Acta Math. Univ. Comenianae Vol. LXXIV, 2(2005), pp. 211–218 211

FUNCTIONALS ON SEQUENCE SPACES CONNECTED WITH THE EXPONENTIAL STABILITY OF EVOLUTIONARY PROCESSES

P. PREDA, A. POGAN and C. PREDA

Abstract. We consider certain functionals on the space of all real, positive sequences and in terms of these we can characterize the exponential stability of evolutionary processes.

1. Introduction

The problem of input-output stability was first studied by O. Perron in 1930 [11] for the case of linear finite-dimensional continuous-time systems x^′(t) = A(t)x(t) + f(t). In his paper, a central concern is the relationship, for linear equations, between the condition that the non-homogenous equation has some bounded solution for every bounded “second member” on the one hand and a certain form of stability of the solution of the homogenous equation on the other.

For the case of discrete-time systems analogous results was first obtained by Li Ta in 1934 [16]. This idea was later extensively developed for the discrete-time systems in the infinite-dimensional case by Ch. V. Coffman and J.J. Schäffer in 1967 [2] and D. Henry in 1981 [4] and more recently we refer the readers to the papers due to A. Ben-Artzi [1], I. Gohberg [1], M. Pinto [12], J. P. La Salle [5].

Also, applications of this “discrete-time” case to stability theory of linear infinitedimensional continuous-time systems have been presented by Henry [4], Przyluski and Rolewicz in [15]. Also using a discrete time argument, an extension of the well-known Datko’s result [3] was obtained in [13].

More recently an useful approach was given for the continuous case by Van Minh, Rabiger and Schnaubelt in [6]. Using a different technique, related results were obtained in [14] and for a nonuniform case in [7] , and also a version the theorem due to Van Minh, Rabiger and Schnaubelt, for discrete case was pointed

Received May 8, 2004.

2000 Mathematics Subject Classification. Primary 34D05, 47D06.

Key words and phrases. Evolutionary processes, uniform exponential stability, functionals on sequences spaces.

This research was done when the last author was PostDoctoral Scholar at the Dept. of Electrical Engineering of UCLA, U.S.A. Research supported in part under NSF Grant no. ECS- 0400730.

212 P. PREDA, A. POGAN and C. PREDA

out in [8]. Beside this line of results, in the recent years another approach was initiated by J. M. A. M van Neerven for the case of strongly continuous semigroups.

We note that the admissibility spaces used in many of the above papers are not just l^∞ but also we can find over there some spaces as l^p with p ∈ [1, ∞). An important case of evolutionary process are the processes which can be expressed by the formulae U(t, s) = T (t−s) where T is a C_0-semigroup (also these processes are called stationary evolutionary processes).

We recall that a family of bounded linear operators T = {T (t)}_{t≥0} is a C_0-semigroup on X if:

(s_1) T (0) = I (where I is the identity operator on X); (s_2) T (t + s) = T (t)T (s), for all t, s ≥ 0; (s_3) lim_{t→0+} T (t)x = x, for all x ∈ X.

One can easily remark that a sequence belongs to l^p if and only if there exists a positive functional which is finite on the respective sequence. This idea was developed successfully on the case of C_0-semigroups by Jan van Neerven in [10] where there is proved the following result:

If T = {T (t)}_{t≥0} is a C_0-semigroup on X, then J : C^+([0, ∞)) → [0, ∞] is a lower semi-continuous, nondecreasing functional which satisfies the property that

J(f) = ∞, for all f ∈ C^+([0, ∞)) with lim inf_{t→∞} f(t) > 0,

and if J(||T ∗ f||) < ∞ for all f ∈ C_c((0, ∞), X),

then T is exponentially stable (here C^+([0, ∞) denotes the space of all continuous, positive functions on [0, ∞) and C_c((0, ∞), X) is the space of all continuous functions with compact support on (0, ∞)), also (T ∗ f)(t) =

∫_t 0 T (t − s)f(s)ds.)

Also, this kind of results was touched in [9] for the case of strongly continuous semigroups, by Megan M., Sasu A. L., Sasu B. and Pogan A.

The present paper is more related to this last type of results from [5, 9] than to the results from [6, 7, 8, 14]. In this spirit the first aim of this paper is to extend the Neerven’s type analysis to the general case of evolutionary processes, using another type of functionals. Thus there are obtained some new characterizations of exponential stability of evolutionary processes, using a discrete-time argument, in terms of admissibility of certain functionals.

2. Preliminaries

First of all let us remind some definitions and standard notations. Throughout this paper X will be a Banach space, B(X) the Banach algebra of all bounded linear operator from X into itself. We recall that a function U : {(t, s) ∈ R^2 : t ≥ s ≥ 0} → B(X) is called an evolutionary process if (ep_1) U(t, t) = I (the identity operator on X), for all t ≥ 0; (ep_2) U(t, s) = U(t, r)U(r, s), for all t ≥ r ≥ s ≥ 0;

FUNCTIONALS ON SEQUENCE SPACES 213

(ep_3) There exist M ≥ 1, ω > 0 such that ‖U(t, s)x‖ ≤ Me^{ω(t−s)} ‖x‖, for all t ≥ s ≥ 0, x ∈ X.

We note that in many works concerning the asymptotic behavior of the evolution families there are different continuity conditions dictated by some local interest, but we do not need here any continuity hypothesis. Now we give

Definition 2.1. The evolutionary process U is said to be uniformly exponentially stable (u.e.s.) if there exist N, ν > 0 such that

‖U(t, t_0)x‖ ≤ Ne^{−ν(t−t 0)}‖x‖, for all t ≥ t_0 ≥ 0, x ∈ X \ {0}. Proposition 2.1. The evolutionary process U is u.e.s. if and only if there exists a positive numbers sequence (a_n)_{n∈N} such that inf_{n∈N} a_n = 0, ‖U(n, m)‖ ≤ a_{n−m} , for all n, m ∈ N with n ≥ m.

Proof. The necessity. It is obvious from Definition 2.1.

The sufficiency. Let n_0 = inf{n ∈ N^∗ : a_n < e^{−1} }, t_0 ≥ 0, t ≥ t_0 + 2n_0, n = [t/n_0], m = [t_0/n_0]. We have that m + 2 ≤^{t0+2n0}_{n0} ≤^t_{n0} , so it is obvious that n ≥ m + 2.

On the other hand we have ‖U(t, t_0)‖ = ‖U(t, nn_0)U(nn_0, (m + 1)n_0)U((m + 1)n_0, t_0)x‖

≤ ‖U(t, nn_0)‖‖U((m + 1)n_0, t_0)‖ n∏ k=m+2

‖U(kn_0, (k − 1)n_0)‖

≤ Me^{(t−nn 0)ω}Me^{((m+1)n0−t 0)ω} n∏ k=m+2

a_{n0}

≤ M^2e^{n0ω+((m+1)n0−t 0)ω}e^{−(n−m−1)} ≤ M^2e^{2n0ω+(mn0−t 0)ω}e^{−( tn}0^{−1)} e^{t0n}0^{+1} ≤ M^2e^{2n0ω+2}e^{− 1n}0^{(t−t 0)}.

If t_0 ≥ 0 and t ∈ [t_0, t_0 + 2n_0) then

‖U(t, t_0)‖ ≤ Me^{ω(t−t 0)} ≤ M^2e^{2n0ω} ≤ M^2e^{2n0ω+2}e^{− 1n}0^{(t−t 0)}. It follows that ‖U(t, t_0)‖ ≤ Ne^{−ν(t−t 0)}, for all t ≥ t_0 ≥ 0, where N = M^2e^{2n0ω+2}, ν =^1_{n0} . □ In what follows we will denote by S(R) the set of all real numbers sequences and by S^+(R) the set of all s ∈ S(R) with s(n) ≥ 0, for all n ∈ N. For s ∈ S(R) we will denote by s^′ the unique real sequence which satisfies the equality:

s(n) = n∑ k=0 s^′(k), for all n ∈ N.

214 P. PREDA, A. POGAN and C. PREDA

Inductively we will define s^{(k+1)} = (s^{(k)})^′, for k = 0, 1, . . .

Also we will denote by S^+_{k,0}(R) the space of all s ∈ S(R) which satisfy the properties

• s^{(k)}(n) ≥ 0 , for all n ∈ N, • card{n ∈ N : s^{(k)}(n) > 0} < ℵ_0.

Let F be the set of all functions F : S^+(R) → [0, ∞] such that the following statements hold:

(f_1) If s_1, s_2 ∈ S^+(R) with s_1 ≤ s_2 then F (s_1) ≤ F (s_2); (f_2) F (s) < ∞ for all s ∈ S^+_{0,0}(R);

(f_3) there exists c > 0 such that F (αχ_{{n}}) ≥ cα, for all α > 0 and all n ∈ N; (f_4) there exist a > 0, j ∈ N, ψ ∈ S^+_{j,0}(R) such that

inf_{n∈N} ψ(n) ≥ a and lim_{n→∞} F (αψχ_{{0,...,n}}) = ∞, for all α > 0.

Example 2.1. The function F : S^+(R) → [0, ∞], F (s) =^∞ ∑ n=0 s(n) belongs to F.

Proposition 2.2. If F ∈ F then we have that:

lim_{n→∞} inf_{α∈(0,1]}

F (αψχ_{{0,...n}}) α^2

= ∞.

Proof. From (f_1) it results immediately that the map r : N → R_+

r(n) = inf_{α∈(0,1]}

F (αψχ_{{0,...,n}}) α^2 is nondecreasing. Let l = lim_{n→∞} r(n). We shall prove that l = ∞. Assume for a contradiction that l < ∞. Then it is easy to see that for every n ∈ N there exists α_n ∈ (0, 1] with ac α_n = acα_n α^2_n ≤ F (aα_nχ_{{0}}) α^2_n ≤ F (α_nψχ_{{0,...,n}}) α^2_n

≤ r(n) + 1 n + 1 and hence α_n ≥ ac r(n) +^1_{n+1} for all n ∈ N.

Using the fact that l < ∞ we obtain that lim_{n→∞} infα_n > 0 which implies that there exist n_0 ∈ N and α > 0 such that α_n ≥ α, for all n ∈ N with n ≥ n_0. Then

F (αψχ_{{0,...,n}}) ≤

F (α_nψχ_{{0,...,n}}) α^2_n

≤ r(n) + 1 n + 1 , for all n ∈ N with n ≥ n_0 and so lim_{n→∞} F (αψχ_{{0,...,n}}) ≤ l < ∞, which is the required contradiction. □

FUNCTIONALS ON SEQUENCE SPACES 215

A map N : S(R) → [0, ∞] is called a generalized norm on S(R) if (n_1) N(s) = 0 if and only if s = 0;

(n_2) N(s_1 + s_2) ≤ N(s_1) + N(s_2), for all s_1, s_2 ∈ S(R); (n_3) N(αs) = |α|N(s), for all α ∈ R and all s ∈ S(R) with N(s) < ∞; (n_4) If s_1, s_2 ∈ S(R) with |s_1| ≤ |s_2| then N(s_1) ≤ N(s_2). Remark 2.1. If N is a generalized norm on S(R) then E = {s ∈ S(R) :

N(s) < ∞} is a normed function space with the norm ‖s‖_E = N(s).

We will denote by ξ(N) the set of all normed sequence spaces E with the properties.

(e_1) χ_{{0,...,m}} ∈ E , for all m ∈ N; (e_2) inf_{n∈N} ‖χ_{{n}}‖_E > 0;

(e_3) there exist a > 0, j ∈ N, ψ ∈ S^+_{j,0}(R) such that inf_{n∈N} ψ(n) ≥ a and lim_{n→∞} ‖ψχ_{{0,...,n}}‖_E = ∞.

Example 2.2. We note that l^p ∈ ξ(N) for all p ∈ [1, ∞].

Indeed (e_1) and (e_2) are trivial to verify in this case. In order to verify (e_3) take a = 1, j = 2, ψ(n) = n + 1.

Example 2.3. Another example of normed sequences space which belongs to ξ(N) is E = {s ∈ S(R) : sup_{n∈N}(n + 1)|s(n)| < ∞} with the norm ‖s‖_E = sup_{n∈N}(n + 1)|s(n)|.

Remark 2.2. If E ∈ ξ(N) then the function F_E : S^+(R) → [0, ∞] given by F_E (s) = N(s), belongs to F, where N is defined above. Next, we define V_m : X^N → X^N , (V_mf)(n) =^n ∑ k=0 U(n + m, m + k)f(k), where X^N denotes the space of all functions from N to X.

Definition 2.2. (i) F ∈ F is said to be admissible to U if there exists K > 0 such that F (‖V_mf‖) ≤ KF (‖f‖), for all m ∈ N and all f ∈ X^N with F (‖f‖) < ∞.

(ii) E ∈ ξ(N) is said to be admissible to U if F_E is admissible to U, where F_E is defined in the Remark 2.2.

Remark 2.3. If E ∈ ξ(N) then E(X) = {f ∈ X^N : ‖f‖ ∈ E}, is a normed space with the norm ‖f‖_{E(X)} = ‖‖f‖‖_E .

216 P. PREDA, A. POGAN and C. PREDA

Remark 2.4. E ∈ ξ(N) is admissible to U if and only if there exists K > 0 such that V_mf ∈ E(X) for all m ∈ N and all f ∈ E(X) and ‖V_mf‖_{E(X)} ≤ K‖f‖_{E(X)}, for all m ∈ N and all f ∈ E(X).

Finally we will denote by Φ the set of all non-decreasing bijective functions φ from R_+ into itself which satisfy the condition

sup_{β>0} φ^{−1} (αβ) φ^{−1} (β)

< ∞, for all α ≥ 0.

Definition 2.3. φ ∈ Φ is admissible to U if there exists K > 0 such that ∞∑ n=0 φ(‖(V_mf)(n)‖) ≤ K ∞∑ n=0 φ(‖f(n)‖),

for all m ∈ N and all f ∈ X^N with^∞ ∑ n=0 φ(‖f(n)‖) < ∞.

3. The main result For U an evolutionary process we denote by s_{x,m} : N → R_+ the sequence defined by s_{x,m}(n) =

‖U(m + n, m)x‖ ‖x‖ , where m ∈ N and x ∈ X\{0}. Without any loss of generality we may assume that s_{x,m}(n) ≠ 0, for all m, n ∈ N and all x ∈ X\{0}.

Theorem 3.1. The evolutionary process U is u.e.s. if and only if there exists F ∈ F admissible to U.

Proof. The necessity. As we already mentioned in Example 2.1, the map F : S^+(R) → [0, ∞], F (s) =^∞ ∑ n=0 s(n), belongs to F. Also

F (‖(V_mf)‖) = ∞∑ n=0 ‖(V_mf)(n)‖ ≤ ∞∑ n=0 n∑ k=0 ‖U(m + n, m + k)f(k)‖

≤ ∞∑ n=0 n∑ k=0 Ne^{−ν(n−k)} ‖f(k)‖ = ∞∑ k=0 ( ∞∑ n=k Ne^{−ν(n−k)} ‖f(k)‖)

= ∞∑ k=0 N 1 − e^{−ν}

‖f(n)‖ = KF (‖f‖),

for all m ∈ N, and all f ∈ X^N with F (‖f‖) < ∞.

The sufficiency. First we consider the map f_{x,m} : N → X, defined by f_{x,m}(n) = 1 ‖x‖ ψ^{(j)}(n)U(n + m, m)x.

FUNCTIONALS ON SEQUENCE SPACES 217

A simple computation shows that ‖f_{x,m}‖ ≤ Me^{ωi0} ψ^{(j)}, where i_0 = max{n ∈ N : ψ^{(j)}(n) > 0} and that V^j_mf_{x,m} = ψs_{x,m}, and hence by the admissibility condition we obtain that F (ψs_{x,m}) ≤ L = K^j F (Me^{ωi0} ψ^{(j)}) < ∞, for all m ∈ N and all x ∈ X\{0}. Also the fact that acs_{x,m}(n) ≤ F (as_{x,m}(n)χ_{{n}}) ≤ F (ψs_{x,m}) ≤ L implies that s_{x,m}(n) ≤ L ac , for all m, n ∈ N, x ∈ X\{0}.

On the other hand we have that ‖U(n + m, m)x‖ ‖U(k + m, m)x‖

= s_{U(k+m,m)x,k+m}(n − k), for all m, n ∈ N, k ∈ N with k ≤ n and all x ∈ X\{0} and so ‖U(n + m, m)x‖ ≤ L ac ‖U(k + m, m)x‖, for all m, n ∈ N, k ∈ N with k ≤ n and all x ∈ X\{0}. It results that

s_{x,m}(n)χ_{{0,...,n}} = n∑ k=0 s_{x,m}(n)χ_{{k}} ≤ L ac n∑ k=0 s_{x,m}(k)χ_{{k}}l

≤ L ac ∞∑ k=0 s_{x,m}(k)χ_{{k}} = L ac s_{x,m},

for all m, n ∈ N, x ∈ X\{0} and by this inequality we obtain that ( ac L s_{x,m}(n)

)_2

r(n) ≤ F ( ac L s_{x,m}(n)ψχ_{{0,...,n}}) ≤ F (ψs_{x,m}) ≤ L for all m, n ∈ N, x ∈ X\{0} and hence ‖U(n + m, m)‖ ≤ a_n, for all m, n ∈ N, where a_n =^L_{ac} (1+L^{1/2})^1_{1+}√_{r(n)} . By Proposition 2.1 and Proposition 2.2 it follows that U is u.e.s. □ Corollary 3.2. The evolutionary process U is u.e.s. if and only if there exists E ∈ ξ(N) admissible to U.

Proof. The proof follows easily from Theorem 3.1 and Definition 2.2. □ Corollary 3.3. The evolutionary process U is u.e.s. if and only if there exists p ∈ [1, ∞] such that l^p is admissible to U.

Proof. It results from Corollary 3.2 and Example 2.2. □

218 P. PREDA, A. POGAN and C. PREDA

Corollary 3.4. The evolutionary process U is u.e.s. if and only there exists φ ∈ Φ admissible to U.

Proof. It follows easily from Theorem 3.1 and Definition 2.3 using the map F_φ : S^+(R) → [0, ∞] defined by

F_φ(s) = φ^{−1}

(^∞∑ n=0 φ(s(n)) )

which belongs to F(a = 1, j = 1, ψ(n) = 1). □

References

1. Ben-Artzi A. and Gohberg I., Dichotomies of systems and invertibility of linear ordinary differential operators, Oper. Theory Adv. Appl. 56 (1992), 90–119.

2. Coffman C. V. and Schäffer J. J., Dichotomies for linear difference equations, Math. Annalen 172 (1967), 139–166.

3. R. Datko R., Uniform asymptotic stability of evolutionary processes in Banach spaces, SIAM J. Math. Anal. 3 (1972), 428–445.

4. D. Henry D., Geometric theory of semilinear parabolic equations, Springer Verlag, New-York, 1981.

5. J. P. La Salle J. P., The stability and control of discrete processes, Springer Verlag, Berlin, 1990.

6. van Minh N., F. Räbiger F. and Schnaubelt R., Exponential stability, exponential expansiveness and exponential dichotomy of evolution equations on the half-line, Int. Eq. Op. Theory 32 (1998), 332–353.

7. Megan M., Sasu A. L. and Sasu B., On nonuniform exponential dichotomy of evolution operators in Banach spaces, Int. Eqns. Op. Th. 44 (2002), 71–78.

8. , Discrete admissibility and exponential dichotomy of evolution families, Discrete Contin. Dynam. Systems 9 (2003), 383–397.

9. Megan M., Sasu A. L., Sasu B. and Pogan A., Exponential stability and unstability of semigroups of linear operators in Banch spaces, Math. Ineq. Appl. 5 (2002), 557–568.

10. van Neerven J. M. A. M., Lower semicontinuity and the theorem of Datko and Pazy, Int.

Eq. Op. Theory 42 (2002) 482–492.

11. Perron O., Die Stabilitätsfrage bei Differentialgeighungen, Math. Z. 32 (1930), 703–728. 12. Pinto M., Discrete dichotomies, Computers Math. Applic. 28 (1994), 259–270. 13. Preda P., Pogan A. and Preda C., Discrete characterizations of exponential dichotomy for evolution families, Irish. Math. Soc. Bulletin 52 (2003), 19–30.

14. , (L^p, L^q)-admissibility and exponential dichotomy of evolutionary processes on halfline, Int. Eq. Op. Theory 49 3 (2004), 405–418.

15. Przyluski K. M. and Rolewicz S., On stability of linear time-varying infinite-dimensional discrete-time systems, Systems Control Lett. 4 (1994), 307–315.

16. Li Ta, Die Stabilitätsfrage bei Differenzengleichungen, Acta Math. 63 (1934), 99–141.

P. Preda, Department of Mathematics, West University of Timişoara, Bd. V. Pârvan, No 4, Timişoara 1900, Romania, e-mail: preda@math.uvt.ro

A. Pogan, Department of Mathematics, University of Missouri, 202, Mathematical Sciences Bldg, Columbia, MO 65211, U.S.A, e-mail: pogan@math.missouri.edu

C. Preda, Department of Electrical Engineering, University of California, Los Angeles (UCLA), CA 90095, U.S.A., e-mail: preda@ee.ucla.edu