Acta Math. Univ. Comenianae Vol. LXIX, 1(2000), pp. 1–8 1

CHARACTERIZATION PROPERTIES FOR STARLIKENESS AND CONVEXITY OF SOME SUBCLASSES OF ANALYTIC FUNCTIONS INVOLVING A CLASS OF FRACTIONAL DERIVATIVE OPERATORS

R. K. RAINA and T. S. NAHAR

Abstract. This paper investigates the characterization properties exhibited by a class of fractional derivative operators of certain analytic functions in the open unit disk to be starlike or convex. Further characterization theorems associated with the Hadamard product (or convolution) are also studied.

1. Introduction and Preliminaries

Let E denote the class of functions of the form

(1.1) f(z) = z + ∞∑ n=2 a_nz^n,

which are analytic in the unit disk U = {z : |z| < 1}.

A function f(z) ∈ E is said to be starlike of order ρ if and only if

(1.2) Re { zf^′(z) f(z) } > ρ,

form some ρ (0 ≤ ρ < 1) and for all z ∈ U. Further, a function f(z) ∈ E is said to be convex of order ρ if and only if

(1.3) Re { 1 + zf^{′′}(z) f^′(z) } > ρ,

for some ρ (0 ≤ ρ < 1), and for all z ∈ U. We denote by S^∗(ρ) and K(ρ) the subclasses of E consisting of starlike and convex functions of order ρ (0 ≤ ρ < 1), respectively, in the unit disk U.

Received December 12, 1998.

1980 Mathematics Subject Classification (1991 Revision). Primary 26A33, 30C45. Key words and phrases. Starlike functions, convex functions, fractional derivative operators, Hadamard product.

2 R. K. RAINA and T. S. NAHAR

It follows then that f(z) ∈ K(ρ) if and only if

(1.4) zf^′(z) ∈ S^∗(ρ).

For general reference to aforementioned definitions and statements, we refer to [1]. In the present paper we undertake to establish characterization properties satisfied by a class of fractional derivative operators (defined below by (2.1)) of certain analytic functions in the open unit disk for starlikeness and convexity. Characterization properties associated with the Hadamard product (or convolution) are also investigated, and some consequences of our main results briefly indicated.

2. A Class of Fractional Derivative Operators

Following Raina and Nahar [3] (see also [5]), we define the fractional derivative operator J^{λ,μ,η}_{0,z} of a function f(z) (involving the familiar Gaussian hypergeometric function_2F_1) as follows:

J^{λ,μ,η}_{0,z} f(z) = d^m dz^m

{ zλ−μ Γ(m − λ) × ∫_z 0 (z − t)^{m−λ−1}_2F_1 ( μ − λ, m − η; m − λ; 1 − t z ) f(t) dt } , (2.1)

(m − 1 ≤ λ < m; m ∈ N and μ, η ∈ R)

where the function f(z) is analytic in a simply connected region of the z-plane containing the origin, with the order

(2.2) f(z) = O(|z|^r), z → 0 for (2.3) r > max{o, μ − η} − 1.

It being understood that (z − t)^{m−λ−1} (m ∈ N) denotes the principal value for 0 ≤ arg(z − t) < 2π, and is well defined in the unit disk U. The operator J^{λ,μ,η}_{0,z} includes the well-known Riemann-Liouville and Erdélyi-Kober operators of fractional calculus (see [4] and [7]). Indeed, we have

(2.4) J^{λ,λ,η}_{0,z} f(z) =_oD^λ_z f(z) (λ ≥ 0), and (2.5) J^{λ,m,η}_{0,z} f(z) = d^m dz^m ( E^{m−λ,η−m} o,z ) , (m − 1 ≤ λ < m; m ∈ N).

STARLIKENESS AND CONVEXITY 3

As usual, (λ)_n stands for the Pochhammer symbol defined by

(λ)_n =

Γ(λ + n)

Γ(λ) = { 1, n = 0 λ(λ + 1) . . . (λ + n − 1), n ∈ N

(2.6) (λ ≠ 0, −1, −2, . . . ).

It is convenient to introduce here the fractional operator P^{λ,μ,η}_{o,z} which is defined in terms of J^{λ,μ,η}_{0,z} as follows:

P^{λ,μ,η}_{o,z} f(z) =

Γ(2 − μ)Γ(2 − λ + η) Γ(2 − μ + η) z^μJ^{λ,μ,η}_{o,z} f(z),

(2.7) (λ ≥ 0; μ < 2; η > max{λ, μ} − 2) Application of definition (2.1) yields the following known formula giving the image of the power function z^k under the fractional derivative operator P^{λ,μ,η}_{o,z} :

Lemma 1([3]). Let λ ≥ 0; k > max{0, μ − η} − 1, then

(2.8) J^{λ,μ,η}_{0,z} z^k =

Γ(k + 1)Γ(k − μ + η + 1) Γ(k − μ + 1)Γ(k − λ + η + 1) z^{k−μ}.

3. Characterization Properties Before stating and proving our main results, we require the following lemmas: Lemma 2([8]). Let the function f(z) defined by (1.1) satisfy

(3.1) ∞∑ n=2 η − ρ 1 − ρ

|a_n| ≤ 1 (0 ≤ ρ < 1),

then f(z) ∈ S^∗(ρ). The equality in (3.1) is attained for the function f(z) given by

(3.2) f(z) = z +

1 − ρ n − ρ z^n (n ≥ 2).

Lemma 3([8]). Let the function f(z) defined by (1.1) satisfy

(3.3) ∞∑ n=2 n(n − ρ) 1 − ρ

|a_n| ≤ 1 (0 ≤ ρ < 1),

then f(z) ∈ K(ρ). The equality in (3.3) is attained for the function f(z) given by

(3.4) f(z) = z +

1 − ρ n(n − ρ) z^n (n ≥ 2).

4 R. K. RAINA and T. S. NAHAR

Theorem 1. Let λ, μ, η ∈ R such that (3.5) λ ≥ 0, μ < 2, max{λ, μ} − 2 < η ≤ λ(μ − 3) μ . Also, let the function f(z) defined by (1.1) satisfy (3.6) ∞∑ n=2 n − ρ 1 − ρ

|a_n| ≤

(2 − μ)(2 + η − λ) 2(2 + η − μ) , for 0 ≤ ρ < 1. Then P^{λ,μ,η}_{o,z} f(z) ∈ S^∗(ρ).

Proof. Applying Lemma 1, we have from (1.1) and (2.7): (3.7) P^{λ,μ,η}_{o,z} f(z) = z + ∞∑ n=2 δ(n)a_nz^n, where (3.8) δ(n) =

(2)_{n−1}(2 + η − μ)_{n−1} (2 − μ)_{n−1}(2 + η − λ)_{n−1}

(n ≥ 2).

We observe that the function δ(n) defined by (3.8) satisfies the inequality δ(n + 1) ≤ δ(n), ∀n ≥ 2, provided that η ≤^{λ(μ−3)}_μ , thereby, showing that δ(n) is non-increasing. Thus, under the conditions stated in (3.5), we have (3.9) 0 < δ(n) ≤ δ(2) =

2(2 + η − μ) (2 − μ)(2 + η − λ) . Therefore, (3.6) and (3.9) yield (3.10) ∞∑ n=2 n − ρ 1 − ρ δ(n)|a_n| ≤ δ(2) ∞∑ n=2 n − ρ 1 − ρ

|a_n| ≤ 1.

Hence, by Lemma 2, we conclude that P^{λ,μ,η}_{o,z} f(z) ∈ S^∗(ρ), and the proof is complete. □ Remark 1. The equality in (3.6) is attained for the function f(z) defined by (3.11) f(z) = z +

(1 − ρ)(2 − μ)(2 + η − λ) 2(2 − ρ)(2 + η − μ) z^2.

In an analogous manner, we can prove with the help of Lemma 3 the following result which characterizes the class K(ρ).

STARLIKENESS AND CONVEXITY 5

Theorem 2. Under the conditions stated in (3.5), let the function f(z) defined by (1.1) satisfy

(3.12) ∞∑ n=2 n(n − ρ) 1 − ρ

|a_n| ≤

(2 − μ)(2 + η − λ) 2(2 + η − μ) ,

for 0 ≤ ρ < 1. Then P^{λ,μ,η}_{o,z} f(z) ∈ K(ρ).

Remark 2. The equality in (3.12) is attained for the function f(z) defined by

(3.13) f(z) = z +

(1 − ρ)(2 − μ)(2 + η − λ) 4(2 − ρ)(2 + η − μ) z^2.

4. Further Characterization Properties

Let f_i(z) ∈ E (i = 1, 2) be given by

(4.1) f_i(z) = z + ∞∑ n=2 a_{n,i}z^n.

Then, the Hadamard product (or convolution) (f_1 ∗ f_2)(z) of f_1(z) and f_2(z) is defined by

(4.2) (f_1 ∗ f_2)(z) = z + ∞∑ n=2 a_{n,1}a_{n,2}z^n.

We need the following result due to Ruscheweyh and Sheil-Small [6]:

Lemma 4. Let g(z), h(z) be analytic in U and satisfy g(0) = h(0) = 0, g^′(0) ≠ 0, h^′(0) ≠ 0. Also, let

(4.3) g(z) ∗ { 1 + abz 1 − bz h(z) } ≠ 0 (z ∈ U − {0}),

for a and b on the unit circle. Then, a function ϕ(z) analytic in U such that Re{ϕ(z)} > 0, satisfies the inequality:

(4.4) Re { (g ∗ ϕh)(z) (g ∗ h)(z) } > 0 (z ∈ U).

6 R. K. RAINA and T. S. NAHAR

Theorem 3. Let the conditions stated in (3.5) hold true, and let the function f(z) defined by (1.1) belong to the class S^∗(ρ), and satisfy:

(4.5) F (z) ∗ { 1 + abz 1 − bz f(z) } ≠ 0 (z ∈ U − {0}),

for a and b on the unit circle, where

(4.6) F (z) = z + ∞∑ n=2 (2)_{n−1}(2 + η − μ)_{n−1} (2 − μ)_{n−1}(2 + η − λ)_{n−1} z^n.

Then P^{λ,μ,η}_{o,z} f(z) ∈ S^∗(ρ).

Proof. Using (3.7) and (4.6), we have

P^{λ,μ,η}_{o,z} f(z) = z + ∞∑ n=2 (2)_{n−1}(2 + η − μ)_{n−1} (2 − μ)_{n−1}(2 + η − λ)_{n−1} a_nz^n

(4.7)

= (F ∗ f)(z).

By setting g(z) = F (z), h(z) = f(z), ϕ(z) = zf^′(z) f(z)

− ρ, in Lemma 4, we find with the help of (4.7) that Re { (g ∗ ϕh)(z) (g ∗ h)(z) } > 0 ⇒ Re { (F ∗ zf^′)(z) (F ∗ f)(z) } − ρ > 0

⇒ Re { z(F ∗ f)^′(z) (F ∗ f)(z) } − ρ > 0

⇒ Re { z(P^{λ,μ,η}_{o,z} f(z))^′

P^{λ,μ,η}o,z f(z) } − ρ > 0

⇒P^{λ,μ,η}_{o,z} f(z) ∈ S^∗(ρ),

and the proof is complete.

Theorem 4. Let the conditions stated in (3.5) hold true and, let the function f(z) defined by (1.1) belong to the class K(ρ), and satisfy:

(4.8) F (z) ∗ { 1 + abz 1 − bz zf^′(z) } ≠ (z ∈ U − {0}),

STARLIKENESS AND CONVEXITY 7

for a and b on the unit circle, where F (z) is given by (4.6). Then

P^{λ,μ,η}_{o,z} f(z) ∈ K(ρ).

Proof. From (1.4) and Theorem 3, we conclude that

f(z) ∈ K(ρ) ⇔zf^′(z) ∈ S^∗(ρ) ⇒P^{λ,μ,η}_z (zf^′(z)) ∈ S^∗(ρ) ⇔(F ∗ zf^′)(z) ∈ S^∗(ρ) ⇔z(F ∗ f)^′(z) ∈ S^∗(ρ) ⇔(F ∗ f)(z) ∈ K(ρ) ⇔P^{λ,μ,η}_{o,z} f(z) ∈ K(ρ) (in view of (4.7)),

which proves Theorem 4. □ To establish the next characterization property, we need another result due to Ruscheweyh and Sheil-Small [6]:

Lemma 5. Let g(z) be convex and let h(z) be starlike in U. Then, for each function ϕ(z) analytic in U such that Re{ϕ(z)} > 0, satisfies the inequality:

(4.9) Re { (g ∗ ϕh)(z) (g ∗ h)(z) } > 0 (z ∈ U).

Theorem 5. Let the conditions stated in (3.5) hold true, and let f(z) ∈ S^∗(ρ) and F (z) ∈ K(ρ). Then P^{λ,μ,η}_{o,z} f(z) ∈ S^∗(ρ),

where F (z) is given by (4.6).

Proof. Theorem 5 is based upon Lemma 5 above, and its proof is analogous to Theorem 3. □ Based upon Theorem 5, we can easily prove the following:

Theorem 6. Let the conditions stated in (3.5) hold true, and let f(z) ∈ K(ρ) and F (z) ∈ K(ρ). Then P^{λ,μ,η}_{o,z} f(z) ∈ K(ρ),

where F (z) is given by (4.6).

8 R. K. RAINA and T. S. NAHAR

5. Concluding Remarks

In view of the relationship (2.4) and (2.5), several characterization properties can be derived, exhibiting the starlikeness and convexity properties of Riemann- Liouiville fractional derivative operator (and Erdélyi-Kober fractional derivative operator) of analytic functions belonging to the subclasses S^∗(ρ) and K(ρ) of E. We note that for μ = λ, (2.7) by virtue of (2.4) gives

(5.1) P^{λ,λ,η}_{o,z} = B^λ_z f(z) = Γ(2 − λ)z^λ_0D^λ_z f(z),

and taking into account the above specialization, we are lead to the results obtained recently by Owa and Shen [2].

References

1. Duren P. L., Univalent functions, Grundelheren der Mathematischem Wissenschaften, 259, Springer-Verlag, New York – Berlin – Heidelberg – Tokyo, 1983.

2. Owa S. and Shen C. Y., An application of certain fractional operator, Indian. J. Pure Appl.

Math. 29(3) (1998), 221–226.

3. Raina R. K. and Nahar T. S., Certain subclasses of analytic p-valent functions with negative coefficients, Informatica (1988), (to appear).

4. Raina R. K. and Saigo M., A note on fractional calculus operators involving Fox’s H-function on space F_{p,μ}, Recent Advances in Fractional Calculus (R. N. Kalia, ed.), Global publishing Co. Sauk Rapids, 1993, pp. 219–229.

5. Raina R. K. and Srivastava H. M., A certain subclass of analytic functions associated with operators of fractional calculus, Comput. Math. Applic 32 (1996), 13–19.

6. Rusheweyh S. and Sheil-Small T., Hadamard products of schlicht functions and the polya- Schoenberg conjecture, comment, Math. Helv. 48 (1973), 119–135.

7. Samko S. G., Kilbas A. A. and Marichev O. I., Fractional Integral and Derivatives: Theory and Applications, Gorad and Breach science, New York – Philadelphia – London – Paris – Montreux – Toronto – Melbourne, 1993.

8. Silverman H., Univalent functions with negative coefficients, Proc. Amer. Math. Soc. 51 (1975), 109–116.

R. K. Raina, Department of Mathematics, C.T.A.E., Campus Udaipur, Udaipur – 313001, Rajasthan, India; e-mail: raina rk@yahoo.com

T. S. Nahar, Department of Mathematics, Govt. Postgraduate College, Bhilwara – 311001, Rajasthan, India