [3, Lemma 3]). Hence there exist ρ(F_l) and ρ(F_u).

It is well known [1] that, in the class L_1 of old continuous maps, the following important properties of the rotation set hold:

1. If p/q ∈ Int(Rot(F )), then there exists a lifted cycle of F with period q and rotation number p/q.

2. Rot(F ) = [ρ(F_l), ρ(F_u)].

3. In particular, Rot(F ) is a connected set. 4. Bd(Rot(F )) depends continuously on F .

These properties play a crucial role in the study of the dynamics of the circle maps of degree one (see for instance [1]). When dealing with similar problems for non continuous old maps it is helpful to know whether and to which extent the above properties hold. Misiurewicz [4] has shown that the situation for the class of old heavy maps is similar to the continuous case. Indeed, a map F : R −→ R is called heavy if for every x ∈ R the finite limits

F (x+) = lim_{y↘x} F (y) and F (x−) = lim_{y↗x} F (y)

exist and F (x−) ≥ F (x) ≥ F (x+). From [4] it follows easily that 1–4 also hold for old heavy maps (see also [3]). In a similar way, Esquembre [3] shows that these properties still hold on a class of maps slightly broader than the old heavy ones.

The aim of this paper is to show by means of some examples that, if we consider a larger class of maps, then properties 1–4 are no longer true. Namely, we will consider the class of old maps with a finite number of jump discontinuities in

ON THE ROTATION SETS FOR NON–CONTINUOUS CIRCLE MAPS 117

the interval [0, 1]. In fact there is a family of trivial examples which show that the above properties can fail in that class. To describe these examples we will introduce the notion of a Q-map as follows. Let Q ⊂ R be such that Q + Z = Q and Q ∩ [0, 1] is finite. Any piecewise constant old map g such that g(R) = Q will be called a Q-map. Note that any Q-map G where Q is the union of two lifted cycles of G having different rotation number gives an example of a map in our class such that Property 3 fails. On the other hand, if we take the Q-map F where Q consists of a single badly ordered lifted cycle of rotation number p/q (see [2] for a precise definition) of a continuous old map and F coincides with this map on Q, then Property 2 does not hold for F (this follows from the proof of Proposition 2.1 of [2]; see also [1, Section 3.8]).

Despite of the fact that the above family of maps already show that Properties 2 and 3 can fail in the class of old maps with a finite number of jump discontinuities in the interval [0, 1], we are interested in finding maps whose rotation set has nonempty interior and still display these phenomena. These examples and examples showing that Properties 1 and 4 also can fail in that class are given below.

Let a, e_i (i = 0, 1, 2) and x_i (i = 0, 1, 2, 3) be points in [0, 1) such that

0 = e_0 < x_0 < a < x_3 < e_1 < x_1 < e_2 < x_2 < 1,

and let F be an old map such that:

F (a) = 1, F (e_0) = e_1, F (e_1) = e_2, F (e_2) = 1, F (x_0) = x_1, F (x_1) = x_2, F (x_2) = x_3 + 1, F (x_3) = x_0 + 1, F is affine on [e_0, x_0], [a, x_3], [e_1, x_1] and [e_2, x_2]; and F is constant on [x_0, a), [x_3, e_1), [x_1, e_2) and [x_2, 1).

Proposition 1.1. We have Rot(F ) = [1/3, 1/2] but there is no lifted cycle of F with period 5 and rotation number 2/5. That is, Property 1 does not hold for this map.

Let b, u_i (i = 0, 1, 2) and y_i (i = 0, 1, 2, 3, 4) be points in [0, 1) such that

0 = u_0 < y_0 < y_2 < u_1 < y_1 < b < y_3 < u_2 < y_4 < 1,

and let G be an old map such that:

G(b) = u_2, G(u_0) = u_1, G(u_1) = G(u_2) = 1, G(y_0) = y_1, G(y_1) = y_2 + 1, G(y_2) = y_3, G(y_3) = y_4, G(y_4) = y_0 + 1, G is affine on [u_0, y_0], [y_0, y_2], [u_1, y_1], [b, y_3] and [u_2, y_4]; and G is constant on [y_2, u_1), [y_1, b), [y_3, u_2) and [y_4, 1).

118 L. ALSED^`A and J. M. MORENO

Proposition 1.2. ρ(G_l) = 1/3 but Rot(G) = [2/5, 1/2]. That is, Property 2 does not hold for this map.

Remark 1.3. Let us also consider the old map Hdefined by

H(t) = � G(t) for all t ∈ [0, u_1) ∪ [b, 1) G(t) − 1 for all t ∈ [u_1, b).

In a similar way to Proposition 1.2 one can show that ρ(H_u) = 1/4 but Rot(H) = [0, 1/5].

Next we present an example whose rotation set is the union of two disjoint intervals. This map is obtained as follows from maps G and H defined above.

~G(t) = � � � � �

H(2t)/2 for all t ∈ [0, u_2/2) (H(2t) + 1)/2 for all t ∈ [u_2/2, 1/2) (G(2t − 1) + 1)/2 for all t ∈ [^1_2 ,^{u1+1}_2 ) ∪ [^{b+1}_2 ,^{u2+1}_2 ) (G(2t − 1) + 2)/2 for all t ∈ [^{u1+1}_2 ,^{b+1}_2 ) ∪ [^{u2+1}_2 , 1).

Proposition 1.4. Rot( ~G) = [0, 1/5] ∪ [2/5, 1/2]. That is, Property 3 does not hold for this map.

We also use the map G to see how Property 4 can fail. To this end we introduce the family G_μ = (min(G, G_l + μ))_u,

where 0 ≤ μ ≤ μ(G) = sup_{x∈R}(G − G_l)(x) = y_2 + 1 − u_2. Note that all these maps are old and non-decreasing (see the proof of [1, Proposition 3.7.17(a)]). Hence Rot(G_μ) = {ρ(G_μ)}.

Proposition 1.5. If 0 ≤ μ < 1 − u_2, then ρ(G_μ) = 1/3. If 1 − u_2 ≤ μ ≤ μ(G), then ρ(G_μ) = 1/2. So, Property 4 does not hold for the family G_μ.

In fact, Proposition 1.5 tells us that, unlike the continuous case, the property (see [1, Lemma 3.7.12])

The function F → ρ(F ) on the space of all nondecreasing old maps is continuous,

is no longer true for maps from B_1.

This paper is organized as follows. In Section 2 we state the notation and some preliminary results and, in Section 3, we prove Propositions 1.1, 1.2, 1.4 and 1.5.

ON THE ROTATION SETS FOR NON–CONTINUOUS CIRCLE MAPS 119

2. Notation and Preliminary Results

To study the possible lifted cycles and their rotation numbers in our examples we shall use the notions of f-covering and f-graph (see [1, Chapter 1]) slightly modified for old maps with a finite number of jump discontinuities in the interval [0, 1]. From now on X will denote R or a closed interval of the real line.

Let K, L ⊂ X be two intervals and let f be a map from X to itself. We say that K f-covers L if f|_K is continuous and there exists a subinterval J of K such that f(J) = L. Note that, if L is closed, then we can take J also closed.

With this definition all the basic results from [1] about f-covering are still true and we shall use them freely. We will also need the following simple lemma about an infinite sequence of intervals each of them covering the next one.

Lemma 2.1. Let I_0, I_1, . . . , I_i, . . . ⊂ X be a sequence of proper closed intervals and let f_i : I_i −→ X (i ≥ 0) be continuous maps such that f_i(I_i) ⊃ I_{i+1}. Then there exist points x_i ∈ I_i such that f_i(x_i) = x_{i+1} for all i ≥ 0.

Proof. For each n ∈ N we get a finite sequence of closed intervals K^{(n)}_i ⊂ I_i (i = 0, 1, . . . , n) such that K^{(n)}_n = I_n, K^{(n)}_i ⊂ K^{(n−1)}_i (with K^{(0)}_0 = I_0) and f_i(K^{(n)}_i ) = K^{(n)}_{i+1} for i = 0, 1, . . . , n − 1. Indeed, this is obvious for n = 1 by [1, Lemma 1.2.1], and the inductive step is given by [1, Lemma 1.2.6] applied to the intervals K^{(n)}_0 , K^{(n)}_1 , . . . , K^{(n)}_n , I_{n+1} (and the maps f_i|_K(n)_i for i = 0, 1, . . . , n).

The sequence of nested closed intervals {K^{(n)}_0 }_{n∈N} has nonempty intersection. Let x_0 be any point in this intersection and define inductively x_{i+1} = f_i(x_i) for all i ≥ 0. Clearly, we have that x_i ∈ K^{(n)}_i ⊂ I_i for all n ∈ N and i = 0, 1, . . . , n.□

Since an old map F is completely determined by its definition on [0, 1], we shall consider Markov graphs whose vertices will be subintervals of [0, 1]. More precisely, if P is a finite subset of [0, 1], the closure of each connected component of [0, 1] \ P will be called a P -basic interval. Since the image of [0, 1] by an old map is not necessarily contained in [0, 1], the P -basic intervals can F -cover P -basic intervals as well as their translations by integers. Let I and J be P -basic intervals and let k ∈ Z. We will write I^k−→ J

to denote that I F -covers J + k. Each of these arrows will be called a labeled arrow.

Remark 2.2. Let F be an old map, let P be a finite subset of [0, 1], let I and J be P -basic intervals and let k, l ∈ Z. Then the following statements are equivalent.

a) I^k−→ J, b) I (F − k)-covers J, c) I + l F -covers J + k + l.

120 L. ALSED^`A and J. M. MORENO

The oriented graph whose vertices are the P -basic intervals and whose arrows are all the possible labeled arrows, will be called the lifted F -graph of P . The notions of path and loop are the same as for any graph. If α = I_0^{k0}−→ I_1^{k1}−→ · · ·^{kn−2}−→ I_{n−1}^{kn−1}−→ I_n is a path in the lifted F -graph of P , then the jump of α is defined by

�_{n−1} i=0 k_i. We shall also consider infinite paths in the lifted F -graph of P , that is, infinite sequences of labeled arrows such that the end of each arrow is the beginning of the next one.

Let F be an old map and let P be a finite subset of [0, 1]. If Q is a lifted cycle of F of period q and rotation number p/q and α = I_0^{k0}−→ I_1^{k1}−→ · · ·^{kq−2}−→ I_{q−1}^{kq−1}−→ I_0 is a loop with jump p in the lifted F -graph of P , then we say that α and Q are associated to each other if there exists x ∈ Q such that F^i(x) ∈ I_i +

�_{i−1} j=0 k_j for i = 0, 1, . . . , q − 1.

The next lemma shows how the F -graph can be used to compute the rotation number of a point x with respect to F .

Lemma 2.3. Let F be an old map and let P be a finite subset of [0, 1]. Assume that, for x ∈ [0, 1], there exists an infinite path I_0^{k0}−→ I_1^{k1}−→ · · ·^{kn−2}−→ I_{n−1}^{kn−1}−→ I_n^{kn}−→ · · · in the lifted F -graph of P such that F^i(x) ∈ I_i + p_i for all i ≥ 0, where p_i =

�_{i−1} j=0 k_j . Then

lim inf n→∞ p_n n ≤ ρ_F (x) ≤ ρ_F (x) ≤ lim sup_{n→∞} p_n n .

Proof. Since 0 ≤ x ≤ 1 and p_n ≤ F^n(x) ≤ p_n + 1, we have that p_n − 1 ≤ F^n(x) − x ≤ p_n + 1 and, hence, (p_n − 1)/n ≤ (F^n(x) − x)/n ≤ (p_n + 1)/n for all n ∈ N. Taking limits, the proof is complete. □

The main technical tool we shall use in our examples is given by the following lemma.

Lemma 2.4. Let F be an old map and let P be a finite subset of [0, 1]. Assume that there are two loops α and β in the lifted F -graph of P that can be concatenated. Let p_α and p_β be the jumps and let q_α and q_β be the lengths of α and β, respectively. Then ⟨p_α/q_α, p_β /q_β ⟩ ⊂ Rot(F ).

Proof. Without loss of generality we may assume that p_α/q_α ≤ p_β /q_β . Take a ∈ [p_α/q_α, p_β /q_β ] and let {p_n/q_n}_{n∈N} ⊂ Q ∩ [p_α/q_α, p_β /q_β ] be a sequence such that p_n/q_n → a. For each n ∈ N we take, for instance, u_n = q_np_β − p_nq_β and

v_n = � p_nq_α − q_np_α if u_n ≠ 0 1 otherwise.

Then the loop γ_n = α^{un} β^{vn} has length l_n = u_nq_α + v_nq_β and jump j_n = u_np_α + v_np_β and we have that j_n/l_n = p_n/q_n. We now construct an infinite path ω =

ON THE ROTATION SETS FOR NON–CONTINUOUS CIRCLE MAPS 121

γ^{t1}_1 γ^{t2}_2 · · · γ^{tn}_n · · · in the lifted F -graph of P , where the number of times t_n we repeat each loop γ_n will be determined later.

If such a path is ω = I_0^{k0}−→ I_1^{k1}−→ · · ·^{km−2}−→ I_{m−1}^{km−1}−→ I_m^{km}−→ · · · , then we put p_i =

�_{i−1} j=0 k_j for all i ≥ 0. Since p_{i+1} = p_i + k_i, by Remark 2.2 we have that I_i + p_i F -covers I_{i+1} + p_{i+1} for all i ≥ 0. Hence, by [1, Lemma 1.2.1] and Lemma 2.1, there exist points x_i ∈ I_i + p_i such that F (x_i) = x_{i+1} for all i ≥ 0. That is, x_i = F^i(x_0) ∈ I_i + p_i for all i ≥ 0.

Now we will show how to choose the numbers t_n in order that a = ρ(x_0) = lim_{m→∞} p_m/m. For each n ∈ N let k^{(n)}_i (i = 0, 1, . . . , l_n − 1) be the labels of the arrows of the loop γ_n. Let us set

s_n = max � � � j� i=0 k^{(n)}_i � � � : j = 0, 1, . . . , ln − 1 �

and recursively take t_n ∈ N such that

t_1l_1 + t_2l_2 + · · · + t_nl_n > n max(s_{n+1}, l_{n+1}) .

Note that for each m ≥ t_1l_1 there exist n ∈ N, t ∈ {0, 1, . . . , t_{n+1} − 1} and l ∈ {0, 1, . . . , l_{n+1} − 1} such that m = n� i=1 t_il_i + tl_{n+1} + l .

Then, clearly,

p_m = n� i=1 t_ij_i + tj_{n+1} + l−1� i=0 k^{(n+1)} i and, from the choice of the numbers t_n, l �_n i=1 t_il_i + tl_{n+1} < l_{n+1} �_n

i=1 t_il_i < 1 n and � � �_{l−1} i=0 k^{(n+1)}_i � � m ≤ s_{n+1} �_n i=1 t_il_i < 1 n . When m → ∞ it also happens that n → ∞ and �_n i=1 t_ij_i + tj_{n+1} �_n i=1 t_il_i + tl_{n+1}

−→ a

by the Stolz criterion. Hence

p_m m = �_n

i=1 t_ij_i + tj_{n+1} �_n

i=1 t_il_i + tl_{n+1} + l + �_{l−1} i=0 k^{(n+1)}_i m m→∞ −−−−→ a .

By Lemma 2.3 we have that ρ(x_0) = a and, therefore, a ∈ Rot(F ). □

122 L. ALSED^`A and J. M. MORENO

3. Proofs of the Results

Consider the map F defined in page 117. Note that {e_0, e_1, e_2}+Z is a lifted cycle of F of period 3 and rotation number 1/3, and {x_0, x_1, x_2, x_3}+Z is a lifted cycle of F of period 4 and rotation number 2/4. If P_F = {a, e_0, e_1, e_2, x_0, x_1, x_2, x_3}, then P_F + Z is F -invariant. For this map we have

F_l(t) = � F (t) for all t ∈ [0, a) ∪ [e_1, 1) e_2 for all t ∈ [a, e_1).

Analogously, if z denotes the only point in [e_2, x_2] such that F (z) = x_0 + 1, then

F_u(t) = � F (t) for all t ∈ [0, e_1) ∪ [z, 1) x_0 + 1 for all t ∈ [e_1, z).

Lemma 3.1. ρ(F_l) = 1/3 and ρ(F_u) = 1/2.

Proof. Note that e_0 is a periodic mod 1 point of period 3 and rotation number 1/3 for F_l, and that x_0 is a periodic mod 1 point of period 2 and rotation number 1/2 for F_u. Then, the lemma follows from the fact that these maps are old and non-decreasing and [5, Theorem 1]. □

Let us consider the intervals I_0 = [e_0, x_0], I_1 = [e_1, x_1], I_2 = [e_2, x_2] and I_3 = [a, x_3]. The lifted F -graph of P_F contains the loop α = I_0^0−→ I_1^0−→ I_2^1−→ I_3^1−→ I_0 and the arrow I_2^1−→ I_0, which also gives the loop β = I_0^0−→ I_1^0−→ I_2^1−→ I_0. We have also the arrow I_2^1−→ [x_0, a]. However, [x_0, a] is not the beginning of any arrow, but F ([x_0, a]) = {x_1, 1}. And there are no more arrows in this graph.

Proof of Proposition 1.1. By [3, Lemma 3.i] and Lemma 3.1, we have that Rot(F ) ⊂ [1/3, 1/2]. Since the loops α and β can clearly be concatenated, it follows from Lemma 2.4 that [1/3, 1/2] ⊂ Rot(F ). Hence Rot(F ) = [1/3, 1/2].

Now we claim that for each lifted cycle of F there exists a unique (modulo shifts) loop in the lifted F -graph of P_F associated to it. Let x ∈ [0, 1) be a point of the lifted cycle. If x ∈ P_F the claim holds trivially (then the loop will be either α or β or one of their shifts). So let us assume that x /∈ P_F , and therefore Orb_F (x) ∩ (P_F + Z) = ∅. That is, we have that for all j ≥ 0, F^j (x) ∈ Int(J_j ) + p_j , where J_j is some P_F -basic interval and p_j is some integer. Clearly, for every j these J_j and p_j are uniquely determined. Note that if I and J are P_F -basic intervals and l, k ∈ Z, then F (Int(I) + l) ∩ (Int(J) + l + k) ≠ ∅ is possible only if I^k−→ J. Since x ∈ [0, 1), p_0 = 0. Let q be the period of x. For j = 1, . . . , q, we find arrows J_{j−1}^{kj−1}−→ J_j such that p_j =

�_{j−1}

s=0 k_s. Since F^q(x) = x + p for some integer p, we have J_q = J_0 and p_q = p. Thus, the claim is also proved in the case x /∈ P_F , with the loop J_0^{k0}−→ J_1^{k1}−→ · · ·^{kq−2}−→ J_{q−1}^{kq−1}−→ J_0.

ON THE ROTATION SETS FOR NON–CONTINUOUS CIRCLE MAPS 123

Clearly, the lifted F -graph of P_F contains no loop of length 5, hence there is no lifted cycle of F of period 5. □

Consider now the map G defined in page 117. Note that {u_0, u_1} + Z is a lifted cycle of G of period 2 and rotation number 1/2, and {y_0, y_1, y_2, y_3, y_4} + Z is a lifted cycle of G of period 5 and rotation number 2/5. From now on let P_G be the set {b, u_0, u_1, u_2, y_0, y_1, y_2, y_3, y_4}. Then P_G + Z is G-invariant. We have

G_l(t) = � G(t) for all t ∈ [0, u_1) ∪ [b, 1) u_2 for all t ∈ [u_1, b) and G_u(t) = � G(t) for all t ∈ [0, b) y_2 + 1 for all t ∈ [b, 1).

Lemma 3.2. ρ(G_l) = 1/3 and ρ(G_u) = 1/2.

Proof. Clearly u_0 is a periodic mod 1 point of period 3 and rotation number 1/3 for G_l, and it is a periodic mod 1 point of period 2 and rotation number 1/2 for G_u. Then the lemma follows from the fact that these maps are old and non-decreasing and [5, Theorem 1]. □

In what follows we will use the following notation. Set L_0 = [u_0, y_0], L_1 = [u_1, y_1], L_2 = [y_0, y_2], L_3 = [b, y_3] and L_4 = [u_2, y_4]. The lifted G-graph of P_G contains the loop λ = L_0^0−→ L_1^1−→ L_2^0−→ L_3^0−→ L_4^1−→ L_0 and the arrow L_1^1−→ L_0, which also gives the loop η = L_0^0−→ L_1^1−→ L_0. We have also the arrow L_2^0−→ [y_1, b]. However, [y_1, b] is not the beginning of any arrow, but G([y_1, b]) = {y_2 + 1, u_2}. And there are no more arrows in this graph.

Proof of Proposition 1.2. In view of Lemma 3.2, it only remains to show that Rot(G) = [2/5, 1/2]. Since the loops λ and η can be concatenated, it follows from Lemma 2.4 that [2/5, 1/2] ⊂ Rot(G).

Now we prove that Rot(G) ⊂ [2/5, 1/2]. Let x ∈ [0, 1) be such that ρ_G(x) = ρ_G(x). If Orb_G(x) meets P_G + Z, then obviously ρ(x) ∈ {2/5, 1/2}. So let us assume that Orb_G(x) ∩ (P_G + Z) = ∅. That is, we have that for all j ≥ 0, G^j (x) ∈ Int(J_j )+p_j , where J_j is some P_G-basic interval and p_j is some integer. In a similar way as above, for every j these J_j and p_j are uniquely determined. If I and J are P_G-basic intervals and l, k ∈ Z, then G(Int(I)+l)∩(Int(J)+l+k) ≠ ∅ is possible only if I^k−→ J. Since x ∈ [0, 1), p_0 = 0 and there exist arrows J_{j−1}^{kj−1}−→ J_j such that p_j =

�_{j−1}

s=0 k_s for all j ≥ 0. Each of these arrows belongs to the subgraph of the lifted G-graph of P_G formed by the loops λ and η. Thus there exists m_0 ≤ 4 such that G^{m0} (x) ∈ Int(L_0) + p_{m0} . Moreover, Orb_G(G^{m0} (x)) follows a path of the form λ^{n0} η^{n1} λ^{n2} η^{n3} . . . with n_i ≥ 0. For each m ∈ N, denote by γ_m the path of length m described by G^j (x) for j = 0, 1, . . . , m and let m_λ (respectively m_η)

124 L. ALSED^`A and J. M. MORENO

denote the number of times that the loop λ (respectively η) is contained in γ_m. Clearly, there exist m_1 ≤ 4 and s_0, s_1 ≤ 2 such that m = m_0 + 5m_λ + 2m_η + m_1 and p_m = s_0 + 2m_λ + m_η + s_1. Moreover, lim m→∞ � p_m m − 2m_λ + m_η 5m_λ + 2m_η � = 0.

Since 2 5 ≤ 2m_λ + m_η 5m_λ + 2m_η ≤ 1 2 , it follows that 2/5 ≤ lim inf_{m→∞} p_m/m ≤ lim sup_{m→∞} p_m/m ≤ 1/2. Hence, by Lemma 2.3, we have that ρ(x) ∈ [2/5, 1/2]. This ends the proof of the proposition. □

Proof of Proposition 1.4. Note that the sets [0, 1/2) + Z and [1/2, 1) + Z are ~Ginvariant. Denote by φ a continuous nondecreasing old map such that the interval [0, 1/2] is mapped affinely to [0, 1] by φ, and let φ^′(x) = φ(x − 1/2) for each x ∈ R. Observe that H ∘ φ = φ ∘ ~G and G ∘ φ^′ = φ^′ ∘ ~G. Consequently, Rot( ~G) = Rot(G) ∪ Rot(H) because φ and φ^′ are old maps such that φ(0) = φ^′(0) = 0. So, the proposition follows from Proposition 1.2 and Remark 1.3. □

Proof of Proposition 1.5. Since G(t) ≥ 1 for all t ∈ [u_1, b), for 0 ≤ μ < 1 − u_2 we have that

min(G, G_l + μ)(t) = � G(t) for all t ∈ [0, u_1) ∪ [b, 1) (G_l + μ)(t) = u_2 + μ for all t ∈ [u_1, b).

Let σ = sup{x ∈ [b, u_2) : G(x) ≤ u_2 +μ}. Since G is continuous and nondecreasing on [b, u_2), we have that G(x) ≤ u_2 +μ for all x ∈ [b, σ) (if b < σ) and G(σ) ≥ u_2 +μ. Thus,

G_μ(t) = � G(t) for all t ∈ [0, u_1) ∪ [σ, 1) u_2 + μ for all t ∈ [u_1, σ).

Now, note that G_μ(u_2 + μ) ∈ L_0 + 1, G_μ(L_0) = L_1 and G_μ(L_1) = {u_2 + μ}. Hence u_2 + μ is a periodic mod 1 point of G_μ of period 3 and rotation number 1/3. Thus, ρ(G_μ) = 1/3.

In the other case, that is 1 − u_2 ≤ μ ≤ μ(G), there exists a point y ∈ L_1 such that G(y) = u_2 + μ. Therefore, since G is nondecreasing on [u_1, b),

min(G, G_l + μ)(t) = � G(t) for all t ∈ [0, y] ∪ [b, 1) (G_l + μ)(t) = u_2 + μ for all t ∈ [y, b).

Let τ = sup{x ∈ [u_2, 1) : G(x) ≤ u_2 +μ}. Since G is continuous and nondecreasing on [u_2, 1), we have that G(x) ≤ u_2 + μ for all x ∈ [u_2, τ) (if u_2 < τ) and G(τ) ≥ u_2 + μ. Thus,

G_μ(t) = � G(t) for all t ∈ [0, y] ∪ [τ, 1) u_2 + μ for all t ∈ [y, τ).

ON THE ROTATION SETS FOR NON–CONTINUOUS CIRCLE MAPS 125

Now it happens that 0 is a periodic mod 1 point of G_μ of period 2 and rotation number 1/2. Hence ρ(G_μ) = 1/2.

Recall that, since G_μ is nondecreasing, Rot(G_μ) = {ρ(G_μ)} for each μ. □

References

1. Alsedà L., Llibre J. and Misiurewicz M., Combinatorial dynamics and entropy in dimension one, Number 5 in Advanced Series in Nonlinear Dynamics, World Scientific, Singapore, 1993.

2. , Badly ordered cycles of circle maps, Pacific J. of Math. 184(1) (1998), 23–41. 3. Esquembre F., Rotation sets for some non-continuous maps of degree one, Acta Math. Univ.

Comenianae LXI(2) (1992), 167–183.

4. Misiurewicz M., Rotation intervals for a class of maps of the real line into itself, Ergod. Th.

& Dynam. Sys. 6 (1986), 117–132.

5. Rhodes F. and Thompson C. L., Rotation numbers for monotone functions on the circle, J.

London Math. Soc. (2) 34 (1986), 360–368.

L. Alsedà, Departament de Matemàtiques, Universitat Autònoma de Barcelona, 08193 – Bellaterra (Barcelona), Spain

J. M. Moreno, Departament de Matemàtica Aplicada II, Universitat Politècnica de Catalunya, 08222 – Terrassa (Barcelona), Spain