Acta Math. Univ. Comenianae Vol. LXIX, 1(2000), pp. 85–95 85

ON THE COMPUTATION OF SYMBOLIC

POWERS OF SOME CURVES IN A^4

Š. SOLČAN

Abstract. In the paper the powers of the prime ideal P of monomial Gorenstein curves in affine 4-space are investigated. The equality of the second ordinary and symbolic powers is shown and 6 elements generating the symbolic cube of P over the ordinary one are found. An example of symbolic Rees algebra of finite type is presented.

1. Introduction

Monomial curves C (n_1, n_2, n_3) in affine space A^3 with the generic zero (t^{n1} , t^{n2} , t^{n3} ) appear frequently in mathematic considerations. It is known that minimal number μ (P ) of the associated prime P of this curve is either 2 or 3 and μ (P ) = 2 (i.e. P is a complete intersection) iff the second ordinary and symbolic powers coincide, P^2 = P^{(2)}. This is also equivalent to the fact that the numeric semigroup S = ⟨n_1, n_2, n_3⟩ is symmetric. In case μ (P ) = 3 the curve C is a set-theoretic complete intersection and P^2 ≠ P^{(2)}; P^{(2)} = ( P^2, Δ ) , see [7]. Schenzel and Vasconcelos also showed that in some cases the symbolic Rees algebra S (P ) = ⊕_{n≥0}P^{(n)} is an A-algebra of finite type.

W. V. Vasconcelos noted in [8] there were very few general descriptions of the equations of the symbolic cube algebra R [ It, I^{(2)}t^2, I^{(3)}t^3 ] of an ideal I of a regular local ring R. Schenzel found them for a certain classe of non-complete intersection prime ideals of monomial curves in A^3 (see [7]) and showed that the module P^{(3)}/P.P^{(2)} is generated by at most 3 elements (see [5]). More complete picture on symbolic powers and blowup algebras can be found in Vasconcelos nice book [8]. The above mentioned results are on pp. 201, 203, 221.

Our aim is to extend some techniques and results of [7] in order to get information on ideals of some monomial curves C (n_1, n_2, n_3, n_4) in A^4. Here the symmetry of S = ⟨n_1, n_2, n_3, n_4⟩ does not imply C is complete intersection; the ideal P of the curve C can be generated by 5 elements given by the Pfaffians of 4 × 4 minors obtained from a 5 × 5 skew-symmetric matrix I_5 (P ) by deleting the

Received April 20, 1999.

1980 Mathematics Subject Classification (1991 Revision). Primary 14H50; Secondary 13H10. The author was supported by Ministry of Education (MŠSR) GRANT No. W2M04 G

86^ˇS. SOL^ˇCAN

i-th row and column (see [3] and [1]). It is not difficult to show that this matrix is (in notation of [1], see Proposition 2.1):

I_5(P ) =

0 0 x^{α13}_3 x^{α21}_1 x^{α32}_2 0 0 x^{α31}_1 x^{α14}_4 x^{α43}_3 −x^{α13}_3 −x^{α31}_1 0 x^{α42}_2 x^{α24}_4 −x^{α21}_1 −x^{α14}_4 −x^{α42}_2 0 0 −x^{α32}_2 −x^{α43}_3 −x^{α24}_4 0 0

From [3] one can see that P^2 is generated by all 4 × 4 minors of this matrix. This can be shown also by direct calculation. It is also known that P is in the linkage class of a complete intersection (i.e. P is a licci ideal, see [9] or [3]). From [4], Corollary 2.9 it follows then that the second ordinary and symbolic powers coincide but the third ones do not, P^3 ≠ P^{(3)}.

We will prove this equality resp. non-equality again by computing some lengths (Corollaries 3.6 and 3.8) and show that symbolic cube P^{(3)} = ( P^3, d_1, . . . , d_6 ) for some explicit given elements d_i (Theorem 3.9). Though the latter is made just for several cases one can see how it works in general. In the last section we compute the symbolic Rees algebra of the prime ideal P of the curve ( t^5, t^6, t^7, t^8 ) and show it is an A-algebra of finite type. By virtue of [9] the ideal P is then set-theoretic complete intersection as known also by Bresinsky [2].

The computation of test examples (some of them are included in this paper, see Example 3.1 and the Example in the 4th section) has been made using Computer algebra system Macaulay created by D. Bayer and M. Stillman.

2. Monomial Curves

Let n_i, i = 1, 2, 3, 4 be positive integers with g.c.d. (n_1, n_2, n_3, n_4) = 1 and C (n_1, n_2, n_3, n_4) a curve in A^4_k, k an arbitrary field, given parametricaly by x_i = T^{ni} for i = 1, 2, 3, 4. Let P be the corresponding prime ideal in A = k [x_1, x_2, x_3, x_4]_{(x1,x2,x3,x4)}. Putting deg x_i = n_i A becomes a graded k-algebra and P a homogeneous prime ideal with dim (p) = 1 and height ht (p) = 3.

Denote S = ⟨n_1, n_2, n_3, n_4⟩ the additive semigroup generated by n_1, n_2, n_3, n_4, S = {z ∈ Z; z = ∑ z_in_i, z_i ∈ N ∪ {0}}. Assume no proper subset of {n_1, n_2, n_3, n_4} generates S. The semigroup S is said to be symmetric if there is an integer m ∈ Z such that for all z ∈ Z: z ∈ S ⇔ m−z /∈ S (see e.g. [6] or [1]). H. Bresinsky has shown that if S is symmetric then the prime ideal P has either 3 generators (i.e. P is a complete intersection) or P is generated minimally by 5 exactly (up to isomorphism) given elements (see [1], Theorems 3 and 5):

Proposition 2.1. The semigroup S = ⟨n_1, n_2, n_3, n_4⟩ is symmetric and P not a complete intersection if and only if P = (f_1, f_2, f_3, f_4, g), where the polynomials f_1 = x^{α1}_1 −x^{α13}_3 x^{α14}_4 , f_2 = x^{α2}_2 −x^{α21}_1 x^{α24}_4 , f_3 = x^{α3}_3 −x^{α31}_1 x^{α32}_2 , f_4 = x^{α4}_4 −x^{α42}_2 x^{α43}_3 are unique up to isomorphism and g = x^{α43}_3 x^{α21}_1 − x^{α32}_2 x^{α14}_4 .

SYMBOLIC POWERS 87

In this case then

n_1 = α_2α_3α_{14} + α_{32}α_{13}α_{24}, n_2 = α_3α_4α_{21} + α_{31}α_{43}α_{24}, n_3 = α_1α_4α_{32} + α_{14}α_{42}α_{31}, n_4 = α_1α_2α_{43} + α_{42}α_{21}α_{13},

with α_i > 0, 0 < α_{ji} < α_i, 1 ≤ i, j ≤ 4 and α_1 = α_{31} + α_{21}, α_2 = α_{32} + α_{42}, α_3 = α_{13} + α_{43}, α_4 = α_{24} + α_{14}.

3. Symbolic Powers

Let (A, M) be local noetherian ring with its maximal ideal M. For a prime ideal P denote P^{(n)} = P^nA_P ∩ A the n-th symbolic power of P .

For our calculations we need some lemmas.

Lemma 3.1. Let Q be an M-primary ideal of a local ring (A, M) and x an element of A. Then

L (A/ (Q, x)) = L (A/Q) − L (A/Q : x) .

Lemma 3.2. Let P be a prime ideal of a regular local ring (A, M) with dim A = 4 and dim P = dim A/P = 1. Let I be an ideal and x /∈ P an element such that

1. P^n ⊆ I ⊆ P^{(n)} 2. L (A/ (I, x)) =

(_{n+2} 3 ) · e (x, A/P ) .

Then I = P^{(n)}.

The lemma and its proof is a modification of the Lemma 2.3 of [7]. Note that x is a parameter in A/P and L (A_P /P^n.A_P ) =

(_{n+2} 3 ) since P^n.A_P is a power of the maximal ideal in the 3-dimensional regular local ring A_P .

Putting I = P^n we can find whether P^n = P^{(n)} or not. Then the converse is also true:

Lemma 3.3. Let P , x, A be as above. Then P^n = P^{(n)} if and only if L(A/(P^n, x)) = L(A_P /P^n.A_P ).e (x, A/P ).

Proof. If P^n = P^{(n)} then A/P^n is Cohen-Macaulay and L (A/ (P^n, x)) = e (x, A/P^n) = L (A_P /P^n.A_P ) .e (x, A/P ). If the equation holds then L(A/(P^n, x)) = e (x, A/P^n), the ring A/P^n is Cohen-Macaulay and P^n = P^{(n)}. □

In the following let P = (f_1, f_2, f_3, f_4, g) be the non-complete intersection prime ideal of local ring A = k [x_1, x_2, x_3, x_4]_{(x1,x2,x3,x4)} corresponding to the curve C (n_1, n_2, n_3, n_4) with S = ⟨n_1, n_2, n_3, n_4⟩ symmetric as in Proposition 2.1. Then it holds

88^ˇS. SOL^ˇCAN

Corollary 3.1. P^2 = P^{(2)} iff L ( A/ ( P^2, x_i )) = 4 · n_i and P^3 = P^{(3)} iff L ( A/ ( P^3, x_i )) = 10 · n_i.

Proof. Putting n = 2 (or 3) we get L (A_P /P^n.A_P ) = 4 (or 10). We use the previous lemma for x = x_i. Though it is known that e (x_i, A/P ) = n_i, we prove it for some cases (used in the next Proposition) by our techniques. Consider four conditions on the numbers α_{ij} as follows :

a) α_{32} ≤ α_{42} and α_{13} ≤ α_{43} b) α_{32} ≥ α_{42} and α_{13} ≤ α_{43} c) α_{32} ≤ α_{42} and α_{13} ≥ α_{43} d) α_{32} ≥ α_{42} and α_{13} ≥ α_{43}.

Then in the first 3 cases we show that e (x_1, A/P ) = n_1 and in the last one that e (x_4, A/P ) = n_4. In all cases the element x_1 (x_4) is a parameter in one-dimensional Cohen-Macaulay ring A/P and e (x_i, A/P ) = L (A/ (P, x_i)). Thus it is enough to calculate the length of A/Q for Q = (x_i, P ), i = 1, 4.

In case a) we have x^{α4+α14}_4 ∈ Q. Putting Q_0 = ( x^{α2}_2 , x^{α3}_3 , x^{α4+α14} 4 ) and a_1 = x^{α32}_2 x^{α14}_4 , a_2 = x^{α13}_3 x^{α14}_4 , a_3 = x^{α4}_4 − x^{α42}_2 x^{α43}_3 , we get that Q = (x_1, Q_0, a_1, a_2, a_3). Since

Q : a_1 = (x^{α42}_2 , x^{α3}_3 , x^{α4}_4 ) =: Q_1 (Q, a_1) : a_2 = (x^{α32}_2 , x^{α43}_3 , x^{α4}_4 ) =: Q_2 (Q, a_1, a_2) : a_3 = (x^{α32}_2 , x^{α13}_3 , x^{α14}_4 ) =: Q_3

it holds

L (A/Q) = L (A/Q_o) − ∑ L (A/Q_i) = α_2α_3 (α_4 + α_{14})

− α_{42}α_3α_4 − α_{32}α_{43}α_4 − α_{32}α_{13}α_{14} = α_2α_3α_{14} + α_{32}α_{13}α_{24} = n_1.

The calculations for the cases b) and c) are the same as the first one. In the last case α_{32} ≥ α_{42} and α_{13} ≥ α_{43} we show that e (x_4, A/P ) = n_4. Here Q = (x_4, P ) and x^{α3+α43}

3 ∈ Q. The calculations are then similar and we see that

□ e (x_4, A/P ) = L (A/ (P, x_4)) = α_1α_2α_{43} + α_{42}α_{21}α_{13} = n_4. □ Proposition 3.1. Let P = (f_1, f_2, f_3, f_4, g) be as before. Assume one of the conditions a),b),c),d) from the proof of the the Corollary 3.4 holds. Then in the cases a), b) and c) it follows that L ( A/ ( P^2, x_1 )) = 4 · n_1

and in the case d) it holds L ( A/ ( P^2, x_4 )) = 4 · n_4.

SYMBOLIC POWERS 89

Corollary 3.2. The second symbolic and ordinary powers of the above prime ideal P coincide, i.e. P^2 = P^{(2)}.

Remark 3.1. It follows then that A/P^2 is a Cohen-Macaulay ring. Though the ring A/P is Gorenstein (see [2] and [3]), the ring A/P^2 need not to be Gorenstein. Moreover in all (for me) know examples the type of Cohen-Macaulay ring A/P^2 is 10, so in these cases A/P^2 is not Gorenstein which is of type 1 (see [6, p. 195]). One can see this also from the resolution of A/P^2 (see [3]). It seems to me that it holds in general for all non-complete intersection Gorenstein prime ideals of monomial curves in A^4.

Proof. The case a). It is easy to see that ( P^2, x_1 ) = ( x_1, x^{2α2}_2 , x^{2α3}_3 , x^{2α4}_4 , a_1, a_2, . . . , a_{12} ) with

a_1 = x^{α2+α32}

2 x^{α14}_4 , a_2 = x^{2α32}_2 x^{2α14}_4 , a_3 = x^{α32}_2 x^{α4+α14}

4 , a_4 = x^{α3+α13}_3 x^{α14}_4 , a_5 = x^{2α13}_3 x^{2α14}_4 , a_6 = x^{α13}_3 x^{α4+α14}_4 , a_7 = x^{α2}_2 x^{α3}_3 , a_8 = x^{α32}_2 x^{α13}_3 x^{2α14}_4 , a_9 = x^{α2}_2 x^{α13}_3 x^{α14}_4 , a_{10} = x^{α32}_2 x^{α3}_3 x^{α14}_4 , a_{11} = x^{α2+α42}

2 x^{α43}_3 , a_{12} = x^{α42}_2 x^{α3+α43}_3 .

Put I_0 = ( x^{2α2}_2 , x^{2α3}_3 , x^{2α4}_4 ) , I_1 = (I_0, a_1), . . . and I_k = (I_{k−1}, a_k) for all k = 1, 2, . . . , 12.

Let’s denote I_{k−1} : a_k = J_k and L (A/J_k) = A_k. Then we get

J_1 = ( x^{α42}_2 , x^{2α3}_3 , x^{α4+α24}_4 ) , J_2 = ( x^{α42}_2 , x^{2α3}_3 , x^{2α24}_4 ) , J_3 = ( x^{α32}_2 , x^{2α3}_3 , x^{α24}_4 ) , J_4 = ( x^{α2+α32}

2 , x^{α43}_3 , x^{α4+α24}_4 , x^{2α32}_2 x^{α14}_4 , x^{α32}_2 x^{α4}_4 ) , J_5 = ( x^{2α32}_2 , x^{α43}_3 , x^{2α24}_4 , x^{α32}_2 x^{α24}_4 ) , J_6 = J_8 = (x^{α32}_2 , x^{α13}_3 , x^{α24}_4 ) , J_7 = ( x^{α2}_2 , x^{α3}_3 , x^{2α14}_4 , x^{α32}_2 x^{α14}_4 , x^{α13}_3 x^{α14}_4 ) , J_9 = (x^{α32}_2 , x^{α43}_3 , x^{α14}_4 ) , J_{10} = (x^{α42}_2 , x^{α13}_3 , x^{α14}_4 ) , J_{11} = J_{12} = (x^{α32}_2 , x^{α13}_3 , x^{α14}_4 ) , A_1 = 2α_{42}α_3 (α_4 + α_{24}) , A_2 = 4α_{42}α_3α_{24}, A_3 = 2α_{32}α_3α_{24}, A_4 = 2α_{32}α_{43}α_{14} + 3α_{32}α_{43}α_{24} + α_{42}α_{43}α_{14}, A_5 = 3α_{32}α_{43}α_{24}, A_6 = α_{32}α_{13}α_{24}, A_7 = 2α_{32}α_{13}α_{14} + α_{42}α_{13}α_{14} + α_{32}α_{43}α_{14} + α_{42}α_{43}α_{14} A_8 = α_{32}α_{13}α_{24}, A_9 = α_{32}α_{43}α_{14}, A_{10} = α_{42}α_{13}α_{14}, A_{11} = A_{12} = α_{32}α_{13}α_{14}.

90^ˇS. SOL^ˇCAN

Using Lemma 3.1 and relations from Proposition 2.1 we get then L ( A/ ( P^2, x_1 )) = 2 (8α_2α_3α_4 + α_3 + α_4) − ∑ A_i = 4n_1.

The proof of case d). The assumptions here imply that x^{2(α3+α43)}_3 is in P^2 and ( P^2, x_4 ) = ( x_4, x^{2α1}_1 , x^{2α2}_2 , x^{2(α3+α43)}

3 , d_1, d_2, . . . , d_{14} ) with

d_1 = x^{α2+α42}

2 x^{α43}_3 , d_2 = x^{2α42}_2 x^{2α43}_3 , d_3 = x^{α42}_2 x^{α3+2α43}_3 , d_4 = x^{α1+α21}

1 x^{α43}_3 , d_5 = x^{2α21}_1 x^{2α43}_3 , d_6 = x^{α21}_1 x^{α3+α43}_3 , d_7 = x^{α1}_1 x^{α2}_2 , d_8 = x^{α31}_1 x^{α2+α32}_2 , d_9 = x^{α21}_1 x^{α2}_2 x^{α43}_3 , d_{10} = x^{α21}_1 x^{α42}_2 x^{2α43}_3 , d_{11} = x^{α1}_1 x^{α42}_2 x^{α43}_3 , d_{12} = x^{α1}_1 x^{α3}_3 − x^{α1+α31}_1 x^{α32}_2 , d_{13} = x^{α42}_2 x^{α3+α43}_3 − x^{α31}_1 x^{α2}_2 x^{α43}_3 , d_{14} = x^{2α3}_3 − 2x^{α31}_1 x^{α32}_2 x^{α3}_3 + x^{2α31}_1 x^{2α32}_2 .

Then we can calculate as before that L ( A/ ( P^2, x_4 )) = 8 · α_1α_4 (α_3 + α_{43}) − ∑ D_i = 4n_4,

having D_i = L (A/ (I_{k−1} : d_i)) and I_k = (I_{k−1}, d_k). □

Proposition 3.2. Let P = (f_1, f_2, f_3, f_4, g) be the non-complete intersection prime ideal corresponding to the curve C (n_1, n_2, n_3, n_4) with S = ⟨n_1, n_2, n_3, n_4⟩ symmetric; assume one of the following four conditions on the numbers α_{ij} is satisfied

a-1) α_{32} ≤ α_{42}, α_{13} ≤ α_{43} and α_{14} ≤ α_{24} or a-2) α_{32} ≤ α_{42}, α_{13} ≤ α_{43} and α_{24} ≤ α_{14} or b-1) α_{42} ≤ α_{32}, α_{13} ≤ α_{43} and α_{14} ≤ α_{24} or b-2) α_{42} ≤ α_{32}, α_{13} ≤ α_{43} and α_{24} ≤ α_{14}. Then L ( A/ ( P^3, x_1 )) = 10 · n_1 + 6 · t, where t = α_{32}α_{13}α_{14} in case a-1), t = α_{32}α_{13}α_{24} in case a-2), t = α_{42}α_{13}α_{14} in case b-1), t = α_{42}α_{13}α_{24} in case b-2), i.e. t is a product of 3 numbers: min {α_{32}, α_{42}}, min {α_{13}, α_{43}}, min {α_{14}, α_{24}}.

The proof of this proposition is made in the same way as the proof of the fact L ( A/ ( P^2, x_1 )) = 4 · n_1 (see Proposition 3.1). It is just more complicated and the calculations are rather long and unpleasant. In the simplest case a-1) the ideal ( P^3, x_1 ) is generated by monomials and contains x^{3α4}_4 ; in the other cases this ideal is no more monomial and the lowest power of x_4 in it is x^{2α4+2α14}_4 in case a-2) and x^{3α4+3α14}

4 in the last 2 cases.

Corollary 3.3. Under the assumptions of the previous Proposition 3.2 is P^3 ≠ P^{(3)}.

Remark 3.2. From the Corollaries 3.2 and 3.3 we get that S is symmetric and P^3 = P^{(3)} iff P is a complete intersection.

Let’s clear the further general computations by an example.

SYMBOLIC POWERS 91

Example 3.1. The numerical semigroup S_k = ⟨5, 5k + 1, 5k + 2, 5k + 3⟩ is symmetric for all k ≥ 1. The corresponding prime ideal of the curve C(5k + 2, 5; 5k + 1; 5k + 3) is p = (x^2_1 − x_3x_4, x^{2k+1}_2 − x_1x_4, x^2_3 − x_1x^k_2 , x_4 − x^{k+1}_2 x_3, x_1x_3 − x^k_2 x_4). Take k = 1 and S_1 = ⟨5, 6, 7, 8⟩. We use in the following x, y, z, w instead of x_1, x_2, x_3, x_4. Then the prime ideal for C (5, 6, 7, 8) given by computer program Macaulay is P = (F_1 , . . . , F_5) where F_1 = y^2 − xz, F_2 = yz − xw, F_3 = z^2 − yw, F_4 = x^3 − zw, F_5 = x^2y − w^2. There are relations

R_1: zF_1 − yF_2 + xF_3 = 0 R_2: wF_1 − zF_2 + yF_3 = 0 R_3: −wF_2 − yF_4 + xF_5 = 0 R_4: −x^2F_1 − wF_3 − zF_4 + yF_5 = 0 R_5: −x^2F_2 − wF_4 + zF_5 = 0.

From the relations R_1, R_2, R_3 we can derive a new one y ( F^2_2 F_5 − F_1F_3F_5 − F_2F_3F_4 ) = w ( F^2_1 F_5 + F^2_2 F_3 ) . Since y /∈ P there is an element d_1 such that yd_1 = F^2_1 F_5 + F^2_2 F_3 and d_1 ∈ P^{(3)}. In this way we can find further relations and elements d_2 . . . , d_6:

wd_2 = F^3_5 − xF_1F_4F_5 − xF_2F^2_4 , zd_3 = xF_1F^2_2 − F^2_3 F_4, wd_4 = F_3F_4F_5 − F_2F^2_5 + xF_1F_2F_4, zd_5 = F^3_3 − xF^2_1 F_2 + F_1F_3F_5, zd_6 = F_3F_4F_5 − xF_1F_2F_4 + xF^2_2 F_3.

Then

d_1 ≡ yz^4 − y^3w^2 − y^2z^2w ( mod x) , d_2 ≡ w^5 ( mod x) , d_3 ≡ z^4w − 2yz^2w^2 + y^2w^3 ( mod x) , d_4 ≡ z^3w^2 − 2yzw^3 ( mod x) , d_5 ≡ z^5 − 3yz^3w + 2y^2zw^2 ( mod x) , d_6 ≡ z^2w^3 − yw^4 ( mod x) .

It is easy to see that all the elements d_i are different.

We show that P^{(3)} = (P^3, d_1, . . . , d_6). First we see that (P^3, x) = (x, (y, z, w)^6) and L(A/(P^3, x)) = 56 = 10n_1 + 6.

Put Q_0 = ( P^3, x ) , Q_i = (Q_{i−1}, d_i) for i = 1, 2, . . . , 6, then

Q_{i−1} : d_i = (y, z, w) ( mod x) .

Then L(A/(P^3, x, d_1, . . . , d_6)) = 56 − 6 = 50 = 10 · n_1 and P^{(3)} = (P^3, d_1, d_2, . . . , d_6) by virtue of Lemma 3.2.

We can now generalize these computations:

92^ˇS. SOL^ˇCAN

Theorem 3.1. Let P, f_1, f_2, f_3, f_4, g be as in the Proposition 3.2. There are 6 elements d_1, . . . , d_6 ∈ P^{(3)} such that ( P^3, d_1, . . . , d_6 ) = P^{(3)} and the following relations hold:

(putting ε_1 = max {0, α_{31} − α_{21}}, δ_1 = max {0, α_{21} − α_{31}}) 1. if α_{32} ≤ α_{42}, α_{13} ≤ α_{43} and α_{14} ≤ α_{24} then

x^{α32}_2 d_1 = x^{α24−α14}

4 f_4g^2 − x^{α43−α13}_3 f^2_2 f_3 x^{α14}_4 d_2 = x^{δ1}_1 f_1f^2_4 − x^{ε1}_1 x^{α42−α32}_2 f_2g^2 x^{α13}_3 d_3 = x^{δ1}_1 x^{α42−α32}

2 f^3_3 − x^{ε1}_1 ( x^{α24−α14}

4 f^2_1 g + f_1f_2f_3 ) x^{α14}_4 d_4 = x^{δ1}_1 x^{α43−α13}

3 f_1f_3f_4 − x^{ε1}_1 ( f_4g^2 + x^{α43−α13}

3 f_1f_2g ) x^{α14}_4 d_5 = x^{δ1}_1 f^3_4 − x^{α42−α32}_2 x^{α43−α13}_3 ( x^{δ1}_1 f_2f_3f_4 + x^{ε1}_1 f^2_2 g ) x^{α32}_2 d_6 = x^{δ1}_1 ( x^{α43−α13}

3 f_1f_2f_3 − f_3f_4g ) − x^{ε1}_1 f_2g^2

2. if α_{32} ≤ α_{42}, α_{13} ≤ α_{43} and α_{24} ≤ α_{14}

x^{α32}_2 d_1 = f_4g^2 − x^{α43−α13}_3 x^{α14−α24}_4 f^2_2 f_3 x^{α24}_4 d_2 = x^{δ1}_1 f_1f^2_4 − x^{ε1}_1 x^{α42−α32}_2 f_2g^2 x^{α13}_3 d_3 = x^{δ1}_1 x^{α42−α32}

2 x^{α14−α24}

4 f^3_3 − x^{ε1}_1 ( f^2_1 g + x^{α14−α24}

4 f_1f_2f_3 ) x^{α24}_4 d_4 = x^{δ1}_1 x^{α43−α13}

3 f_1f_3f_4 − x^{ε1}_1 ( f_4g^2 + x^{α43−α13}

3 f_1f_2g ) x^{α24}_4 d_5 = x^{δ1}_1 f^3_4 − x^{α42−α32}_2 x^{α43−α13}_3 ( x^{δ1}_1 f_2f_3f_4 + x^{ε1}_1 f^2_2 g ) x^{α32}_2 d_6 = x^{δ1}_1 ( x^{α43−α13}

3 f_1f_2f_3 − f_3f_4g ) − x^{ε1}_1 f_2g^2.

Remark 3.3. Comparing a-1) and a-2) one can see how the relations change if some inequality does. So if in a-1) changes α_{13} ≤ α_{43} to α_{43} ≤ α_{13} (we get b-1) case from the Proposition 3.2) the relation for d_1 changes from x^{α32}_2 d_1 = x^{α24−α14}_4 f_4g^2 − x^{α43−α13}

3 f^2_2 f_3 to x^{α32}_2 d_1 = x^{α13−α43}_3 x^{α24−α14}_4 f_4g^2−f^2_2 f_3 etc. Relations not involving x_3 in positive power stay unchanged (e.g. x^{α14}_4 d_2 = x^{δ1}_1 f_1f^2_4 − x^{ε1}_1 x^{α42−α32}_2 f_2g^2) but relations with x^{α13}_3 on the left side change the power to x^{α43}_3 :

x^{α43}_3 d_3 = x^{δ1}_1 x^{α42−α32}

2 f^3_3 − x^{ε1}_1 ( x^{α24−α14}

4 f^2_1 g + f_1f_2f_3 ) . Proof of the Theorem 3.2. From the Proposition 3.2 we know that L(A/(P^3, x_1)) = 10 · n_1 + 6 · t, where t = αβγ is a product of 3 numbers: α = min {α_{32}, α_{42}}, β = min {α_{13}, α_{43}},γ = min {α_{14}, α_{24}}.

Using the notation of Bresinsky (see Proposition 2.1) we have 5 relations:

R_1: x^{α43}_3 f_1 + x^{α14}_4 f_3 − x^{α31}_1 g = 0 R_2: x^{α32}_2 f_1 + x^{α21}_1 f_3 − x^{α13}_3 g = 0 R_3: x^{α43}_3 f_2 + x^{α32}_2 f_4 + x^{α24}_4 g = 0 R_4: x^{α14}_4 f_2 + x^{α21}_1 f_4 + x^{α42}_2 g = 0 R_5: x^{α24}_4 f_1 + x^{α31}_1 f_2 + x^{α42}_2 f_3 + x^{α13}_3 f_4 = 0

SYMBOLIC POWERS 93

(they can be obtained from the matrix equation I_5 (P ) .J^T = 0 where J = (−f_4, −f_2, −g, f_3, f_1) and symbol I_5 (P ) is defined in Section 1.1).

As in the above Example 3.2 we can derive from these relations new ones and to find elements d_1, . . . , d_6 which have in different situations little modified form.

We prove our claim for a-1) ; the other cases are in principle the same. In the following we need in some cases to differ between the numbers α_{21} and α_{31}. Denote the wanted elements d_i, d^′_i, d^{′′}_i in case α_{31} > α_{21}, α_{31} = α_{21}, resp. α_{31} < α_{21}.

Then in case a-1)

d_1 ≡ d^′_1 ≡ d^{′′}_1 ≡ x^{α32}_2 x^{2α4}_4 − x^{α2}_2 x^{α43}_3 x^{α4}_4 − x^{α2+α42}_2 x^{2α43}_3 ( mod x_1) , d_2 ≡ x^{α13}_3 x^{2α4}_4 − 2x^{α42}_2 x^{α3}_3 x^{α4}_4 + x^{2α42}_2 x^{α3+α43}_3 ( mod x_1) , d^′_2 ≡ d_2 + x^{2α2}_2 x^{α14}_4 ( mod x_1) , d^{′′}_2 ≡ d^′_2 − d_2 ≡ x^{2α2}_2 x^{α14}_4 ( mod x_1) , d_3 ≡ x^{α42−α32}

2 x^{2α3+α43}

3 ( mod x_1) , d^′_3 ≡ d_3 + x^{α32}_2 x^{α13}_3 x^{α4+α14}_4 + x^{α2}_2 x^{α3}_3 x^{α14}_4 ( mod x_1) , d^{′′}_3 ≡ d^′_3 − d_3 ≡ x^{α32}_2 x^{α13}_3 x^{α4+α14}_4 + x^{α2}_2 x^{α3}_3 x^{α14}_4 ( mod x_1) , d_4 ≡ x^{α42}_2 x^{α3+2α43}

3 − x^{α3+α43}_3 x^{α4}_4 ( mod x_1) , d^′_4 ≡ d_4 + x^{2α32}_2 x^{α4+2α14}_4 ( mod x_1) , d^{′′}_4 ≡ d^′_4 − d_4 ≡ x^{2α32}_2 x^{α4+2α14}_4 ( mod x_1) , d_5 ≡ x^{2α4+α24}

4 − 3x^{α42}_2 x^{α43}_3 x^{α4+α24}_4 + 2x^{2α42}_2 x^{2α43}_3 x^{α24}_4 ( mod x_1) , d^′_5 ≡ d_5 − x^{2α2+α42}

2 x^{α43−α13}

3 ( mod x_1) , d^{′′}_5 ≡ d_5 − d^′_5 ≡ x^{2α2+α42}_2 x^{α43−α13}_3 ( mod x_1) , d_6 ≡ 2x^{α42}_2 x^{α3+α43}_3 x^{α14}_4 − x^{α3}_3 x^{α4+α14}_4 ( mod x_1) , d^′_6 ≡ d_6 − x^{α2+α32}_2 x^{2α14}_4 ( mod x_1) , d^{′′}_6 ≡ d_6 − d^′_6 ≡ x^{α2+α32}_2 x^{2α14}_4 ( mod x_1) .

Following the idea from the above example put Q_0 = ( P^3, x_1 ) , Q_i = (Q_{i−1}, d_i) for i = 1, 2, . . . , 6, then

Q_{i−1} : d_i = (x^{α32}_2 , x^{α13}_3 , x^{α14}_4 ) ( mod x_1) for all i.

Then we have L ( A/ ( P^3, x_1, d_1, . . . , d_6 )) = (10.n_1 + 6 · t) − 6 · t with t = α_{32}α_{13}α_{14}. It follows then that ( P^3, d_1, . . . , d_6 ) = P^{(3)}.

4. Finite Symbolic Algebras

Let us turn to the curve C (5, 6, 7, 8) from the previous example. Put D = (d_1, . . . , d_6) and R = A [ P t, Dt^3 ] .

94^ˇS. SOL^ˇCAN

Let φ: A [T_1, T_2, . . . , T_{11}] → R be the natural epimorphism sending

T_i → f_it for i = 1, 2, 3, 4 T_5 → gt and T_i → d_{i−5}t^3 for i = 6, . . . , 11.

Then φ induce isomorphisms

φ^′: A [T_1, . . . , T_{11}] / Ker φ → R and φ^∗: k [T_1, . . . , T_{11}] / (Ker φ, M) → R/MR.

We need to compute the analytic spread a(P^{(3)}) of P^{(3)} in order to use the following lemma for deciding on finiteness of S (P ) (see [7, Theorem 2.1 and Corollary 2.2]).

Lemma 4.4. For a P -primary ideal Q of an unmixed local ring (A, M) the following conditions are equivalent:

1. S (Q) is an A-algebra of finite type.

2. There is an integer k such that a(Q^{(k)}A_p) < dim A_p for all prime ideals p ⊃ P .

Using computer program Macaulay we get that

Ker φ^∗ = I = (g_1, . . . , g_{40}) = ( T^3_2 − T_1T_2T_3 + T^2_1 T_4, . . . , T_6T_7 + T^2_{11} )

and dim R/MR = 3. Because P^{(3)} = ( P^3, d_1, . . . , d_6 ) , a(P^{(3)}) = dim R ( P^{(3)} ) /MR ( P^{(3)} ) = dim R/MR = 3 < 4 = dim A_M ,

thus the symbolic Rees algebra S (P ) is an A-algebra of finite type.

Note that the computations were on the edge of our computer possibilities; e.g. we could not correctly compute the standard basis of Ker φ^∗ for the curve C (5, 7, 8, 9) though it is not too much “complicated” curve.

Acknowledgement. I would like to thank P. Schenzel for stimulating discussions and his help during the preparation of this paper and my colleague P. Chalmovianský for the skilled transcription from CHI-writer to TEX file.

References

1. Bresinsky H., Symmetric semigroups of integers generated by 4 elements, Manuscripta Math 17 (1975), 205–219.

2. , Monomial gorenstein curves in a^4 as set-theoretic complete intersections., Manuscripta Math 27 (1979), 353–358.

SYMBOLIC POWERS 95

3. Buchsbaum D. A. and Eisenbud D., Algebra structures for finite free resolutions and some structure theorems for ideals of codim 3, Amer. J. Math. 99 (1977), 447–485.

4. Huneke C. and Ulrich B., Powers of licci ideals., In Commutative algebra, vol. 15, Berkeley,, CA Springer, 1989, pp. 339–346.

5. Knoedel G., Schenzel P. and Zonsarow R., Explicit computations on symbolic powers of monomial curves in affine space, Comm. Algebra 20 (1992), 2113–2126.

6. Kunz E., Einführung in die kommutative Algebra und algebraische Geometrie, Vieweg, Braunschweig, 1980.

7. Schenzel P., Examples of noetherian symbolic blow-up rings, Rev. Roum. Pure Appl. 33 (1988), 375–383.

8. Vasconcelos W. V., Arithmetic of Blowup Algebras, Cambridge University Press, 1994. 9. Watanabe J., A note on gorenstein rings of embedding codimension three, Nagoya Math. J.

50 (1973), 227–232.

Š. Solčan, Department of Mathematics, Comenius University, 842 48 Bratislava, Slovakia; e-mail: solcan@fmph.uniba.sk