LINEAR CONNECTIONS
ON ALMOST COMMUTATIVE ALGEBRAS

C. CIUPALA

ABSTRACT. In this paper we study linear connection on bimodules over almost commutative algebras using the framework
of noncommutative geometry. We also present its curvature and its torsion. As an example there are presented linear
connections on N-dimmensional quantum hyperplane over two kind of bimodules.

1. INTRODUCTION

There are some ways to introduce the notion of linear connection in noncommutative geometry. In [8] there is
introduced the notion of linear connection in noncommutative geometry on an algebra A, in [5] there are presented
linear connections on central bimodules, in [6] there are studied the EF—connections over a graded Lie-Cartan
pair (L, A) and in [2] there are linear connection on colour bimodules over a colour algebra.

In this paper we use the framework of noncommutative geometry to present linear connections on bimodules
over an almost commutative algebra. These connections are a natural generalizations of F—connections over a
graded Lie-Cartan pair (L, A) from [6] in the case L = p-DerA.

The paper is organized as follows: In the second paragraph we review the basic notions concerning almost
commutative algebras, the derivations on almost commutative algebras (see [1]). In the third paragraph we
introduce linear connection on a bimodule over an almost commutative algebra and we define its curvature. Then
we study some properties of the curvature and thus we deduce the Bianchi identity. In the particular case when
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the bimodule M is p-DerA we obtain linear connections on an almost commutative algebra and in this situation
we present its torsion. Some examples of almost commutative algebras and connections on these algebras are
presented.

In the last section we exemplified shortly the N-dimensional quantum hyperplane (as in [1]) and we show our
construction of linear connections on N-dimensional quantum hyperplane over two kind of bimodules: p-Der(S%)
and Q*(S%).

2. ALMOST COMMUTATIVE ALGEBRA

In this section we present shortly a class of noncommutative algebras which are almost commutative algebras, for
more details see [1].

Let G be an abelian group, additively written, and let A be a G-graded algebra. This means that as a vector
space A has a G-grading A = ©,eq 4., and that one has moreover A, A4, C Aqtp (a,b € G). The G-degree of a
(nonzero) homogeneous element f of A is denoted as |f|. Futhermore let p : G x G — k be a map which satisfies
(1) pla,b) = p(b,a)~", a,b e G,

(2) pla+b,c) = p(a,c)p(b,c), a,b,ceq.

This implies p(a,b) # 0, p(0,b) = 1, and p(c,c) = %1, for all a,b,c € G, ¢ # 0. We define for homogeneous

elements f and g in A an expression, which is p-commutator of f and g as:

(3) [f,9lo = fa—p(fllg))gf.

This expression as it stands make sense only for homogeneous element f and g, but can be extended linearly
to general elements. The p-bracket has the following properties:

(4) [Aa, Ap] C Aaso, a,beq,

() [£:91, = =p(f11gDlg, Flp,
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p(fL RN S g, hlole + p(lgl, 1FD ™ g [y £llo +
(6) + p(|h‘,|g|)_1[h, [fag]P]P:()? fag7h€A-

Eq. (5) may be called p-antisymmetric and Eq. (6) the p-Jacobi identity.
A p-derivation X of A, of degree |X|, is a bilinear map X : A — A, of G-degree |X|, such that one has for all
homogeneous elements f and g in A

(7) X(fg9) = (Xf)g+p(IX], |F)f(Xg).

It is known that the p-commutator of two derivations is again a p-derivation and the linear space of all
p-derivations is a p-Lie algebra, denoted by p-DerA.

A G-graded algebra A with a given cocycle p will be called p-commutative if fg = p(|f]|,|g])gf for all homo-
geneous elements f and g in A.

One verifies immediately that for such an A, p-DerA is not only a p-Lie algebra but also a left A-module with
the action of A on p-DerA defined by

(8) (fX)g=f(Xg)  f.g€ A X € p-Derd.

Let M be a G-graded left module over a p-commutative algebra A, with the usual properties, in particular
|fo| =|f|+ || for f € A € M. Then M is also a right A-module with the right action on M defined by

9) ¥ f = p([Y]L [f)Fe-

In fact M is a bimodule over A, i.e.

(10) fWg)=(fv)g fgeAXeM.

Because there is no essential difference between left and right modules over a p-commutative algebra and
because of the properties of p we have the possibility of doing multilinear algebra in terms of A modules, starting
from p-DerA, and that is all that the general pseudogeometric formalism that we will develop.

oFirst ®Prev ®Next ®last ®Go Back ®Full Screen ®Close ®Quit



In this context it can be introduce p-forms: Q°(A) := A, and QP(A) for p=1,2,..., as the G-graded vector
space of p-linear maps ¢y, : x(p-DerA) — A, p-linear in sense of A-modules

(11) op(fX1,.... X)) = fap(Xa,..., X)),

(12) Oép(Xl, oo ,Xjf, Xj+17 0060 7Xp) i Oép(Xl, 000 ,Xj, fXj+1, Xp)
and p-alternating

O[p(Xl, 000 7Xj,Xj+1,. oo 7Xp) =
(13) - 7p(‘XJ| ) |Xj+1|)ap(X17 oo -an+1>Xj7 00 'aXP)

forj=1,...,p—1; X € p-DerA, k=1,...,p; f € A and X f is the right A-action on p-DerA defined by (9).
OP(A) is in natural way a G-graded right A-module with

(14) lap| = lop(X1, ..., Xp)| = (1X1| + ... + X))
and with the right action of A defined as
(15) (apf)(Xla'-'aXp):ap(X17"'aXp)f'

The direct sum Q(A) = ®;2,2P(A) is again a G-graded A-module.
One defines exterior differentiation as a linear map d : 2(A) — Q(A), carrying QP (A) into QPT1(A), as

dao(X) = X(f),
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and for p=1,2,...,

p+1 J=1
dap(X1,. . Xpr1) = > (=17 pO1X], 1X;1) X (Xn, . Xy, Xpra)+
j=1 =1
j—1 j—1
(16) + Y RO 1KLL XD Xl 1 Xk]) %
1<j<k<p+1 i=1 i=1

k—1
< p( D 1l 1 Xk Do (X5, Xal, - X1y, Xy Xy, Xpn).
i=j+1
One can show that d has degree 0, and that d? = 0.

In additional to d there are other linear operators in (A). One has, for X € p-DerA, a contraction ix
defined as

p—1
(17) ixap(X1,.., Xp1) 1= pO_ 1Xil , IX)ap(X, X1, ..., Xpo1)
i=1
and Lie derivative Lx given by
P
Lxap(X1,....Xp) = pO_ Xl IXDNX(ap(X, X1, ..., Xpo1)) —
i=1
P P
(18) - ZP(Z |X1| ) |X|)al)(Xla ey [Xa XZ]) e aXp)7
i=1  i=1

with of course ixag = 0, ap € Q°(A). Note that |ix| = |Lx| = |X]|.
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3. LINEAR CONNECTIONS ON BIMODULES OVER
ALMOST COMMUTATIVE ALGEBRAS

In this paragraph we present our theory on the connections on bimodules over an almost commutative algebra

A. We present the curvature of these connections and we show that the curvature is a p-symmetric operator from

p-DerA x p-DerA into End(M). In the particular case when the bimodule M is p-DerA we present the torsion of

a connection. We give some examples of almost commutative algebras and connections on these algebras.

In this paragraph A=) . A is almost commutative algebra. M is a G-graded left A-bimodule.

Definition 1. A connection on M is a linear map of p-DerA into the linear endomorphisms of M
V : p-DerA — End(M),

such that one has:

(19) Vx My — My x|,

(20) Vax(m) = aVx(m),

and

(21) Vi (am) = p(1X] , lm]) X (a)m + aV x (m),

for all p € G, a € A, and homogeneous elements X € p-DerA and m € M.
Let V be a connection as above. Its curvature R is the map
R : (p-DerA) x (p-DerA) — End(M)
(X,Y)— Rxy
defined by:
(22) Ry y(m) = [Vx,Vy](m) — Vix y)(m)

’
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for any X,Y € p-DerA, and m € M, where the brackets are:
[Vx,Vy]l =VxVy —p(|X],[Y|)VyVx

and
(X, Y]=XoY —p(|X],|Y]Y o X.

Theorem 1. The curvature of any connection V has the following properties:
1. A-linearity:

(23) R.xy(m) = aRxy,
2. Rxy is A—linear:
(24) R)Qy((lm) = aRX,y(m)

3. R is a p-symmetric map:
(25) Rx,y = —p(|X|,[Y])Ry,x
foranya € A, me M, X,Y € p-DerA.

Proof. The relation (23) is obvious from the definition of the connection.
Let us prove the relation (24)
Rx y(am) = [Vx,Vy|(am) — Vix yj(am) =

= VxVy(am) — p(|X]|, |[Y])VyVx(am)-Vx y)(am) =

Vx(p([Y], [m)Y (a)m + aVy(m)) —
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= p( X1 YD Vy(p(IX], [m) X (a)m + aV x (m)) —
— p(( X+ 1Y, ImD[X, Y](a)m — aVix yj(m) =
= p(IX], ImX (p(IY'], ImDY (a))m + p([Y'], Im[)Y (a) Vx (m) +

+ p(IX], [Y] + Im[) X (a)Vy(m) + aVx Vy(m) —
= p(I X Y Dp(IY], ImDY (p(1X] , [m[) X (a))m —
= p(I X1, Y Dp(1X], Im]) X () Vy(m) —
— p(I XL Y Dp(IY ], 1X] + [m)Y (a)Vx (m) —
= p(IX], [Y)aVyVx (m) —
— p(IX| + Y], Im])[X, Y](@)m — aVx,y)(m) =
= aRx y(m).

In the last equality we used the followings relations:

- X(p(IY], Imla) = p(|Y], [m|) X (a)

p(IX1 5 ImNX (p([Y'], [m)Y (@) — p(|X], [Y Dp(IY], ImD)Y (oI X1, [m[) X (a)) =
p(IX] + Y], Im)[X, Y](a). 0
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From previous theorem and from (6) we obtain the following Bianchi identity of linear connection over an
almost commutative algebra A.

Theorem 2. The curvature R of the connection V satisfies the following Bianchi identity:
p(1Z],1X)[Vx, Ry,z] + p(|1X], Y )[Vy, Rz x] + p(IY],|Z])[Vz, Rx,y] =
p(1Z],1 X)) Rix,y),z + p(IX|, [Y)Ry,z1,x + p(IY ], |Z]) Rz x),v-
Next we present the case when the bimodule M is p-DerA.
By definition a linear connection on an almost commutative algebra A is a linear connection over the bimodule

p-DerA.
If V is a linear connection on an almost commutative algebra A we define its torsion as follows:

T : p-DerA x p-DerA — p-DerA,
(26) Ty (X,Y) = VxY — p(|X], [Y))VyX — [X,Y]
for any homogeneous X,Y € p-DerA.

Remark 1. From the properties of the p-bracket and from the definition of the torsion T of an almost
commutative algebra A, we have that T € Q?(A).

Example 1. In the case when the function p is trivial (G = Z, p(«, 8) = 1 for any «, 8 € G) the algebra A is
commutative and we obtain the classical notion of connection on a smooth vector bundle E of finite rank over a
smooth finite-dimensional paracompact manifold V' by taking the algebra A = C*°(V') of smooth functions on V
and the module I'(E) of smooth sections of E.

Example 2. We consider the case when A =) A, is a Z-graded algebra and the function p is

a€cZ
p:ZxZ—k, pla,B)=(-1)",

for any «, 8 €Z.
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Then A is a super-commutative algebra and the connection on A has the following form:
1. Vux, (m) = aVx, (m),
2. Vx, (amy) = (=1) X (a)ma + aVx, (Ma),

for any m € M, X, € p-DerA, a € A, and a, \ € Z.
Then the bracket is:

[Xa, Xp] = XaXp — (-1)*° Xp X4
and the curvature of the connection V has the form:
R(Xa,Xp) =Vx,Vx, — (-1)*Vx,Vx, + Vix. xs]
The Bianchi identity is:
(—1)*MVx,, Bxs x,) + (-1)*[Vx,, Rx, x.] + (1) [Vx,, Rx, x,] =

(—1)**Rix. x50.%, + (“1DP*Rix,,x30,x0 + (DY Rix, x01,%5-
The torsion T" of V is given by:

Ty (Xa,X5) = Vx, X5 — (-1)**Vx, Xo — [Xa, X3).
Example 3. In the case when the group G is Zo, A = A° @ A' and the map p : Zo X Zy — k is given by:
pa,b) = (=1)*

then A is Zo-graded commutative algebra (see [6]).
p-DerA is a Zo-Lie-superalgebra with the usual bracket:

[Xa, V3] = XoYs — (1) X,,.
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It follows that (p-DerA, A) is a graded Lie-Cartan pair and if F is an A-bimodule, then the notion of E-connection
from [6] is a particular case of our connection over the bimodule E. In this case the curvature of a E-connection
is curvature of connections from formula (22).

In the particular case when the bimodule E is p-DerA then the torsion of p-DerA-connection is the torsion
from formula (26).

4. LINEAR CONNECTIONS ON QUANTUM HYPERPLANE

In this paragraph we study linear connections on /N-dimensional quantum hyperplane using the notion of linear
connection introduced in section 3.

First we present the definition of N-dimensional quantum hyperplane and the principal aspects of p-derivations
and one-forms on the quantum hyperplane.

We follow the notations from [1] for the basic notions concerning N-dimensional quantum hyperplane.

4.1. N-dimensional quantum hyperplane

The N-dimensional quantum hyperplane is characterized by the algebra S, generated by the unit element and
N linearly independent elements x4, ...,z satisfying the relations:

TiTj = qTi%;, 1<j

for some fixed q € k, q # 0.
S% is a ZN —graded algebra
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with (S%)n,..ny the one-dimensional subspace spanned by products ™ ...z"~. The Z" -degree of these elements
is denoted by

nl-.

| ™| =n=(n,...,nN).

Define a function p : ZY x ZVN — k as
(27) p(n, n’) = qzj'\,[kzl njn;cajk"

with ajp = 1 for j < k, 0 for j = k and —1 for j > k. The N-dimensional quantum hyperplane S% is an almost
commutative algebra with the function p from (27).

We are in a special case where we have coordinate vector fields, the p-derivations 9/dz;, j = 1,...N, of
Z" -degree |0/0z;|, with |0/0x;| = — |z;| and defined by 0/dz;(z;) = §;j. One has
g 0 g 0
28 — =g, | < k
( ) ij a.%'k qaxk ax]’ J
and
0 n n nj n M= n
(29) B — (.. 2 = ngm ) (g canliBy’ " aoalii )
J

which follows from the Leibniz relation

axj -—(f9) = (aijf) g+p (‘

The p-derivations p-DerS% is a free S§—module of rank N with 52
derivation X can be written as

(30) X = ini

with X; = X (z;) € 8%, fori=1,...,N.

|f|) (729)-

, ..,% as the basis. An arbitrary p-
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Q'(S%) is the ST —module of one-forms and is also free of rank N. The coordinate of one-forms dz1,...,dzy,

defined by
(31)

or

(32)

form a basis in Q' (S%), dual to the basis
is the following relation:

(33)
An arbitrary one-form can be written as

(34)

dzi(X) = X ()

0
o <5l“j> =%
o)

o0 % in p—DerSY,. Note that |dz;| = |z;|. For any f € S there

al 0
df = (dzi)5—F.
i=1 g
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4.2. Linear connections on N-dimensional quantum hyperplane

Remark that any linear connection along the field X = Zfil X; % is given by

N
Vx = ZXiV%

i=1
so any linear connections is well defined if is given along the field 5 - for t=1,...,N. We use the notation
0 r O .
(36) Va5 oz, F’]ax fors,j=1,...,N,

where the coefficients I‘k € S%, i,j,k=1,...,N are denoted by connection coefficients. It follows that

0 s 0 ;0 0 0
vﬁgi xj% =—q 61]8 jri,jaixl 87+ 718 z,ja

for i,j,k =1, ..., N. In general

B v 0
_ +...4n; i i—
Vo (ac;” m}(,Naxk> = —nq™ mi) gk (gt x?VN)aixk-i-
0

+z™ . T
1 N “ikq.. al'l

The curvature R of the linear connection v/ is given by the curvature coefficients: Ré7 ik € S% defined by:

9 l

Ro
557955 Oz, R gy

fori,j,k=1,...,N.
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From the properties of curvature we obtain that R} ;, = ¢*“RY, . for any i,j,k,l € 1,...,N. The relation
between curvature coefficient and connection coeflicients is given by

l P 81—‘? P l
Rlge = —plail, |5 525 + 10,10,
. 81“” p ol o
(37) =g (=pllzs], T2 5 + 2T ) = T+ 4TS o

where T
i,5,k v%,% 8.73k

The torsion of any connection is given by the torsion coefficients Tfj defined as follows:
o 0 v O

viag—7—=)=T;

dz;’ Oz P

”k_qawfﬂk, for any 4,7, k,l=1,...,N.

(38)

Evidently, the relations between torsion coefficients and connection coefficients are:

0 0 0 0
k_Z  _ (k. _ ook 2 _ |2 2
T oxy, (T35 — g™ T5,) oxy, [8:01- ’ (%vj]

4.3. Linear connections on quantum hyperplane
over the bimodule Q!(S%)

We follow ideas from the previous section we present linear connections over bimodule Q* (S%) over the quantum
hyperplane. Without any confusion we use the notation

39 V.o dr; =TF . dxy, fori,j=1,...,N,
Do J 7,7
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where the coefficients Fﬁj € S%,i,j,k =1,..., N are again denoted connection coefficients over bimodule Q' (S%).
We obtain that
Voo (& ... aWdry) = —nggMmteAndgoi (gt gt gt ) day +

ox; ®

2Pt T day
The curvature R of the linear connection vy is given by the curvature coefficients: RL ik € S% defined by:

Rféim%:Rhm@ fori,j,k=1,...,N.
x;? zj &0

We have that Ré,j7k = q* Réﬂ-?k, for any 4,7, k,l € 1,..., N and the relation between curvature coefficients and
connection coefficients is given by same relation like (37).
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