Acta Math. Univ. Comenianae Vol. LXXII, 2(2003), pp. 229–235 229

NEARLY CONTINUOUS MULTIFUNCTIONS

E. EKICI

Abstract. The aim of this paper is to present and study the notion of nearly continuous multifunctions. The concept of nearly continuous multifunction is defined and basic characterizations and basic properties of nearly continuous multifunctions are obtained.

1. Introduction

Strong and weak forms of continuity has been recently of major interest among general topologists. The aim of this paper is to introduce and study the notion of nearly continuous multifunctions.

A topological space (X, τ) is called nearly compact [8] if every cover of X by regular open sets has a finite subcover.

Let (X, τ) be a topological space and let A be a subset of X. If every cover of A by regular open subsets of (X, τ) has a finite subfamily whose union covers A, then A is called N-closed (relative to X) [4]. Sometimes, such sets are called N-sets or α-nearly compact. The class of N-closed sets is important in the study of functions with strongly closed graphs [5].

Basic observation about N-closed sets involves the fact that every compact set is N-closed.

In this paper, a multifunction F : X → Y from a topological space X to a topological space Y is a point to set correspondence and is assumed that F (x) ≠ ∅ for all x ∈ X, where ∅ denotes the empty set.

If A is a subset of a topological space, then cl(A) denote the closure of A and int(A) denote the interior of A and co(A) denote the complement of A relative to the topological space.

For a multifunction F : X → Y from a topological space (X, τ) to a topological space (Y, υ), we denote the upper and lower inverse of a subset V of Y by F^+(V ) and F^−(V ), respectively; F^+(V ) = {x ∈ X : F (x) ⊆ V } and F^−(V ) = {x ∈ X : F (x) ∩ V ≠ ∅} [1]. If U ⊆ X, we denote F (U) := ⋃ {F (x) : x ∈ U} the image of the set U.

A multifunction F : X → Y is said to be (i) upper semi continuous at a point x ∈ X if for each open set V in Y with F (x) ⊆ V , there exists an open set U containing x such that F (U) ⊆ V ; and (ii) lower semi continuous at a point x ∈ X if for each open set V in Y with F (x)∩V ≠ ∅, there exists an open set U containing x such that F (a) ∩ V ≠ ∅ for every a ∈ U [7].

Received September 5, 2003.

2000 Mathematics Subject Classification. Primary 54C05, 54C60, 54C08, 54C10. Key words and phrases. nearly continuity, multifunction.

230 E. EKICI

For a multifunction F : X → Y , the graph multifunction G_F : X → X × Y is defined as G_F (x) = {x} × F (x) for every x ∈ X [9].

The graph multifunction G_F of the multifunction F : X → Y is said to be strongly closed if for each (x, y) /∈ G_F (x), there exists open sets U and V containing x and containing y respectively such that (U × cl(V )) ∩ G_F (x) = ∅ [2].

For a multifunction F : X → Y , G^+_F (A × B) = A ∩ F^+(B) and G^−_F (A × B) = A ∩ F^−(B) where A ⊆ X and B ⊆ Y [6].

2. Nearly continuous multifunctions

Definition 1. Let F : X → Y be a multifunction from a topological space (X, τ) to a topological space (Y, υ). Then it is said that F is lower (upper) nearly continuous if for each x ∈ X and for each open set V having N-closed complement such that x ∈ F^−(V ) (x ∈ F^+(V )), there exists an open set U containing x such that U ⊆ F^−(V ) (U ⊆ F^+(V )).

The following theorem give us some characterizations of lower (upper) nearly continuous multifunction.

We know that a net (x_α) in a topological space (X, τ) is called eventually in the set U ⊆ X if there exists an index α_0 ∈ J such that x_α ∈ U for all α ≥ α_0.

Theorem 2. Let F : X → Y be a multifunction from a topological space (X, τ) to a topological space (Y, υ). Then the following statements are equivalent.

(i) F is lower (upper) nearly continuous multifunction, (ii) For each x ∈ X and for each open set V having N-closed complement such that F (x) ∩ V ≠ ∅ (F (x) ⊆ V ), there exists an open set U containing x such that if y ∈ U, then F (y) ∩ V ≠ ∅ (F (y) ⊆ V ), (iii) F^−(V ) (F^+(V )) is an open set for any open set V ⊆ Y having N-closed complement, (iv) F^+(co(V )) (F^−(co(V ))) is a closed set for any open set V ⊆ Y having N-closed complement, (v) For each x ∈ X and for each net (x_α) which converges to x in X and for each open set V ⊆ Y having N-closed complement such that x ∈ F^−(V ) (x ∈ F^+(V )), the net (x_α) is eventually in F^−(V ) (F^+(V )).

Proof. (i)⇔(ii). Clear.

(i)⇔(iii). Let x ∈ F^−(V ) and let V be an open set having N-closed complement. From (i), there exists an open set U containing x such that U ⊆ F^−(V ). It follows that x ∈ int(F^−(V )) and (iii) holds.

The converse can be shown easily.

(iii)⇔(iv). Since F^−(co(V )) = co(F^+(V )) and F^+(co(V )) = co(F^−(V )), the proof is clear.

(i)⇒(v). Let (x_α) be a net which converges to x in X and let V ⊆ Y be any open set having N-closed complement such that x ∈ F^−(V ). When F is lower nearly continuous multifuction, it follows that there exists an open set U ⊆ X containing x such that U ⊆ F^−(V ). Since (x_α) converges to x, it follows that there exists an index α_0 ∈ J such that x_α ∈ U for all α ≥ α_0. From here, we

NEARLY CONTINUOUS MULTIFUNCTIONS 231

obtain that x_α ∈ U ⊆ F^−(V ) for all α ≥ α_0. Thus, the net (x_α) is eventually in F^−(V ).

(v)⇒(i). Suppose that (i) is not true. There exists a point x and an open set V having N-closed complement with x ∈ F^−(V ) such that U ⊈ F^−(V ) for each open set U ⊆ X containing x. Let x_U ∈ U and x_U /∈ F^−(V ) for each open set U ⊆ X containing x. Then for the neighborhood net (x_U ), x_U → x, but (x_U ) is not eventually in F^−(V ). This is a contradiction. Thus, F is lower nearly continuous multifunction.

The proof of the upper nearly continuity of F is similar to the above. □

Remark 3. For a multifunction F : X → Y from a topological space (X, τ) to a topological space (Y, υ), it is obtained the following implication:

F is lower (upper) semi continuous multifunction ⇒ F is lower (upper) nearly continuous multifunction.

However the converse are not true in general by the following examples.

Example 4. Define τ_{F CT} to be the collection consisting of ∅ together with all subsets of R whose complements in R are finite. Then, it is known that τ_{F CT} is a topology on R, called the finite complement topology.

Take the discrete topology τ_D on R. We define the multifunction as follows; F : (R, τ_{F CT} ) → (R, τ_D), F (x) = {x} for each x ∈ X. Then F is lower (upper) nearly continuous multifunction, but F is not lower (upper) semi continuous.

The following theorem give us the condition for the converse.

Theorem 5. Let F : X → Y be a multifunction from a topological space (X, τ) to a topological space (Y, υ). Suppose that Y has a base of neighbourhoods such that complement of each set of the base of neighbourhoods is a closed N-closed set. If F is lower nearly continuous multifunction, then F is lower semi continuous.

Proof. Let x ∈ X and let V be any open set such that x ∈ F^−(V ). Since Y has a base of neighbourhoods such that complement of each set of the base of neighbourhoods is a closed N-closed set, then we have V = ⋃ i∈I G_i where complement of

G_i is a closed N-closed set for i ∈ I. Since x ∈ F^−( ⋃ i∈I G_i), then there exists i_0 ∈ I

such that x ∈ F^−(G_{i0} ). Since F is lower nearly continuous multifunction, it follows that there exists an open set K containing x such that K ⊆ F^−(G_{i0} ) and hence K ⊆ F^−(V ). Thus, we obtain that F is lower semi continuous multifunction. □

Suppose that (X, τ), (Y, υ) and (Z, ω) are topological spaces. If F_1 : X → Y and F_2 : Y → Z are multifunctions, then the composite multifunction F_2 ∘ F_1 : X → Z is defined by (F_2 ∘ F_1)(x) = F_2(F_1(x)) for each x ∈ X.

Theorem 6. Let (X, τ), (Y, υ), (Z, ω) be topological spaces and let F : X → Y and G : Y → Z be multifunctions. If F : X → Y is upper (lower) semi continuous multifunction and G : Y → Z is upper (lower) nearly continuous multifunction, then G ∘ F : X → Z is upper (lower) nearly continuous multifunction.

232 E. EKICI

Proof. Let V ⊆ Z be any open set having N-closed complement. From the definition of G∘F , we have (G∘F )^+(V ) = F^+(G^+(V )) ((G∘F )^−(V ) = F^−(G^−(V ))). Since G is upper (lower) nearly continuous multifunction, it follows that G^+(V ) (G^−(V )) is an open set. Since F is upper (lower) semi continuous multifunction, it follows that F^+(G^+(V )) (F^−(G^−(V ))) is an open set. It shows that G ∘ F is upper (lower) nearly continuous multifunction. □

Theorem 7. Let F : X → Y be a multifunction from a topological space (X, τ) to a topological space (Y, υ) and let U ⊆ X be a nonempty subset. If F is lower (upper) nearly continuous multifunction, then the restriction multifunction F |_U : U → Y is lower (upper) nearly continuous multifunction.

Proof. Suppose that V ⊆ Y is an open set having N-closed complement. Let x ∈ U and let x ∈ (F |_U )^−(V ). Since F is lower nearly continuous multifunction, it follows that there exists an open set G such that x ∈ G ⊆ F^−(V ). From here we obtain that x ∈ G ∩ U and G ∩ U ⊆ (F |_U )^−(V ). Thus, we show that the restriction multifunction F |_U is a lower nearly continuous.

The proof of the upper nearly continuity of F |_U is similar to the above. □

Theorem 8. Let F : X → Y be a multifunction from a topological space (X, τ) to a topological space (Y, υ). Let {H_α : α ∈ Φ} be an open cover of X. If the restriction multifunction F_α = F |_{Hα} is a lower (upper) nearly continuous multifunction for each α ∈ Φ, then F is a lower (upper) nearly continuous.

Proof. Let V ⊆ Y be an open set having N-closed complement. Since F_α is lower nearly continuous for each α, from Theorem 2, F^−_α (V ) ⊆ int_{Hα} (F^−_α (V )) and since H_α is open, we have F^−(V ) ∩ H_α ⊆ int_{Hα} (F^{−1}(V ) ∩ H_α) and F^−(V ) ∩ H_α ⊆ int(F^{−1}(V )) ∩ H_α. Since {H_α : α ∈ Φ} is an open cover of X, it follows that F^−(V ) ⊆ int(F^−(V )). Hence, from Theorem 2, we obtain that F is a lower nearly continuous multifunction.

The proof of the upper nearly continuity of F is similar to the above. □

Theorem 9. Let A_i ⊆ X_i be nonempty for each i ∈ I. Set A = ∏ i∈I A_i and X = ∏ i∈I X_i. Then A is N-closed relative to X if and only if each A_i is N-closed

relative to X_i [3].

Theorem 10. Let F : X → Y be a multifunction from a topological space (X, τ) to a topological space (Y, υ) and let X be a nearly companct space. If the graph function of F is lower (upper) nearly continuous multifunction, then F is lower (upper) nearly continuous multifunction.

Proof. Let x ∈ X and let V ⊆ Y be an open set having N-closed complement such that x ∈ F^−(V ). We obtain that x ∈ G^−_F (X × V ) and that X × V is an open set having N-closed complement relative to X×Y . Since graph multifunction G_F is lower nearly continuous, it follows that there exists an open set U ⊆ X containing x such that U ⊆ G^−_F (X × V ). Since U ⊆ G^−_F (X × V ) = X ∩ F^−(V ) = F^−(V ), we obtain that U ⊆ F^−(V ). Thus, F is lower nearly continuous multifunction.

The proof of the upper nearly continuity of F is similar to the above. □

NEARLY CONTINUOUS MULTIFUNCTIONS 233

Theorem 11. Suppose that (X, τ) and (X_α, τ_α) are topological spaces and (X_α, τ_α) is nearly compact for each α ∈ J. Let F : X → ∏ α∈J X_α be a multi-

function from X to the product space ∏ α∈J X_α and let P_α : ∏ α∈J X_α → X_α be the

projection for each α ∈ J. If F is upper (lower) nearly continuous multifunction, then P_α ∘ F is upper (lower) nearly continuous multifunction for each α ∈ J.

Proof. Take any α_0 ∈ J. Let V_{α0} be an open set having N-closed complement in (X_{α0} , τ_{α0} ). Then (P_{α0} ∘ F )^+(V_{α0} ) = F^+(P^+_{α0} (V_{α0} )) = F^+(V_{α0} × ∏ α≠α_0

X_α)

(respectively, (P_{α0} ∘ F )^−(V_{α0} ) = F^−(P^−_{α0} (V_{α0} )) = F^−(V_{α0} × ∏ α≠α_0

X_α)). Since

F is upper (lower) nearly continuous multifunction and since V_{α0} × ∏ α≠α_0

X_α is an

open set having N-closed complement to ∏ α∈J X_α, it follows that F^+(V_{α0} × ∏ α≠α_0

X_α)

(respectively, F^−(V_{α0} × ∏ α≠α_0

X_α)) is open in (X, τ). Therefore, P_{α0} ∘ F is upper

(lower) nearly continuous multifunction.

Hence, we obtain that P_α ∘ F is upper (lower) nearly continuous multifunction for each α ∈ J. □

Theorem 12. Suppose that for each α ∈ J, (X_α, τ_α), (Y_α, υ_α) are topological spaces. Let F_α : X_α → Y_α be a multifunction for each α ∈ J and let F : ∏ α∈J X_α → ∏ α∈J Y_α be defined by F ((x_α)) = ∏ α∈J F_α(x_α) from the product space ∏ α∈J X_α to the

product space ∏ α∈J Y_α. If F is upper (lower) nearly continuous multifunction and Y_α

is nearly compact for each α ∈ J, then each F_α is upper (lower) nearly continuous multifunction for each α ∈ J.

Proof. Let V_α ⊆ Y_α be an open set having N-closed complement. Then V_α × ∏ α≠β

Y_β is an open set having N-closed complement relative to ∏ α∈J Y_α. Since F is

upper (lower) nearly continuous multifunction, it follows that F^+(V_α × ∏ α≠β

Y_β ) = F^+_α (V_α) × ∏ α≠β

X_β (F^−(V_α × ∏ α≠β

Y_β ) = F^−_α (V_α) × ∏ α≠β

X_β )

is an open set. Consequently we obtain that F^+_α (V_α) (F^−_α (V_α)) is an open set. Thus, we show that F_α is upper (lower) nearly continuous multifunction. □

Theorem 13. Suppose that (X_1, τ_1), (X_2, τ_2), (Y_1, υ_1) and (Y_2, υ_2) are topological spaces and F_1 : X_1 → Y_1, F_2 : X_2 → Y_2 are multifunctions. Let F_1 ×F_2 : X_1 × X_2 → Y_1 ×Y_2 be a multifunction which is defined by (F_1 ×F_2)(x, y) = F_1(x)×F_2(y) for each (x, y) ∈ X_1 × X_2. If F_1 × F_2 is upper (lower) nearly continuous multifunction, then F_1 and F_2 are upper (lower) nearly continuous multifunctions.

Proof. Let K ⊆ Y_1, H ⊆ Y_2 be open sets having N-closed complements. It is known that K × H is an open set having N-closed complements relative to Y_1 × Y_2 and (F_1 × F_2)^+(K × H) = F^+_1 (K) × F^+_2 (H). Since F_1 × F_2 is upper nearly continuous multifunction, it follows that F^+_1 (K) × F^+_2 (H) is open set. From here,

234 E. EKICI

F^+_1 (K) and F^+_2 (H) are open sets. Hence, it is obtained that F_1 and F_2 are upper nearly continuous multifunctions.

The proof of the lower nearly continuity of F_1 and F_2 is similar to the above. □

Theorem 14. Suppose that (X, τ), (Y, υ), (Z, ω) are topological spaces and F_1 : X → Y , F_2 : X → Z are multifunctions. Let F_1 × F_2 : X → Y × Z be a multifunction which is defined by (F_1 × F_2)(x) = F_1(x) × F_2(x) for each x ∈ X. If F_1 × F_2 is upper (lower) nearly continuous multifunction, then F_1 and F_2 are upper (lower) nearly continuous multifunctions.

Proof. Let x ∈ X and let K ⊆ Y , H ⊆ Z be open sets having N-closed complements such that x ∈ F^+_1 (K) and x ∈ F^+_2 (H). Then we obtain that F_1(x) ⊆ K and F_2(x) ⊆ H and consequently, F_1(x) × F_2(x) = (F_1 × F_2)(x) ⊆ K × H that means x ∈ (F_1 × F_2)^+(K × H). Since F_1 × F_2 is upper nearly continuous multifunction, it follows that there exists an open set U containing x such that U ⊆ (F_1 × F_2)^+(K × H). We obtain that U ⊆ F^+_1 (K) and U ⊆ F^+_2 (H). Thus, we obtain that F_1 and F_2 are upper nearly continuous multifunctions.

The proof of the lower nearly continuity of F_1 and F_2 is similar to the above. □

Theorem 15. Let F : X → Y be upper nearly continuous multifunction. If every two distinct points of Y are contained in disjoint open sets such that one of them may be chosen to have N-closed complement, then the graph multifunction G_F is strongly closed.

Proof. Suppose that (x, y) /∈ G_F . Then y /∈ F (x). Due to the assumption, there exist disjoint open sets H and K such that F (x) ⊂ H, y ∈ K and H has N-closed complement. Since F is upper nearly continuous multifunction, it follows that U = F^+(H) is an open set containing x and F (U) ⊂ H ⊂ Y \K. We have x ∈ U and y ∈ K. Consequently, U × cl(K) does not contain any points of G_F . Thus, we proved that G_F is strongly closed. □

Definition 16. Let (X, τ) be a topological space. X is said to be a N-normal space if for every disjoint closed subsets K and F of X, there exists two open sets U and V having N-closed complements such that K ⊆ U, F ⊆ V and U ∩ V = ∅.

Example 17. Let X = {a, b, c}, τ = {∅, X, {a}, {b}, {a, b}}. Then (X, τ) is a N-normal space.

Theorem 18. Let F and G be upper nearly continuous and point closed multifunctions from a topological space X to a N-normal topological space Y . Then the set K = {x : F (x) ∩ G(x) ≠ ∅} is closed in X.

Proof. Let x ∈ X\K. Then F (x) ∩ G(x) = ∅. Since F and G are point closed multifunctions and Y is a N-normal space, it follows that there exists disjoint open sets U and V having N-closed complements containing F (x) and G(x) respectively. Since F and G are upper nearly continuous, then the sets F^+(U) and G^+(V ) are open and contain x. Let H = F^+(U) ∪ G^+(V ). Then H is an open set containing x and H ∩ K = ∅. Hence, K is closed in X. □

NEARLY CONTINUOUS MULTIFUNCTIONS 235

Theorem 19. Let F : X → Y be an upper nearly continuous multifunction and point closed from a topological space X to a N-normal topological space Y and let F (x) ∩ F (y) = ∅ for each distinct pair x, y ∈ X. Then X is a Hausdorff space.

Proof. Let x and y be any two distinct points in X. Then we have F (x)∩F (y) = ∅. Since Y is a N-normal space, it follows that there exists disjoints open sets U and V having N-closed complement containing F (x) and F (y) respectively. Thus F^+(U) and F^+(V ) are disjoint open sets containing x and y respectively. Thus, it is obtained that X is Hausdorff. □

Acknowledgment. I would like to express my sincere gratitude to the referees and to the editors.

References

1. Berge C., Espaces topologiques, fonctions multivoques, Dunod, Paris, 1959. 2. Herrington L. L. and Long P. E., Characterizations of H-closed spaces, Proc. Amer. Math.

Soc., 48 (1975), 469–475.

3. Mrsevic M. and Reilly I. L., On N-continuity and co-N-closed topologies, Ricerche Mat., 36 (1) (1987), 33–43.

4. Noiri T., N-closed sets and some separation axioms, Ann. Soc. Sci. Bruxelles Ser. I, 88 (1974), 195–199.

5. , Some sufficient conditions for functions to have strongly-closed graphs, Bull. Inst.

Math. Acad. Sinica, 12 (4) (1984), 357–362.

6. Noiri T. and Popa V., Almost weakly continuous multifunctions, Demonstratio Math., 26 (2) (1993), 363–380.

7. Ponomarev V. I., Properties of topological spaces preserved under multivalued continuous mappings on compata, Amer. Math. Soc. Translations, 38 (2) (1964), 119–140.

8. Singal M. K. and Mathur A., On nearly-compact spaces, Boll. Un. Mat. Ital., 4 (2) (1969), 702–710.

9. Smithson R. E., Almost and weak continuity for multifunctions, Bull. Cal. Math. Soc., 70 (1978), 383–390.

E. Ekici, Department of Mathematics, Cumhuriyet University, Sivas 58140, Turkey, e-mail:

eekici@cumhuriyet.edu.tr