Acta Math. Univ. Comenianae Vol. LXXIII, 1(2004), pp. 31–41 31

GATEAUX DIFFERENTIABILITY FOR FUNCTIONALS OF TYPE ORLICZ-LORENTZ

F. E. LEVIS and H. H. CUENYA

Abstract. Let (Ω, A, μ) be a σ-finite nonatomic measure space and let Λ_{w,ϕ} be the Orlicz-Lorentz space. We study the Gateaux differentiability of the functional Ψ_{w,ϕ}(f) =^∞∫_0 ϕ(f^∗)w. More precisely we give an exact characterization of those

points in the Orlicz-Lorentz space Λ_{w,ϕ} where the Gateaux derivative exists. This paper extends known results already on Lorent spaces, L_{w,q} , 1 < q < ∞. The case q = 1, it has been considered.

1. Introduction

Let (Ω, A, μ) be a σ-finite nonatomic measure space, M_0 = M_0(Ω, A, μ) the class of μ-measurable functions on Ω that are finite μ-a.e..

As usual, for f ∈ M_0 we denote by μ_f its distribution function and by f^∗ its decreasing rearrangement. If two functions f and g have the same distribution function we say that they are equimeasurable and we put f ∼ g. The reader can see [1] for definitions and properties.

Now recall some basic notations and definitions. Let ϕ : R_+ → R_+, be differentiable, convex, ϕ(0) = 0, ϕ(t) > 0 for t > 0 and a weight function w : (0, γ) → R_+, for γ ≤ ∞, be nonincreasing and locally integrable with respect to the Lebesgue measure m. For f ∈ M_0 let

Ψ_{w,ϕ}(f) =

∫_∞ 0 ϕ(f^∗(t))w(t)dm(t).

We consider the Orlicz-Lorentz space Λ_{w,ϕ} := {f ∈ M_0 : Ψ_{w,ϕ}(λf) < ∞ for all λ > 0}.

It is clear that w = const, Λ_{w,ϕ} becomes an ordinary Orlicz space L_ϕ. On the other hand setting ϕ(t) = t^q, w(t) = t^{qp −1} we obtain the Lorentz space L^{p,q} in the case 1 ≤ q ≤ p < ∞ and Ψ_{w,ϕ}(f) = ‖f‖^q_{pq}.

It is well known that the functional Ψ_{w,ϕ} : M_0 → [0, ∞] is an orthogonally subadditive convex modular and Ψ_{w,ϕ}(f) = sup_{v∼w}

∫_∞ 0 ϕ(|f|)v, (see [7]). In [2]

Received October 21, 2002.

2000 Mathematics Subject Classification. Primary 46E30; Secondary 46B20. Key words and phrases. Gateaux derivative, Orlicz-Lorentz space. Totally supported for Universidad Nacional de Río Cuarto, Argentina.

32 F. E. LEVIS and H. H. CUENYA

the authors make the following assertion: If 1 < q < ∞ and the weight w is strictly decreasing, it is known that L_{w,q} has a Gateaux differentiable norm at f if and only if μ{|f| = s} = 0 for any s > 0. However we observe that the Corollary 3 in [2] does not hold when q = 1. In section 4, we give an example which shows that the Corollary 3 in [2] is not true. So, we can not get in this case the set of points where the Gateaux derivative exists.

Our main purpose in this paper it will be to give an exact characterization of those points in Λ_{w,ϕ} where there is the Gateaux derivative of the functional Ψ_{w,ϕ}, when ϕ is differentiable and w is a stritly decreasing function. We remark that this work generalizes the known results over differentibility in Lorentz spaces for 1 < q < ∞.

For f, h ∈ Λ_{w,ϕ}, we will use in this work the one-sided Gateaux derivatives γ_+(f, h) = lim_{s→0}+^{Ψw,ϕ(f+sh)−Ψw,ϕ(f)} s , γ_−(f, h) = lim_{s→0}−^{Ψw,ϕ(f+sh)−Ψw,ϕ(f)}_s .

Definition 1.1. We say that a function f ∈ Λ_{w,ϕ} is a smooth point if there exists the Gateaux derivative of the functional Ψ_{w,ϕ} in f, i.e., if γ_+(f, h) = γ_−(f, h) for all h ∈ Λ_{w,ϕ}.We denote it by γ(f, h).

Let f ∈ Λ_{w,ϕ}. By redefining f, if necessary, on a set of μ-measure zero, we may assume that |f| and f^∗ have the same non-null range, say R(f). Since f^∗ is decreasing, if λ ∈ R(f), each I_f (λ) = {t > 0 : f^∗(t) = λ} is either a singleton or an interval. The case where I_f (λ) is an interval, can occur for at most countably many values of λ, say W (f). We introduce the following sets, which will play an important role later,

E(f) = Ω − ⋃ λ∈W (f)

C_f (λ) where C_f (λ) = {x ∈ Ω_:|f(x)| = λ},

E^{w,ϕ} = {f ∈ Λ_{w,ϕ} − {0} : μ(supp(f) − E(f)) = 0} and Δ^{w,ϕ} = E^{w,ϕ} ∩ {f ∈ Λ_{w,ϕ} : μ(Ω − supp(f)) = 0 or m(supp(f^∗)) = ∞}

where m is the Lebesgue measure and supp(f) is the support of the function f.

Let us now agree on some terminology. A function σ : (Ω, μ) → (S, ν) is called a measure preserving transformation (m.p.t) if for each ν-measurable set I ⊂ S, σ^{−1}(I) is μ-measurable and μ(σ^{−1}(I)) = ν(I). It is very important to emphasize that any m.p.t. induce equimeasurability, that is, if g ∈ M_0(S, ν) then |g| ∘ σ is a μ-measurable function on Ω and |g| ∘ σ ∼ |g|.

If f ∈ Λ_{w,ϕ}, then lim_{t→∞} f^∗(t) = 0. In consequence, by Ryff Theorem (see [1]) there is a m.p.t. σ : supp(f) → supp(f^∗) such that |f| = f^∗ ∘ σ μ-a.e. on supp(f). We denote such a σ by σ_f and we observe that σ_f satisfies μ_f (|f|) ≤ σ_f on supp(f).

GATEAUX DIFFERENTIABILITY 33

2. A characterization of the smooth points in Λ_{w,ϕ} when ϕ^′_+(0) = 0

In this section, we obtain a characterization of smooth points in the Orlicz-Lorentz space Λ_{w,ϕ}, when ϕ^′_+(0) = 0. More precisely, we prove that the set of smooth points in this Λ_{w,ϕ}, is E^{w,ϕ}.

For the proof of the main theorem, we need some auxiliary lemmas.

Lemma 2.1. Let f, h ∈ Λ_{w,ϕ}, A := supp(h) − supp(f) and s a nonzero real number be. If μ(A) > 0, then there is a m.p.t σ_{f+sh} such that |f + sh| = (f + sh)^∗ ∘ σ_{f+sh} μ-a.e on supp(f + sh) and σ_{hχA} ≤ σ_{f+sh} μ-a.e on A, where σ_{hχA} is given by Ryff in [1].

Proof. From [1] as a_λ = μ(C_{hχA} (λ)) < ∞,

σ_{hχA} (x) = { inf{t : x ∈ E_{λ,t}} + μ_{hχA} (λ) if λ ∈ W (hχ_A), x ∈ C_{hχA} (λ) μ_{hχA} (λ) otherwise

where {E_{λ,t} : 0 ≤ t ≤ a_λ} is an increasing family of μ-measurable subsets (i.f.m.s) of C_{hχA} (λ) such that μ(E_{λ,t}) = t for 0 ≤ t ≤ a_λ.

For each λ ∈ R(f + sh) we define a function α_λ : C_{f+sh}(λ) → I_{f+sh}(λ) in the following way. If λ /∈ W (f +sh), then I_{f+sh}(λ) is a singleton and we define α_λ(x) = μ_{f+sh}(λ). Now suppose that λ ∈ W (f + sh). Since |s|W (hχ_A) ⊂ W (f + sh) then λ /∈ |s|W (hχ_A) or there is a β ∈ W (hχ_A) such that λ = |s|β. In the first case, let α_λ be the m.p.t given in [1], proposition II.7.4. For the second case, we have C_{hχA} (β) ⊂ C_{f+sh}(λ). We call D := C_{f+sh}(λ) − C_{hχA} (β) and k_λ = μ(D). If k_λ = 0 then a_β = μ(C_{f+sh}(λ)). Here we consider {E_{β,t} : 0 ≤ t ≤ a_β } an i.f.m.s of C_{f+sh}(λ) with μ(E_{β,t}) = t, 0 ≤ t ≤ a_β and the mapping α_λ(x) = inf{t : x ∈ E_{β,t}} + μ_{f+sh}(λ) is a m.p.t Finally, if k_λ > 0 let {R_{λ,t} : 0 ≤ t ≤ k_λ} be an i.m.f.s of D such that μ(R_{λ,t}) = t, 0 ≤ t ≤ k_λ. Then

U_{λ,t} = { E_{β,t} if 0 ≤ t ≤ a_β R_{t−aβ} ∪ C_{hχA} (β) if a_β < t ≤ a_β + k_λ

is an i.f.m.s of C_{f+sh}(λ) such that μ(U_{λ,t}) = t, 0 ≤ t ≤ a_β + k_λ. So, α_λ(x) = inf{t : x ∈ U_{β,t}} + μ_{f+sh}(λ) is a m.p.t.

Now, we define σ_{f+sh} : supp(f + sh) → supp(f + sh)^∗ by

σ_{f+sh}(x) = α_λ(x), (λ ∈ R(f + sh), x ∈ C_{f+sh}(λ)) .

Clearly, σ_{f+sh} is a m.p.t and |f + sh| = (f + sh)^∗ ∘ σ_{f+sh} μ-a.e on supp(f + sh). On the other hand, for x ∈ A and λ = |h(x)|, we have x ∈ C_{hχA} (λ) ⊂ C_{f+sh}(|s|λ). Since μ_{shχA} ≤ μ_{f+sh}, if λ ∈ W (hχ_A), we get σ_{hχA} (x) ≤ inf{t : x ∈ E_{λ,t}} + μ_{f+sh}(|s|λ) = σ_{f+sh}(x). If λ /∈ W (hχ_A), σ_{hχA} (x) = μ_{hχA} (λ) ≤ μ_{f+sh}(|s|λ) ≤ σ_{f+sh}(x). The proof is complete. □

Henceforth, we consider in this paper the m.p.t σ_{f+sh} given in lemma 2.1

Lemma 2.2. Let f, h ∈ Λ_{w,ϕ}. If f^∗ is continuous at t_0 then

lim_{s→0}(f + sh)^∗(t_0) = f^∗(t_0).

34 F. E. LEVIS and H. H. CUENYA

Proof. Let (s_n)_{n∈N} be an arbitrary sequence such that lim_{n→∞} s_n = 0. As lim_{n→∞} |f + s_nh| = |f|, it is well known that f^∗(t) ≤ lim_n(f + s_nh)^∗(t) for all t ≥ 0.

Using a property of the decreasing rearrangement we obtain for m ∈ N and t ≥ 0, (f + s_nh)^∗(t) = (f + s_nh)^∗

(_m m+1 t +^1_{m+1} t ) ≤ f^∗

(_m m+1 t ) + |s_n|h^∗

(_1 m+1 t ) . Therefore, we have lim_n(f + s_nh)^∗(t) ≤ f^∗

(_m m+1 t ) . As f^∗ is continuous in t_0, taking limit for m → ∞, we have

lim_n (f + s_nh)^∗(t_0) ≤ f^∗(t_0).

The proof is complete. □

Lemma 2.3. Let A, {A_n}_{n∈N} and {B_n}_{n∈N} be subsets of Ω such that μ(B_n − A_n) = 0 for all n ∈ N and A ⊂ lim_n B_n =: B_0. If A_0 := lim_n A_n then μ(A) = μ(A ∩ A_0).

Proof. We note that

A = (A ∩ A_0) ∪ (A ∩ ∪^∞_{n=1}(B_n − A_n)) .

(2.1)

In fact, if x ∈ A, there exists m ∈ N such that x ∈

⋂_∞

n=m B_n. Suppose that x /∈ A_0 then there exists k ∈ N, k ≥ m such that x /∈ A_k. Thus x ∈ B_k − A_k. The reciprocal inclusion is obvious, so (2.1) is true.

Since μ(B_n − A_n) = 0 for all n ∈ N, (2.1) implies that μ(A) = μ(A ∩ A_0). □

Lemma 2.4. Let f ∈ Λ_{w,ϕ} and (s_n)_{n∈N} be such that μ(E(f)) > 0 and lim_{n→∞} s_n = 0. Then for all h ∈ Λ_{w,ϕ},

lim_{n→∞} σ_{f+snh}(x) = σ_f (x)

μ-a.e on E(f) ∩ supp(f).

Proof. Let A := E(f)∩{x ∈ supp(f) : |f(x)| = f^∗∘σ_f (x)}, B_n := supp(f+s_nh) and A_n := {x ∈ supp(f +s_nh) : |f(x)+s_nh(x)| = (f +s_nh)^∗ ∘σ_{f+snh}(x)}. Clearly A ⊂ lim_n B_n. Since |f + s_nh| = (f + s_nh)^∗ ∘ σ_{f+snh} μ-a.e on supp(f + s_nh), we have μ(B_n −A_n) = 0 for all n ∈ N. As μ(E(f)∩supp(f)) = μ(A), from lemma 2.3 we get μ(E(f) ∩ supp(f)) = μ(A ∩ lim_n A_n).

We will prove that lim_{n→∞} σ_{f+snh}(x) = σ_f (x) for all x ∈ A ∩ lim_n A_n. Assume that it is false, then there exist x ∈ A ∩ lim_n A_n, ϵ > 0 and a subsequence of (s_n)_{n∈N} which we again denote by (s_n)_{n∈N} such that |σ_{f+snh}(x) − σ_f (x)| > ϵ. Consider the following sets

N = {n ∈ N : σ_{f+snh}(x) > σ_f (x) + ϵ} and M = {n ∈ N : σ_{f+snh}(x) < σ_f (x) − ϵ}.

Clearly some of these sets must be infinite. Suppose that card(N )= ∞. Since the points of noncontinuity of f^∗ are at most countably, there exists 0 < δ < ϵ, such that f^∗ is continuous in σ_f (x) + δ.

GATEAUX DIFFERENTIABILITY 35

As x ∈ A, from lemma 2.2 we have

|f(x)| = f^∗(σ_f (x)) > f^∗(σ_f (x) + δ 2 ) ≥ f^∗(σ_f (x) + δ) = lim_{n→∞}(f + s_nh)^∗(σ_f (x) + δ).

Since x ∈ lim_n A_n, for n large enough in N we obtain |f(x) + s_nh(x)| = (f + s_nh)^∗ ∘ σ_{f+snh}(x).

Therefore

lim_{n→∞}(f + s_nh)^∗(σ_f (x) + δ) ≥ lim_{n→∞}(f + s_nh)^∗(σ_{f+snh}(x)) = |f(x)|.

It is a contradiction, so the card(N ) must be finite. We now suppose that card(M)= ∞. Then

|f(x)| = f^∗(σ_f (x)) < f^∗(σ_f (x) − ϵ 2 ) ≤ f^∗(σ_f (x) − ϵ) ≤ lim_n (f + s_nh)^∗(σ_f (x) − ϵ).

For n large enough in M, (f + s_nh)^∗(σ_f (x) − ϵ) ≤ |f(x) + s_nh(x)|, and we obtain lim_n (f + s_nh)^∗(σ_f (x) − ϵ) ≤ |f(x)|,

which is other contradiction, so the card(M) must be finite. The proof is complete. □ Lemma 2.5. Let f, h ∈ Λ_{w,ϕ} be with μ(E(f)) > 0. If C := E(f) ∩ supp(f) then

lim_{s→0} ∫ supp(f+sh)∩C

w(σ_{f+sh}) ϕ(|f + sh|) − ϕ(|f|) s dμ = ∫ C w(σ_f )ϕ^′(|f|) sg(f)hdμ

Proof. Let (s_n)_{n∈N} be an arbitrary sequence such that lim_{n→∞} s_n = 0 and let (w_n)_{n∈N} be a sequence of μ-measurable functions on Ω defined by

w_n(x) = { w(σ_{f+snh}(x)) if x ∈ supp(f + s_nh) ∩ C 0 otherwise.

Clearly ∫ supp(f+s_nh)∩C

w(σ_{f+snh}) ϕ(|f + s_nh|) − ϕ(|f|)

s_n dμ = ∫ C w_n ϕ(|f + s_nh|) − ϕ(|f|) s_n dμ.

Let H := {t ∈ supp(f^∗) : w is continuous at t} and D := A ∩ lim_n A_n ∩ σ^{−1}_f (H) where A and A_n are the sets defined in lemma 2.4 Then μ(D) = μ(C). In fact, by the proof of the lemma 2.4 we have μ(A ∩ lim_n A_n) = μ(C). On the other hand, as supp(f) − σ^{−1}_f (H) ⊂ σ^{−1}_f (supp(f^∗) − H) and μ(σ^{−1}_f (supp(f^∗) − H)) = m(supp(f^∗) − H) = 0, we get μ(D) = μ(A ∩ lim_n A_n).

So, if x ∈ D we get lim_{n→∞} w_nϕ(2(|f| + |h|)) = w(σ_f )ϕ(2(|f| + |h|)) on D and lim_{n→∞} w_n ϕ(|f + s_nh|) − ϕ(|f|)

s_n

= w(σ_f )ϕ^′(|f|) sg(f)h on D.

36 F. E. LEVIS and H. H. CUENYA Moreover, for all n ∈ N such that 0 < |s_n| ≤ 1, | |w_n ϕ(|f+s_nh|)−ϕ(|f|)

s_n | | ≤ w_nϕ(2(|f| + |h|)). On the other hand, ∫ supp(f)

w(σ_f )ϕ(2(|f| + |h|))dμ ≤

∫_∞ 0 wϕ(2(|f| + |h|)^∗)dt < ∞.

(2.2) Then by the generalized Lebesgue convergence theorem we have lim_{n→∞} ∫ C w_n ϕ(|f + s_nh|) − ϕ(|f|) s_n dμ = ∫ C w(σ_f )ϕ^′(|f|) sg(f)hdμ. □ Remark. We observe that the lemma 2.5 holds when ϕ^′_+(0) > 0. Theorem 2.6. If f ∈ E_{w,ϕ} and h ∈ Λ_{w,ϕ} then γ(f, h) = ∫ supp (f)

w(σ_f )ϕ^′(|f|) sg(f)hdμ.

Proof. Since

wϕ(f^∗) ∼ w(σ_f )ϕ(|f|) and wϕ((f + sh)^∗) ∼ w(σ_{f+sh})ϕ(|f + sh|) we have Ψ_{w,ϕ}(f)= ∫ supp (f)

w(σ_f )ϕ(|f|)dμ, Ψ_{w,ϕ}(f + sh)= ∫ supp (f+sh)

w(σ_{f+sh})ϕ(|f + sh|)dμ.

As (w(σ_f ))^∗ = w in [0, μ(supp(f)), by the Hardy-Littlewood inequality (see [1]) ∫ supp (f)

w(σ_f )ϕ(|f + sh|)dμ ≤

∫_∞ 0 w(t)ϕ((f + sh)^∗(t))dt.

In consequence, for all s > 0 we get 1 s (∫ supp (f+sh)

w(σ_{f+sh})ϕ(|f + sh|)dμ − ∫ supp (f)

w(σ_f )ϕ(|f + sh|)dμ ) ≥ 0. So Ψ_{w,ϕ}(f + sh) − Ψ_{w,ϕ}(f) s ≥ ∫ supp (f)

w(σ_f ) ϕ(|f + sh|) − ϕ(|f|) s dμ. (2.3) Analogously with f + sh to instead of f, we get for s > 0 the inequality Ψ_{w,ϕ}(f + sh) − Ψ_{w,ϕ}(f) s ≤ ∫ supp (f+sh)

w(σ_{f+sh}) ϕ(|f + sh|) − ϕ(|f|) s dμ. (2.4)

GATEAUX DIFFERENTIABILITY 37

Similarly for all s < 0 ∫ supp (f+sh)

w(σ_{f+sh}) ϕ(|f + sh|) − ϕ(|f|) s dμ ≤

Ψ_{w,ϕ}(f + sh) − Ψ_{w,ϕ}(f) s

≤ ∫ supp (f)

w(σ_f ) ϕ(|f + sh|) − ϕ(|f|) s dμ. (2.5)

For all s, 0 < |s| ≤ 1, | |w(σ_f ) ϕ(|f+sh|)−ϕ(|f|) s | | ≤ w(σ_f )ϕ(2(|f| + |h|)). Thus, from

(2.4) and the Lebesgue convergence theorem we get

lim_{s→0} ∫ supp (f)

w(σ_f ) ϕ(|f + sh|) − ϕ(|f|) s dμ = ∫ supp (f)

w(σ_f )ϕ^′(|f|) sg(f)hdμ.

We now consider A := supp(h) − supp(f) and the following functions

H(s) = ∫ supp (f+sh)

w(σ_{f+sh}) ϕ(|f + sh|) − ϕ(|f|) s dμ,

K(s) = ∫ A w(σ_{f+sh}) ϕ(|sh|) s dμ, and L(s) = ∫ supp (f+sh)∩E(f)∩supp (f)

w(σ_{f+sh}) ϕ(|f + sh|) − ϕ(|f|) s dμ. Since f ∈ E_{w,ϕ} we have H(s) = L(s) + K(s). In addition, by lemma 2.5 we get

lim_{s→0} L(s) = ∫ supp (f)

w(σ_f )ϕ^′(|f|) sg(f)hdμ.

If μ(A) = 0, then K(s) = 0. In otherwise, from lemma 2.1, we get | | |w(σ^{f+sh}) ϕ(|sh|) s | | | ≤ w(σ^{hχ}A ) ϕ(|sh|) |s| μ-a.e on A.

Moreover, lim_{s→0} w(σ_{hχA} )^{ϕ(|sh|)}_{|s|} = 0, w(σ_{hχA} )^{ϕ(|sh|)}_{|s|} ≤ w(σ_{hχA} )ϕ(|h|) if |s| ≤ 1 and ∫ A w(σ_{hχA} )ϕ(|h|)dμ ≤ Ψ_{w,ϕ}(h) < ∞.

Thus by generalized Lebesgue convergence theorem, lim_{s→0} K(s) = 0, which implies that lim_{s→0} H(s) = ∫ supp (f)

w(σ_f )ϕ^′(|f|) sg(f)hdμ.

Finally from (2.3), (2.4) and (2.5) we obtain

γ(f, h) = ∫ supp (f)

w(σ_f )ϕ^′(|f|) sg(f)hdμ. □

38 F. E. LEVIS and H. H. CUENYA

Corollary 2.7. For all f ∈ E^{w,ϕ},

Γ(f) = w(μ_f (|f|))ϕ^′(|f|) sg(f)

where Γ denotes the Gateaux gradient operator.

Proof. Since σ_f (x) = μ_f (|f(x)|) on supp(f), the corollary is an immediate consequence of theorem 2.6 □

Next, we establish the main result of this section.

Theorem 2.8. Suppose that w is a strictly decreasing function. f ∈ Λ_{w,ϕ} is a smooth point if only if f ∈ E^{w,ϕ}.

Proof. The sufficient condition follows from theorem 2.6.

Suppose now that f /∈ E^{w,ϕ}. If f = 0 then for any h ∈ Λ_{w,ϕ} − {0}, γ_+(f, h) ≠ γ_−(f, h), so f is not a smooth point. Assume f ≠ 0. Then there exists r > 0 such that μ(C_f (r)) = a > 0. As μ is nonatomic, there is a set A ⊂ C_f (r) such that μ(A) =^a_4 . We define h ∈ Λ_{w,ϕ} by h(x) = χ_A(x) sg(f(x)). For s > 0, we call f_s = f + sh and g_s = f − sh. From the definition of h, for sufficiently small positive s, we have |f_s| = |f| + s|h| and |g_s| = |f| − s|h|. Next, if s < r and μ_f (r) < μ_f (r + s) +^a_4 , we obtain

μ_{fs} (λ) = { μ_f (λ) +^a_4 if r ≤ λ < r + s μ_f (λ) otherwise and f^∗_s (t) = r + s if μ_f (r + s) ≤ t < μ_f (r + s) +^a_4 f^∗ ( t −^a_4 ) if μ_f (r + s) +^a_4 ≤ t < μ_f (r) +^a_4 f^∗(t) otherwise

Thus,

Ψ_{w,ϕ}(f_s) − Ψ_{w,ϕ}(f) s = ∫_{μf (r)}

μ_f (r+s)

w(t) ϕ(r + s) − ϕ(f^∗(t)) s dt + ∫_{μf (r+s)+} a_4

μ_f (r)

w(t) ϕ(r + s) − ϕ(r) s dt + ∫_{μf (r)+} a_4

μ_f (r+s)+^a_4

w(t) ϕ(f^∗(t −^a_4 )) − ϕ(r) s dt. It is easy to prove that the first and third terms in the equality above tend to zero as s → 0. A straightforward computation leads to

γ_+(f, h) = ϕ^′(r)

∫_{μf (r)+} a_4

μ_f (r)

w(t)dt.

GATEAUX DIFFERENTIABILITY 39

Since ϕ(t) > 0 for t > 0, ϕ^′(r) > 0. On the other hand, if s < r and μ_f (r − s)−^a_4 < μ_f (r) + a, we obtain, in a similar way,

Ψ_{w,ϕ}(g_s) − Ψ_{w,ϕ}(f) −s = ∫_{μf (r−s)−} a_4

μ_f (r)+^3_4 a

w(t) ϕ(r) − ϕ(f^∗(t +^a_4 )) s dt + ∫_{μf (r)+a}

μ_f (r−s)−^a_4

w(t) ϕ(r) − ϕ(r − s) s dt + ∫_{μf (r−s)}

μ_f (r)+a

w(t) ϕ(f^∗(t)) − ϕ(r − s) s dt. Therefore

γ_−(f, h) = ϕ^′(r)

∫_{μf (r)+a}

μ_f (r)+^3_4 a

w(t)dt.

Since w is strictly decreasing, γ_−(f, h) < γ_+(f, h). We conclude that f is not a smooth point. □

Remark. We observe that the necessary condition of theorem 2.8 holds when ϕ^′_+(0) > 0.

3. A characterization of the smooth points in Λ_{w,ϕ} when ϕ^′_+(0) > 0

In this section we give a characterization of smooth points in Orlicz-Lorentz space Λ_{w,ϕ} when ϕ^′_+(0) > 0. We will use a similar technical to the developed in the section two. We assume here that lim_{t→∞} w(t) = 0.

We begin with two auxiliary lemmas.

Lemma 3.1. Let f, h ∈ Λ_{w,ϕ}. If μ_f is continuous at λ then lim_{s→0} μ_{f+sh}(λ) = μ_f (λ).

Proof. Let s be such that 0 < |s| < 1. Using properties of the distribution function we have μ_{f+sh}(λ) = μ_{f+sh} ( (1 − √ |s|)λ + √ |s|λ )

≤ μ_f ( (1 − √ |s|)λ ) + μ_h ( √ |s| |s| λ ) , (3.1)

lim_{s→0} μ_h

( √_{|s|}

|s| λ ) = 0 and μ_f (λ) ≤ lim_s μ_{f+sh}(λ). In addition, by hypotheses,

we have lim_{s→0} μ_f ((1 − √ |s|)λ) = μ_f (λ). From (3.1), lim_s μ_{f+sh}(λ) ≤ μ_f (λ). The proof follows immediately. □

Lemma 3.2. Let f ∈ E^{w,ϕ} and h ∈ Λ_{w,ϕ} be. If m(supp(f^∗)) = ∞ then lim_{s→0} σ_{f+sh}(x) = ∞ for all x ∈ supp(h) − supp(f).

40 F. E. LEVIS and H. H. CUENYA

Proof. If supp(h) − supp(f) = ∅, it is trivial. In either case, let x ∈ supp(h) − supp(f). Given M > 0, since m(supp(f^∗)) = ∞ we can choice s_1 such that μ_f (|s_1h(x)|) > M. As f ∈ E^{w,ϕ}, μ_f is continuous. Then by lemma 3.1 lim_{s→0} μ_{f+sh}(|s_1h(x)|) = μ_f (|s_1h(x)|). Thus μ_{f+sh}(|s_1h(x)|) > M for sufficiently small s. It follows that M < μ_{f+sh}(|sh(x)|) for sufficiently small s. Finally, for the last remark in the introduction we have μ_{f+sh}(|sh(x)|) ≤ σ_{f+sh}(x). The proof is complete. □

Theorem 3.3. If f ∈ Δ^{w,ϕ} and h ∈ Λ_{w,ϕ} then

γ(f, h) = ∫ supp (f)

w(σ_f )ϕ^′(|f|) sg(f)hdμ.

Proof. We proceed analogously to the proof of theorem 2.6. According to the remark of lemma 2.5, we only need to prove that lim_{s→0} K(s) = 0. Let A := supp(h) − supp(f). If μ(Ω − supp(f)) = 0 then μ(A) = 0. Therefore K(s) ≡ 0. Suppose that μ(A) > 0 and m(supp(f^∗)) = ∞. From lemma 2.1, σ_{hχA} (x) ≤ σ_{f+sh}(x) for all x ∈ A. In addition, ∫ A w(σ_{hχA} )ϕ(|h|)dμ ≤ Ψ_{w,ϕ}(h) < ∞. Therefore by lemma 3.2 and the Lebesgue convergence theorem, lim_{s→0} K(s) = 0. □

Corollary 3.4. For all f ∈ Δ^{w,ϕ}, Γ(f) = w(μ_f (|f|))ϕ^′(|f|) sg(f) where Γ denotes the Gateaux gradient operator.

Theorem 3.5. Suppose that w is a strictly decreasing function. f ∈ Λ_{w,ϕ} is a smooth point if only if f ∈ Δ^{w,ϕ}.

Proof. The sufficient condition is immediate consequence of theorem 3.3. Assume that f /∈ Δ^{w,ϕ}. If f /∈ E^{w,ϕ} then f is not a smooth point because the remark of theorem 2.8. We now suppose that f ∈ E^{w,ϕ}, so μ(Ω − supp(f)) > 0 and m(supp(f^∗)) < ∞. Take a set A ⊂ Ω − supp(f) with 0 < μ(A) < ∞ and let h(x) = χ_A (x). A straightforward computation leads to

lim_{s→0±}

Ψ_{w,ϕ}(f + sh) − Ψ_{w,ϕ}(f) s = ±ϕ^′_+(0)

∫_{μf (0)+μ(A)}

μ_f (0)

w(t)dt

(3.2)

i.e., γ_+(f, h) ≠ γ_−(f, h). □

Remark. It is well known that E^{w,ϕ} and Δ^{w,ϕ} are dense sets in the Lorentz space because the points of Gateaux-differentiability of the norm in a separable space form always a dense set.

4. An example

In [2], the authors have established the following corollary for 1 ≤ q < ∞ :

Corollary. Let f and h be any elements in L_{w,q}, Then

lim_{s↓0}

‖f + sh‖^q − ‖f‖^q s = lim_{s↑0}

‖f + sh‖^q − ‖f‖^q s

GATEAUX DIFFERENTIABILITY 41

if and only if for all λ > 0, μ(|f| = λ) > 0 implies h · sg(f) is constant on |f|^{−1}(λ).

However, next we give an example which shows that the Corollary does not hold for q = 1.

Example. Let f ∈ L_{w,1}(0, ∞) be defined by f(x) = (1−x)χ_{[0,1]}(x). According to corollary 3, f should be a smooth point, however f /∈ Δ^{p,1}.

References

1. Bennett C. and Sharpley R., Interpolation of Operators, Academic Press, 1988. 2. Carothers N. L., Haydon R. and Lin P. K. On the Isometries of the Lorentz function spaces, Israel Journal of Mathematics 84 (1993), 265–287.

3. Day M. M., Normed linear space, Springer-Verlag, New York 1973.

4. Debore R. A. and Lorentz G.G., Constructive Approximation, Springer Verlag, Berlin 1993. 5. Halperin I., Function spaces Canadian Journal of Mathematics V (1953), 273–288. 6. Hunt R., On L(p, q) spaces, Enseign. Math. 12 (1966), 249–276.

7. Kaminska A., Some Remarks on Orlicz-Lorentz Spaces Math. Nachr. 147 (1990), 29–38. 8. Ryff J. V., Measure preserving transformation and rearrangements, Math. Anal. Appl. 31 (1970), 449–458.

F. E. Levis, Departamento de Matemática. Facultad de Ciencias Exactas, Físico Química y Naturales. Universidad Nacional de Río Cuarto. 5800-Río Cuarto. Argentina

H. H. Cuenya, Departamento de Matemática. Facultad de Ciencias Exactas, Físico Química y Naturales. Universidad Nacional de Río Cuarto. 5800-Río Cuarto. Argentina, e-mail:

flevis@exa.unrc.edu.ar