Acta Math. Univ. Comenianae Vol. LXIX, 1(2000), pp. 71–76 71

DEGREES, NEIGHBOURHOODS, AND CLOSURE OPERATIONS

L. STACHO

Abstract. Closure theorems in graph theory are of the following type: Let G be a graph, P a graph theoretic property, and let u and v be two non-adjacent vertices of G. If condition c(u, v) holds, then G has property P if and only if G + uv has P.

We discuss several such results of the above type where the condition c(u, v) refers to neighbourhood properties of u and v.

1. Introduction

Bondy and Chvátal [2] extended the classical hamiltonian condition of Ore [8] as follows: Given a graph G = (V_G, E_G) of order n and u, v ∈ V_G. If uv /∈ E_G and d(u)+d(v) ≥ n, then G is hamiltonian if and only if G+uv is hamiltonian. In this connection one can define a graph C_n(G), called the n-closure of G, as the result of successively joining pairs of non-adjacent vertices with degree sum at least n until no such pair remains. Therefore, G is hamiltonian if C_n(G) is hamiltonian. Moreover, Bondy and Chvátal [2] generalized this idea to several graph-theoretic properties.

Inspired by these results many other closure concepts were developed, see for example [1], [3], [5], [6], [7], [12]. Some closure concepts involve information on “local” structure [3], [6], whereas the others involve information on “global” parameters of G. We refer the reader to a survey [4] for other closure concepts.

In this note we derive new closure theorems for some graph-theoretic properties related to cycles, which generalize the corresponding results of Bondy and Chvátal [2]. Our results are based on the following graph invariants which turned out to be “congenial” in conjunction with sufficient conditions for the existence of certain cycles in graphs, see e.g. [9], [10], [11].

In a graph G the set of neighbours of a vertex u ∈ V_G will be denoted by N(u), and the graph induced by the vertices in S, where S ⊆ V_G, will be denoted by G[S]. Let u and v be two non-adjacent vertices of a graph G. We define ψ_G(u, v) to be the number of components of G[N(u)] containing no neighbour of v. Let

Received July 8, 1999.

1980 Mathematics Subject Classification (1991 Revision). Primary 05C38, 05C45. A part of the paper was prepared during a TUCS postdoc fellowship of the author at the Department of Computer Science, University of Turku.

72 L. STACHO

α_G(u, v) be the number of vertices in G that are adjacent to both u and v, and let β_G(u, v) be the number of vertices ≠ v that are at distance two from u and are non-adjacent to v. Finally, we define

χ_G(u, v) = ψ_G(u, v) + pos(α_G(u, v) − β_G(u, v) − 1),

where pos(x) = max{x, 0}. If no confusion arises, the subscript G will be usually omitted.

To see the significance of ψ and χ let us observe that in any graph of girth at least 5, ψ(u, v) ≥ δ −1 for any pair of non-adjacent vertices u and v, where δ is the minimum degree of the graph. On the other hand if there are two non-adjacent vertices u and v with “many” neighbours in common, then, usually, ψ(u, v) is “small”, but α(u, v) − β(u, v) can be “large”. Thus χ may be well applicable to both sparse and dense graphs, and is well suited for the closure operations.

Let us note that each of the conditions in the next section can be checked in polynomial time. Thus as in [2], our results lead to algorithms which construct the closure based on the conditions in polynomial time. Moreover, if this closure is complete, then for example any hamiltonian cycle in K_n can be transformed into a hamiltonian cycle in the original graph in polynomial time.

2. Results

The following lemma from [10] plays an important role in our proofs.

Lemma 1. Let G be a non-hamiltonian graph with a hamiltonian path v_1v_2 . . . v_n, where v_1v_n /∈ E_G. Then

(1) d(v_1) + d(v_n) < n − max{χ(v_1, v_n), χ(v_n, v_1)}.

Theorem 1. Let u and v be two non-adjacent vertices of G such that d(u) + d(v) ≥ n − max{χ(u, v), χ(v, u)}. Then G is hamiltonian if and only if G + uv is hamiltonian.

Proof. If G is hamiltonian, then obviously so is G + uv. Now, assume G + uv is hamiltonian, but G is not. Thus G contains a hamiltonian path v_1v_2 . . . v_n, where v_1 = u and v_n = v. A contradiction follows from (1). □

Theorem 2. Let ϕ(u, v) = max{ψ(u, v), ψ(v, u)}. Let u and v be two nonadjacent vertices of G such that d(u) + d(v) ≥ 2n − s − ϕ(u, v), where 5 ≤ s ≤ n. Then G contains C_s if and only if G + uv contains C_s.

Proof. If G contains C_s, then obviously G + uv does. Assume now that G + uv contains a cycle C_s but G does not. Thus G contains a path P = v_1v_2 . . . v_s, where

DEGREES, NEIGHBOURHOODS, AND CLOSURE OPERATIONS 73

v_1 = u and v_s = v. Let H be the graph induced by the vertices of P . Then H +uv is hamiltonian but H is not. We may assume max{ψ(u, v), ψ(v, u)} = ψ(u, v). The other case is analogous. Let ω(u, v) = pos(ψ_G(u, v) − ψ_H (u, v)). Obviously, ω(u, v) does not exceed the number of components of G[N(u)] containing at least one vertex outside H and no neighbour of v. Thus, by (1) we have

d_G(u) + d_G(v) = d_H (u) + d_H (v) + d_{G−H} (u) + d_{G−H} (v) < s − ψ_H (u, v) + 2(n − s) − ω(u, v) ≤ 2n − s − ϕ(u, v),

a contradiction. □

Theorem 3. Let ϕ(u, v) = min{ψ(u, v) + pos(α(u, v) − β(u, v) − 2), ψ(v, u) + pos(α(v, u)−β(v, u)−2)}. Let u and v be two non-adjacent vertices of a connected graph G such that d(u) + d(v) ≥ n − 1 − ϕ(u, v). Then G contains a hamiltonian path if and only if G + uv contains a hamiltonian path.

Proof. If G contains a hamiltonian path, then G + uv does so. Assume now, that G + uv contains a hamiltonian path but G does not. Hence G + uv contains a path P = v_1v_2 . . . v_iv_{i+1} . . . v_n, where u = v_i and v = v_{i+1} for some 1 ≤ i < n. Let H be the graph induced by the vertices of P with one extra vertex x and edges xv_1, xu, xv, and xv_n. Obviously, H + uv is hamiltonian but H is not.

Since G is connected, at least one of the edges v_1u and vv_n is not in G, or i = 1 or n − 1. Indeed, if both v_1u, vv_n ∈ E_G, then since there must exist an edge v_kv_l, 1 ≤ k ≤ i and i + 1 ≤ l ≤ n, the path v_{k−1}v_{k−2} . . . v_1uv_{i−1}v_{i−2} . . . v_kv_l v_{l−1}v_{l−2} . . . vv_nv_{n−1} . . . v_{l+1} is a hamiltonian path in G, a contradiction. Thus we assume v_1u is not an edge of G or i = 1.

Since u is not adjacent to v and v_n, we have ψ_H (u, v) = ψ_G(u, v), α_H (u, v) = α_G(u, v) + 1, and β_H (u, v) ≤ β_G(u, v) + 2. Therefore, by (1) we have

d_G(u) + 1 + d_G(v) + 1 = d_H (u) + d_H (v) < n + 1 − ψ_H (u, v) − pos(α_H (u, v) − β_H (u, v) − 1) ≤ n + 1 − ψ_G(u, v) − pos(α_G(u, v) − β_G(u, v) − 2) ≤ n + 1 − ϕ(u, v),

a contradiction. □

Since every graph with a hamiltonian path is connected, the connectivity condition in Theorem 3 cannot be weakened in general.

A graph G is said to be s-edge hamiltonian if for each set E of s edges of G that form pairwise disjoint paths in G there exists a hamiltonian cycle in G containing E.

74 L. STACHO

Theorem 4. Let ϕ(u, v) = max{ψ(u, v), ψ(v, u)}. Let u and v be two nonadjacent vertices of G such that d(u) + d(v) ≥ n + s − ϕ(u, v). Then G is s-edge hamiltonian if and only if G + uv is s-edge hamiltonian.

Proof. If G is s-edge hamiltonian, then so is G + uv. Conversely, suppose that G+uv is s-edge hamiltonian but G is not. Then there is a set of s edges E that form pairwise disjoint paths in G, and G + uv has a hamiltonian cycle containing all the edges of E but G does not. Consider the graph H obtained from G by subdividing each edge in E into two. Then H + uv is hamiltonian but H is not. Moreover, ψ_H (x, y) ≥ ψ_G(x, y) for any non-adjacent vertices x and y of G. Therefore, by (1) we have

d_G(u) + d_G(v) < n + s − max{ψ_H (u, v), ψ_H (v, u)} ≤ n + s − ϕ(u, v), a contradiction. □ A graph G is defined to be hamilton-connected if for each pair of vertices x and y from G there is a hamiltonian path in G joining x and y.

Theorem 5. Let ϕ(u, v) = max{ψ(u, v) + pos(α(u, v) − β(u, v) − 2), ψ(v, u) + pos(α(v, u)−β(v, u)−2)}. Let u and v be two non-adjacent vertices of a connected graph G such that d(u) + d(v) ≥ n + 1 − ϕ(u, v). Then G is hamilton-connected if and only if G + uv is hamilton-connected.

Proof. If G is hamilton-connected, then so is G + uv. Suppose that G + uv is hamilton-connected but G is not. Thus there are two vertices x and y such that [xy ∈ E_G] (xy /∈ E_G) and the graph G + uv contains [a hamiltonian cycle containing the edge xy] (a hamiltonian path with end-vertices x and y) but G does not.

Let H be the graph obtained from G by adding extra vertex w and edges xw and yw. Then H + uv is hamiltonian but H is not. We may assume ϕ(u, v) = ψ(u, v) + pos(α(u, v) − β(u, v) − 2). Since if u = x, then v ≠ y and vice versa, we have ψ_H (u, v) ≥ ψ_G(u, v), α_H (u, v) = α_G(u, v), and β_H (u, v) ≤ β_G(u, v) + 1. Therefore, by (1)

d_G(u) + d_G(v) ≤ d_H (u) + d_H (v) < n + 1 − ψ_H (u, v) − pos(α_H (u, v) − β_H (u, v) − 1) ≤ n + 1 − ψ_G(u, v) − pos(α_G(u, v) − β_G(u, v) − 2) = n + 1 − ϕ(u, v), a contradiction. □

3. Other Closure Operations

Here we compare our results with some existing ones. First let us note that all the conditions in the previous section generalize the corresponding conditions from [2]. For example the following is a corollary to Theorem 1.

DEGREES, NEIGHBOURHOODS, AND CLOSURE OPERATIONS 75

Corollary 1. ([2]) Let u and v be two non-adjacent vertices of G such that d(u) + d(v) ≥ n. Then G is hamiltonian if and only if G + uv is hamiltonian.

In [5] closure operations based on neighbourhoods were developed. Our Theorem 3 has the corresponding result from [5] as a corollary.

Corollary 2. ([5]) Let u and v be two non-adjacent vertices of a connected graph G such that |N(u) ∪ N(v)| ≥ n − 2. Then G has a hamiltonian path if and only if G + uv has a hamiltonian path.

Proof. Since uv /∈ E_G, we must have |N(u) ∪ N(v)| = n − 2. Now, either |N(u) ∩ N(v)| ≥ 1, or ψ(u, v), ψ(v, u) ≥ 1. In both cases we have d(u) + d(v) ≥ n − 1 − min{ψ(u, v), ψ(v, u)}. □

In the rest we show that our results are non-comparable with some other closure operations by giving infinitely many examples. In fact, we provide the examples only for Theorem 1, but for remaining theorems similar examples can be found with some extra effort.

For each p ≥ 3 we define a graph F_p of order 2p^2 +2p+1 as the graph consisting of p + 1 copies of K_{p+1} with vertex set {u_{1,i}, u_{2,i}, . . . , u_{p+1,i}}, i = 1, 2, . . . , p + 1, and of p^2 vertices v_1, v_2, . . . , v_p2 . For each vertex u_{k,l}, where k = 2, 3, . . . , p + 1, and l = 1, 2, . . . , p+1, we add p^2 −p edges of the form u_{k,l}v_j , where j ∈ {1, . . . , p^2}. Now distinguish two vertices u = u_{i,j} and v = u_{k,l}, where 2 ≤ i, k ≤ p + 1, 1 ≤ j, l ≤ p+1, and j ≠ l. Finally, add 2p edges (p edges for u and p edges for v) joining u and v with the remaining vertices of the form v_j (vertices previously not joined to u and v, respectively). Thus we have defined F_p and we have distinguished two vertices u and v in F_p. Let us note that if we add the edges of the for u_{k,l}v_j in some reasonable manner, we can ensure that F_p is hamiltonian.

One can check that d(u) = d(v) = p^2 + p, and α(u, v) − β(u, v) − 1 = p − 1. Thus we can apply Theorem 1 and ensure that F_p is hamiltonian if and only if F_p + uv is hamiltonian.

In [1], the following closure operation for hamiltonian cycles is introduced. Let T_{u,v} = {x : u, v /∈ N(x)}, and let δ_{u,v} = min_{x∈Tu,v} d(x). In [1] it is proved that if G is 2-connected and u, v are two non-adjacent vertices of G such that |T_{u,v}| + 2 ≤ δ_{u,v}, then G is hamiltonian if and only if G + uv is hamiltonian. Since |T_{u,v}| = p^2 − 1 and δ_{u,v} = p in F_p, we cannot use the condition for vertices u and v in F_p.

In [3] the authors prove several theorems similar to the following one: Let x, y, u, and v be four vertices of a 2-connected graph G such that u and v are nonadjacent, and x, y ∈ N(u). If N(x) ∪ N(y) ⊆ N(v) ∪ {u, v}, then G is hamiltonian if and only if G+uv is hamiltonian. One can observe that in F_p and u, v as defined, for any choice of x and y from N(u) there always exists at least one vertex from N(x) or N(y) that is not in N(v). Hence the condition cannot be used for vertices u and v in F_p.

76 L. STACHO

Finally, we show that the hamiltonicity result from [12] is also non-comparable with ours. The condition from [12] is: Let u and v be two non-adjacent vertices of G, R = V_G \ (N(u) ∪ N(v) ∪ {u, v}), Θ = n − d(u) − d(v), and R^′ = {x : x ∈ R, d(x) ≥ |R| + max{2, Θ}}. If d(u) + d(v) ≥ n − |R^′|, then G is hamiltonian if , and only if G + uv is hamiltonian. Since Θ = 1, |R| = p^2 − 1, and |R^′| = 0, we cannot use this condition in F_p for u and v.

References

1. Ainouche A. and Christofides N., Semi-independence number of a graph and the existence of hamiltonian circuits, Discrete Appl. Math. 17 (1987), 213–221.

2. Bondy J. A. and Chvátal V., A method in graph theory, Discrete Math. 15 (1976), 111–135. 3. Broersma H. J. and Schiermeyer I., Subgraphs, closures and hamiltonicity, Discrete Appl.

Math. 51 (1994), 39–46.

4. Broersma H. J., Ryjáček Z. and Schiermeyer I., Closure concepts — a survey, submitted. 5. Faudree R. J., Gould R. J., Jacobson M. S. and Lesniak L., Neighborhood closures for graphs, Colloq. Math. Soc. János Bolyai 52 (1987), 227–237.

6. Hasratian A. S. and Khachatrian N. K., Some localization theorems on a hamiltonian circuits, J. Combin. Theory Ser. B49 (1990), 287–294.

7. , Stable properties of graphs, Discrete Math. 90 (1991), 143–152. 8. Ore O., Note on hamiltonian circuits, Amer. Math. Monthly 67 (1960), 55. 9. Polický I., A sufficient condition for hamiltonian graphs, Math. Slovaca 45 (1995), 115–119. 10. Stacho L., Old hamiltonian ideas from a new point of view, Mathematische Nachrichten 186 (1997), 251–258.

11. , A sufficient condition guaranteeing large cycles in graphs, Discrete Math. 169 (1997), 273–277.

12. Zhu Y, Tian F. and Deng X., More powerful closure operations on graphs, Discrete Mathematics 87 (1991), 197–214.

L. Stacho, Institute of Mathematics, Department for Informatics, Slovak Academy of Sciences, Bratislava, Slovakia