Acta Math. Univ. Comenianae Vol. LXX, 2(2001), pp. 185–192 185

PREVALENCE OF SOME KNOWN TYPICAL PROPERTIES

H. SHI

Abstract. In this paper, some known typical properties of function spaces are shown to be prevalent in the sense of the measure-theoretic notion of Haar null.

1. Introduction

In 1994, B. R. Hunt, T. Sauer and J. A. Yorke [8] rediscovered the idea of defining Haar null sets in a Banach space (see such sets in [6] and [16]). They termed a Borel Haar null set and all its subsets shy. However, Hunt, Sauer and Yorke emphasized the applications of shy sets to the study of properties of function spaces. An interesting result [9] shows that the known typical property of nowhere differentiability in the space of continuous functions is also a prevalent property in the sense of shyness. The purpose of this paper is to show that some known typical properties of function spaces are also prevalent. Of course, generally a typical property may or may not be prevalent in a function space, and vice verse (see [14] for example).

Throughout this paper we use the universal measurability of the small sets as required by Christensen [6]. We record several definitions from [6], [8] and [16] as follows.

A universally measurable set S in a Banach space B is said to be shy if there exists a tight, Borel probability measure μ on X such that μ(S + x) = 0 for any x ∈ B. A set in a Banach space is prevalent if it is the complement of a shy set. A prevalent property in a Banach space is a property which holds for all points except for a shy set.

A probability measure μ on a Banach space X is transverse to a set S if μ({z ∈ X : x + z ∈ S}) = 0 for all x ∈ X.

2. A Prevalent Property in C[a, b]

A continuous function is called nowhere monotonic type on an interval [a, b] if for any γ ∈ R the function f(x) − γx is not monotonic on any subinterval of [a, b].

It is well known (e.g. see [4, pp. 461–464]) that being nowhere monotonic type is a typical property in the space C[a, b]. We will show that this typical property

Received October 30, 1998.

2000 Mathematics Subject Classification. Primary 26A30; Secondary 28C10.

186 H. SHI

is also a prevalent property in C[a, b]. This result follows easily from the results of Hunt [9]. Our proof, however, is more elementary.

Theorem 2.1. The prevalent function f ∈ C[a, b] is of nowhere monotonic type.

Proof. Given any interval I, let G(I) = {f ∈ C[a, b] : f is of monotonic type on I}, and let

G_n(I) = { f ∈ C[0, 1] :

there exists a γ ∈ [−n, n] such that f − γx is monotonic on I } . Then G(I) = ∞⋃ n=1 G_n(I). It is easy to show that G_n(I) is a closed set and so G(I) is a Borel set. Now we show that G_n(I) is a shy set. Choose a function g ∈ C[a, b] that is nowhere differentiable on I. For any f ∈ C[a, b], let G_{n,g} = {λ ∈ R : f + λg ∈ G_n}. Then G_{n,g} is a singleton or empty set. If not, there exist λ_1, λ_2 ∈ G_{n,g} , λ_1 ≠ λ_2. Then there exist γ_1 and γ_2 such that f +λ_1g−γ_1x and f +λ_2g−γ_2x are monotonic on I. Therefore

(f + λ_1g − γ_1x) − (f + λ_2g − γ_2x) = (λ_1 − λ_2)g + (γ_2 − γ_1)x is differentiable almost everywhere on I. This contradicts our assumption that the function g is nowhere differentiable. Thus G_{n,g} is a singleton or empty set and therefore the set G_n(I) is a shy set. The countable union of G(I_k ) over all rational intervals I_k is also shy. The result follows. □ 3. A Prevalent Property in C^∞[0, 1] C^∞[0, 1] is the space of all infinitely differentiable functions on [0, 1], equipped with the metric d defined by d(f, g) = ∞∑ n=0 1 2^n p_n(f − g) 1 + p_n(f − g) , where p_n(f) = sup{|f^{(n)}(x)| : x ∈ [0, 1]}. C^∞[0, 1] is complete under the metric d. A function f ∈ C^∞[0, 1] is said to be analytic at a point x_0 if its Taylor series

T (f, x_0) = ∞∑ n=0 f^{(n)}(x_0) n! (x − x_0)^n

converges to f in an open neighbourhood of x_0. There are several papers (e.g. [1], [5], and [12]) devoted to the constructions of nowhere analytic functions in C^∞[0, 1], or to showing that nowhere analytic functions in C^∞[0, 1] are typical.

PREVALENCE OF SOME KNOWN TYPICAL PROPERTIES 187

In this section a very simple method will be given to show that nowhere analytic functions in C^∞[0, 1] are both typical and prevalent.

Theorem 3.1. Both the typical function and the prevalent function in C^∞[0, 1] are nowhere analytic on [0, 1].

Proof. Let I ⊆ [0, 1] be a closed interval and x_I be the center point of I. Let

C(I) = {f ∈ C^∞[0, 1] : T (f, x_I ) converges to f on I}.

Then C(I) is closed. In fact, let {f_n} be a Cauchy sequence in C(I). Then there exists a function f ∈ C^∞[0, 1] such that f_n → f in the metric d. For arbitrary integers n, N and x ∈ I, | | | | f(x) − N∑ k=0 f^{(k)}(x_I ) k! (x − x_I )^k | | | | ≤ ( 1 + N∑ k=0 2^k|x − x_I |^k k! ) d(f_n, f) + | | | |fn(x) − N∑ k=0 f^{(k)}_n (x_I ) k! (x − x_I )^k | | | | . Thus, for any n and x ∈ I, lim_{N→∞} | | | | | f(x) − N∑ k=0 f^{(k)}(x_I ) k! (x − x_I )^k | | | | | ≤ ( 1 + ∞∑ k=0 2^k|x − x_I |^k k! ) d(f_n, f). Let n → ∞. Then, for all x ∈ I, lim_{N→∞} | | | | | f(x) − N∑ k=0 f^{(k)} k! (x − x_I )^k | | | | | = 0.

Thus f ∈ C(I) and so C(I) is closed. Clearly, the set C(I) is a linear, proper subspace of C^∞[0, 1]. Thus C(I) is nowhere dense and shy. Notice that the union of all C(I) over all rational intervals I consists of all functions in C^∞[0, 1] that are analytic at some point of [0, 1]. Thus the result follows. □

4. Prevalent Properties in bA, bDB^1, bB^1

Following Bruckner [2] and Bruckner and Petruska [3] we use bA, bDB^1, bB^1 to denote the spaces of bounded approximately continuous functions, bounded Darboux Baire 1 functions, and bounded Baire 1 functions defined on [0, 1] respectively, all of which are equipped with supremum norms. All these spaces are Banach spaces and form a strictly increasing system of closed subspaces (see [2], [3]). In [3] it was shown that for a given arbitrary Borel measure μ on [0, 1] the typical function in F = bA, bDB^1, or bB^1 is discontinuous μ almost everywhere. We will show that such typical properties in these three spaces are also prevalent properties for any σ-finite Borel measure.

Theorem 4.1. Let μ be a σ-finite Borel measure on [0, 1]. The prevalent function in F = bA, bDB^1, or bB^1 is discontinuous μ almost everywhere on [0, 1].

188 H. SHI

Proof. Let

S = {f ∈ F : f is continuous on a set F_λ, μ(F_λ) > 0} . We show first that the set S is a Borel set. Note S = ∞⋃ n=1 A 1_n where A 1_n = { f ∈ F : μ(C_f ) ≥ 1 n }

and C_f is the set of continuity points of f. Let {f_m} be a Cauchy sequence in A 1_n , then f_m → f ∈ F uniformly. Let C = ∞⋂ N=1 ∞⋃ m=N C_{fm} . Then C ⊆ C_f . Note

μ(C) = lim_{N→∞} μ( ∞⋃ m=N C_{fm} ) ≥ lim inf_{m→∞} μ(C_{fm} ) ≥ 1 n . So f ∈ A 1_n . Thus A 1_n is closed and the set S is a Borel set.

We now show that the set S is a shy set. It is well known that there is a function g ∈ F which is discontinuous μ almost everywhere on [0, 1]. See [3, pp. 331, Theorem 2.4]. We will use this function g as a probe. For any given function f ∈ F, let S_g = {λ ∈ R : f + λg ∈ S}. We claim that S_g is Lebesgue measure zero. For distinct λ_1, λ_2 ∈ S_g, if μ(F_{λ1} ∩ F_{λ2} ) > 0, then (f + λ_1g) − (f + λ_2g) = (λ_1 − λ_2)g would be continuous on F_{λ1} ∩ F_{λ2} . This contradicts the choice of the function g. Thus for distinct λ_1 and λ_2 the corresponding sets F_{λ1} and F_{λ2} satisfy μ(F_{λ1} ∩ F_{λ2} ) = 0. Since μ is σ-finite on [0, 1] then [0, 1] = ⋃_∞ i=1 X_i where μ(X_i) < ∞ and X_i ∩ X_j = ϕ, i ≠ j. Let S_{mn} = { λ ∈ S_g : μ(F_λ ∩ X_m) ≥ 1 n } . Then S_{mn} is finite. If not, there exist countably many λ_i ∈ S_{mn} such that ∞ = ∞∑ i=1 μ(F_{λi} ∩ X_m) = μ ( X_m ∩ (^∞⋃ i=1 F_{λi} ) ) ≤ μ(X_m) < ∞. This is a contradiction. Hence S_{mn} is finite and S_g = ⋃_∞ m,n=1 Smn is at most

countable. Thus S_g is Lebesgue measure zero and the result follows. □

PREVALENCE OF SOME KNOWN TYPICAL PROPERTIES 189

In the proof of Theorem 4.1 we did not use any special propertes of functions in bA, bDB^1, bB^1, except that in all these classes there are functions that are discontinuous μ almost everywhere on [0, 1]. Thus, we can extend Theorem 4.1 in a general form as follows (see [11] for a typical version).

Theorem 4.2. Let μ be a σ-finite Borel measure on [0, 1]. Let F be a linear space of bounded functions f : [0, 1] → R with supremum metric. Suppose that there is a function f ∈ F that is discontinuous μ almost everywhere on [0, 1]. Then the prevalent function in F is discontinuous μ almost everywhere on [0, 1].

5. Prevalent Properties in BSC[a, b]

The space BSC[a, b] of bounded symmetrically continuous functions equipped with the supremum norm is a complete space (see [15]). From [13] we know that the set of functions f ∈ BSC[a, b], which have c-dense sets of points of discontinuity, is residual. In this section we show that such a set is also prevalent. Here we say that a set is c-dense in a metric space (X, ρ) if it has continuum many points in every non-empty open set.

In [10] Pavel Kostyrko showed the following theorem.

Theorem 5.1. Let (X, ρ) be a metric space. Let F be a linear space of bounded functions f : X → R furnished with the supremum norm ‖f‖ = sup_{x∈X} {|f(x)|}. Suppose that in F there exists a function h such that its set D(h) of points of discontinuity is uncountable. Then

G = {f ∈ F : D(f) is uncountable} is an open residual set in (F, d), d(f, g) = ‖f − g‖.

By modifying the methods in [13] we can get a stronger result in separable metric spaces.

Theorem 5.2. Let (X, ρ) be a separable metric space. Let F be a complete metric linear space of bounded functions f : X → R furnished with supremum norm ‖f‖ = sup_{x∈X} {|f(x)|}. Suppose that there is a function h such that its set D(h) of points of discontinuity is c-dense in (X, ρ). Then G = {f ∈ F : D(f) is c-dense} is a dense residual G_δ set in (F, d), where d(f, g) = ‖f − g‖.

Proof. Given a non-empty set O, we can show that A(O) = {f ∈ F : D(f) ∩ O is of power c} is a dense open set by using the methods in [13]. In fact, let {f_n} ⊆ F \ A(O) be a convergent sequence. Then there is a function f ∈ F such that f_n −→ f uniformly. Then D(f_n) ∩ O is at most countable and so the union ⋃_∞ n=1 D(f_n) ∩ O is at most countable. Since f is continuous at each point x ∈ O \ ⋃_∞ n=1 D(f_n) ∩ O, so f ∈ F \ A(O). Hence F \ A(O) is closed and A(O) is open.

Now we show that A(O) is dense in F . For every ball B(f, ϵ) ⊆ F , if f ∈ A(O) there is nothing to prove. We assume f ∈ F \ A(O), then f has at most countably

190 H. SHI

many points of discontinuity in O. From the assumption there is a function h ∈ F such that h has a c-dense set of points of discontinuity in O. Let M be a constant such that |h(x)| ≤ M for all x ∈ X and set g = f +^ϵ_{2M} h. Then g ∈ F is discontinuous in continuum many points of O. It is easy to see g ∈ A(O) ⋂ B(f, ϵ) and hence A(O) is dense.

Let {x_i} be a dense countable subset of X, then G = ∞⋂ i=1 ∞⋂ m=1 A(B(x_i, 1/m)) is a dense G_δ set where B(x_i, 1/m) is the open ball centered at x_i and with radius 1/m. Thus G is a dense residual G_δ set in F . □

Corollary 5.3. The typical functions in R[a, b], the space of Riemann integrable functions furnished with the supremum norm, have c-dense sets of points of discontinuity.

Proof. The set of points of discontinuity of any bounded symmetrically continuous function is Lebesgue measure zero [15, pp. 27, Theorem 2.3]. Thus, such a function is Riemann integrable by the well known fact that a bounded Lebesgue measurable function is Riemann integrable iff its set of points of discontinuity is Lebesgue measure zero [4]. Tran in [17] has constructed a symmetrically continuous function whose set of points of discontinuity is c-dense. Hence the result follows. □

The following theorem gives a similar form of Theorem 5.2 in the sense of prevalence.

Theorem 5.4. Let (X, ρ) be a separable metric space, μ be a σ-finite Borel measure that is non-zero on every open set in (X, ρ). Let F be a complete metric linear space of bounded functions f : X → R furnished with the supremum norm ‖f‖ = sup_{x∈X} {|f(x)|}. Suppose that in F there exists a function h such that its set of points of discontinuity is c-dense in (X, ρ). Then the prevalent function f ∈ F has a c-dense set of points of discontinuity.

Proof. Let G = {f ∈ F : D(f) is c-dense in X}.

By Theorem 5.2 the set G and its complement are Borel sets. We need only show that for every f ∈ F the following set S = { λ ∈ R : f + λh is discontinuous at most countably many points in some non-empty open set O_λ ⊆ (X, ρ) } . is a Lebesgue measure zero set. Using the method in the proof of Theorem 4.1 we can show that the set S is at most countable. Therefore the set F is shy and the result follows. □

Corollary 5.5. The prevalent function f ∈ BSC_n[a, b], the space of bounded n-th symmetrically continuous functions furnished with the supremum norm, has a c-dense set of points of discontinuity.

PREVALENCE OF SOME KNOWN TYPICAL PROPERTIES 191

Proof. The space BSC_n[a, b] is a complete metric space (see [10]). By Tran’s results [17], there exist functions h_1 and h_2 in BSC_1[a, b] and BSC_2[a, b] respectively such that h_1 and h_2 have c-dense sets of points of discontinuity on [a, b]. Also note that BSC_1[a, b] = BSC[a, b] ⊆ BSC_{2k−1}[a, b] and BSC_2[a, b] ⊆ BSC_{2k}[a, b] (see [10] for details). Thus, the result follows from Theorem 5.4. □

Applying Theorem 5.4 and Tran’s results [17] we immediately obtain a prevalent property in the space R[a, b], which is also a typical property in R[a, b] as shown in Corollary 5.3.

Corollary 5.6. The prevalent function f ∈ R[a, b] has a c-dense set of points of discontinuity.

In the following theorem we show that the non-countable continuity is both a typical property and a prevalent property in the space BSC[a, b]. Here a function f : X ⊆ R → R is called countably continuous if there is a countable cover {X_n : n ∈ N} of X (by arbitrary sets) such that each restriction f|X_n is continuous.

By constructing an example of a non-countably continuous function Ciesielski [7] answered a question of L. Larson who asked whether every symmetrically continuous function is countably continuous. We will use this construction to show that the non-countable continuity is both a typical property and a prevalent property in the space BSC[a, b].

Theorem 5.7. Both the typical function and the prevalent function f ∈ BSC[a, b] are not countably continuous.

Proof. Let

S = {f ∈ BSC[a, b] : f is countably continuous}.

Then the set S is a linear, closed and proper space. In fact, for all f_1, f_2 ∈ S, there are countable covers {X^1_n : n ∈ N} and {X^2_n : n ∈ N} of [a, b] such that the restrictions f_i|X^i_n are continuous. So {X^1_i ∩ X^2_j : i, j ∈ N} is a countable cover of [a, b] and the restrictions f_i|X^1_i ∩ X^2_j are continuous for any α, β ∈ R. Therefore S in linear. Let {f_n} ⊆ S be a convergent sequence. Then there is a function f ∈ BSC[a, b] such that f_n → f uniformly. For each f_n there exists a countable cover {X^n_i } of [a, b] such that f_n|X^n_i is continuous. so ⋂_∞ n=1 X^n_i is a countable cover of [a, b] and the restriction f_m| ⋂_∞ n=1 X^n_i is continuous for any m, i.

Thus the restriction f| ⋂_∞ n=1 X^n_i is continuous since f is the uniform limit of f_n.

Therefore f ∈ S and S is closed. S is proper from Ciesielski’s construction of a non-countably continuous function [7]. Therefore, the set S is closed and nowhere dense. So the non-countable continuity is a typical property.

On the other hand, the intersection of the set S with any line with the direction g ∈ BSC[a, b] \ S is Lebesgue measure zero. Therefore the set S is shy and the non-countable continuity is also a prevalent property. □

192 H. SHI

References

1. Boas R. P., When is a C^∞ function analytic?, Math. Intelligencer 11(4), 34–37. 2. Bruckner A. M., Differentiation of Real Functions, CRM Monograph Series, Vol. 5, Amer. Math. Soc., 1994.

3. Bruckner A. M. and Petruska G., Some typical results on bounded Baire 1 functions, Acta Math. Hung. 43(3-4) (1984), 325–333.

4. Bruckner A. M., Bruckner J. B. and Thomson B. S., Real Analysis, Prentice-Hall, 1997. 5. Cater F. S., Differentiable, nowhere analytic functions, Amer. Math. Monthly 91 (1984), 618–624.

6. Christensen J. P. R., On sets of Haar measure zero in Abelian Polish groups, Israel J. Math.

13 (1972), 255–260.

7. Ciesielski K. and Szyszkowski M., Symmetrically continuous function which is not countably continuous, 22(1) (1996-97), 428–432.

8. Hunt B. R. , Sauer T. and Yorke J. A., Prevalence: a translation invariant “almost every” on infinite dimensional spaces, Bull. Amer. Math. Soc. (N.S.) 27 (1992), 217–238.

9. , The prevalence of continuous nowhere differentiable functions, Proc. Amer. Math.

Soc. 122(3) (1994), 711–717.

10. Kostyrko P., On a typical property of some function spaces, Acta Mathematica Universitatis Comenianae LIV-LV (1988), 211–215.

11. Kostyrko P. and Šalát T., On the structure of some function space, Real Analysis Exchange 10 (1984-1985), 188–193.

12. Ramsamujh T. I., Nowhere analytic C^∞ functions, J. Math. Analysis Appl. 160 (1991), 263–266.

13. Shi H., Some typical properties of continuous functions, symmetric functions and continuous functions, Real Analysis Exchange 21(2) (1995-96), 708–714.

14. Shi H. and Thomson B. S., Haar Null Sets in the Space of Automorphisms on [0, 1], Real Analysis Exchange 24(1) (1998-99), 337–350.

15. Thomson B. S., Symmetric Properties of Real Functions, Marcel Dekker Inc., New York, 1994.

16. Topsøe F. and Hoffman-Jørgenson J., Analytic spaces and their application, in C. A. Rogers et. al., Analytic Sets, pp. 317–401, Academic Press, London, 1980.

17. Tran T. C., Symmetric functions whose set of points of discontinuity is uncountable, Real Analysis Exchange 12 (1986-87), 496–509.

H. Shi, 2742 Keremeos Court, Vancouver, BC, Canada V6T 1N5, e-mail: hshi@ece.ubc.ca