Acta Math. Univ. Comenianae Vol. LXXIV, 2(2005), pp. 229–242 229

GROUPS OF PERIODS FOR ARBITRARY MAPS ON GROUPS

N. C. BONCIOCAT and A. ZAHARESCU

Abstract. We investigate various properties of groups of periods associated to arbitrary maps defined on groups.

1. Introduction

Let G, G^′ be abelian groups and let f : G → G^′ be a homomorphism. In the usual additive notation for the group law, if t belongs to the kernel of f, then

f(x + t) = f(x),

for any x ∈ G. That is to say, the map f is periodic with period t. The group of periods of f coincides with ker f. If we replace G^′ by an arbitrary non-empty set S and let f be any map from G to S, the notion of period still make sense, and one can again talk about the group of periods of f. Naturally, one has a richer structure to work with in the case when f is a homomorphism than in the case of a general map from G to an arbitrary set. Nevertheless, there are many important examples of periodic maps defined on groups which are not homomorphisms. For instance, let G be the additive group of real numbers. Trigonometric polynomials are maps of the form

f(x) = N∑ n=−N

a_ne^{2πinx} ,

where the coefficients a_n are complex numbers, and they play an important role in many problems in number theory (see [9], [5], [7]). If a_k = 1 for some k and a_n = 0 for n ≠ k, in other words if f(x) = e^{2πikx} , then f is a homomorphism to the multiplicative group of nonzero complex numbers, with kernel^1_k Z. A general trigonometric polynomial is not a homomorphism, and yet it has a nonzero group of periods.

Another important class of examples is provided by elliptic functions (see [1], [15]). Such a function f is meromorphic and doubly periodic. If we let the poles of f be sent to the point at infinity, then f will be defined everywhere on the complex plane C, with values in C ∪ {∞}, and will have as group of periods a lattice in C.

Received May 18, 2004.

2000 Mathematics Subject Classification. Primary 20E07, 20D40. Key words and phrases. groups of periods, partitions, perodic maps.

230 N. C. BONCIOCAT and A. ZAHARESCU

For another example, let K be a number field, which is an abelian extension of the field Q of rational numbers, and let G = Gal(K/Q). Any element α ∈ K gives rise to a natural map f_α : G → K, defined by

f_α (σ) := σ(α),

for any σ ∈ G. In general f_α is not a homomorphism, although the group of periods of f_α may be nontrivial. To be precise, the group of periods of f_α coincides with the Galois group Gal(K/Q(α)).

In the present paper we take a general point of view. We consider a group G, which does not need to be abelian, a non-empty set S, a map f : G → S, and investigate some properties of the corresponding groups of periods. Since G is no more assumed to be abelian, we first need to give a precise definition of what we mean by a group of periods in this more general context. There are several subgroups of G that one can consider in this case, namely the groups of left or right periods, as well as their normal and characteristic interior, which will be defined in the following section. An alternative point of view is to define these groups and investigate their properties by considering the partition induced by f on the underlying set of G, and the stabilizers of this partition with respect to the actions of left and right multiplication with elements in G. Groups acting on partitioned sets have been studied by a number of authors (see [2], [3], [4], [10], [13], [14] and [16]). Their properties have been extensively used in the computational study of finite permutation groups.

Subgroups appear in many cases in group theory as kernels, images or inverse images of group homomorphisms. Our first purpose is to show how the subgroups of an arbitrary group G may be regarded as groups of periods of arbitrary maps on G. The normal subgroups and the characteristic subgroups of G are then found to be precisely the normal interior and the characteristic interior of such groups of periods, respectively. This could be a source of new examples of subgroups, as well as a tool to study their properties. Another goal is to investigate the groups of periods in the case when G factorizes as a product of two subgroups with trivial intersection. Lastly, we consider modules and rings instead of groups and show how one can describe their submodules and ideals as appropriate kernels of arbitrary maps.

2. Notations and definitions

Let G be a group, P(G) the set of its non-empty subsets and α, β the actions of G on P(G) by left and right multiplication, respectively. Let now I be a set of indices and consider a partition P = {A_i}_{i∈I} of G, that is

G = ⋃ i∈I A_i,

GROUPS OF PERIODS FOR ARBITRARY MAPS ON GROUPS 231

where A_i are pairwise disjoint non-empty subsets of G. To any such partition of G we then associate the following four subgroups of G:

LS(P ) = ⋂ i∈I Stab_α (A_i),

RS(P ) = ⋂ i∈I Stab_β (A_i),

NS(P ) = ⋂ g∈G g · LS(P ) · g^{−1} ,

CS(P ) = ⋂ φ∈Aut (G)

φ(LS(P )).

Definition 1. We call these subgroups the left stabilizer of P , the right stabilizer of P , the normal stabilizer of P and the characteristic stabilizer of P , respectively.

Definition 2. Let S be a non-empty set. An arbitrary map f : G → S defines in a natural way a partition of G if we consider P = {f^{−1} (s)}_{s∈Im (f)}. In this case we denote the four subgroups associated to P by LP (f), RP (f), Ker (f) and Char (f), and call them the group of left periods of f, the group of right periods of f, the kernel of f and the characteristic kernel of f, respectively.

It is easy to see that these subgroups of G admit the following simple description:

LP (f) = {h ∈ G : f(hg) = f(g), ∀g ∈ G}, RP (f) = {h ∈ G : f(gh) = f(g), ∀g ∈ G}, Ker (f) = {h ∈ G : f(g_1hg^{−1}_1 · g_2) = f(g_2), ∀g_1, g_2 ∈ G}, Char (f) = {h ∈ G : f(φ(h) · g) = f(g), ∀g ∈ G, ∀φ ∈ Aut (G)}.

In this definition we may obviously assume that f is a surjective map, and the values taken by f are irrelevant as long as they preserve the same partition {f^{−1} (s)}_{s∈Im (f)} on G.

Remark. One can define the kernel and the characteristic kernel of f in the following equivalent way:

Ker (f) = {h ∈ G : f(g_1hg_2) = f(g_1g_2), ∀g_1, g_2 ∈ G} = {h ∈ G : f(g_2 · g_1hg^{−1}_1 ) = f(g_2), ∀g_1, g_2 ∈ G}, Char (f) = {h ∈ G : f(g · φ(h)) = f(g), ∀g ∈ G, ∀φ ∈ Aut (G)}.

The following result shows that the definition of NS(P ) and CS(P ) does not depend on which action we consider, α or β, and the same obviously holds for the definition of Ker (f) and Char (f).

232 N. C. BONCIOCAT and A. ZAHARESCU

Proposition 1. For every partition P of a group G we have: NS(P ) = ⋂ g∈G g · RS(P ) · g^{−1} and (1) CS(P ) = ⋂ φ∈Aut (G)

φ(RS(P )). (2) Proof. Let the partition of G be P = {A_i}_{i∈I} , with I the set of indices. We associate to P the map f : G → I given by f(g) = i for every g ∈ A_i, i ∈ I. Then we have LS(P ) = LP (f) and RS(P ) = RP (f). By double inclusion it follows easily that ⋂ g∈G g · LP (f) · g^{−1} = {h ∈ G : f(g_1hg^{−1}_1 · g_2) = f(g_2), ∀g_1, g_2 ∈ G}, ⋂ g∈G g · RP (f) · g^{−1} = {h ∈ G : f(g_2 · g_1hg^{−1}_1 ) = f(g_2), ∀g_1, g_2 ∈ G},

and (1) follows by the previous remark. Similarly, ⋂ φ∈Aut (G)

φ(LP (f)) = {h ∈ G : f(φ(h) · g) = f(g), ∀g ∈ G, ∀φ ∈ Aut (G)}, ⋂ φ∈Aut (G)

φ(RP (f)) = {h ∈ G : f(g · φ(h)) = f(g), ∀g ∈ G, ∀φ ∈ Aut (G)},

from which (2) follows using again the previous remark. □ We therefore see that NS(P ) is at the same time the core of LS(P ) in G and the core of RS(P ) in G. Similarly, CS(P ) is both the characteristic interior of LS(P ) in G and the characteristic interior of RS(P ) in G.

Remarks. 1. If S is a group and f : G → S is a group homomorphism, then LP (f), RP (f) and Ker (f) coincide with the usual kernel of f, and Char (f) = ⋂ φ∈Aut (G) φ(Ker (f)), the characteristic interior of Ker (f).

2. For an arbitrary map f : G → S we have the following inclusions: Char (f) ⊆ Ker (f) ⊆ LP (f) ∩ RP (f), and for h ∈ LP (f) or h ∈ RP (f) we have f(h) = f(1), so all these subgroups are contained in the set f^{−1} (1).

3. In general LP (f) ≠ RP (f). To see this we consider the dihedral group G = {1, x, x^2, y, xy, x^2y} with x^3 = y^2 = 1 and yx = x^2y, and a set S with 3 elements: S = {a, b, c}. For the map f : G → S given by f(1) = f(y) = a f(x) = f(x^2y) = b f(x^2) = f(xy) = c we have LP (f) = {1, y} and RP (f) = {1}.

GROUPS OF PERIODS FOR ARBITRARY MAPS ON GROUPS 233

4. If f is an injective map we have LP (f) = RP (f) = Ker (f) = Char (f) = 1, and obviously Char (f) = G if and only if f is constant.

5. If G is an abelian group, then LP (f) = RP (f) = Ker (f), which is the group of periods of f, if we consider the additive notation for the group law. 6. If G/ Ker (f) is abelian, then f is a central map and LP (f) = RP (f) = Ker (f). 7. For a group G and a partition P = {A_i}_{i∈I} of G we may consider N(P ) = ∩_{i∈I} N_G(A_i) and call it the normalizer of the partition P . Here N_G(A_i) stands for the normalizer of A_i in G. For a finite group G, a non-empty set S and an arbitrary map f : G → S, the set N(f) = {h ∈ G : f(hg) = f(gh), ∀g ∈ G} is a subgroup of G. Obviously N(f) is closed under multiplication, 1 ∈ N(f), and for h ∈ N(f) we have

f(h^{−1} g) = f(hh^{−2} g) = f(h^{−2} gh) = f(hh^{−3} gh) = f(h^{−3} gh^2) = . . .

= f(h^{−o(h)} gh^{o(h)−1} ) = f(gh^{−1} ), where o(h) is the order of h. This shows that h^{−1} ∈ N(f). It is easy to see that N(f) is actually the normalizer of the partition P = {f^{−1} (s)}_{s∈Im (f)}. We obviously have the inclusions LP (f) ∩ RP (f) ⊆ N(f) and Z(G) ⊆ N(f).

Examples. 1. For the power functions f_n : G → G given by f_n(g) = g^n, n ∈ N, we have:

Ker (f_n) = {h ∈ G : (g_1hg_2)^n = (g_1g_2)^n, ∀g_1, g_2 ∈ G} = {h ∈ G : (hg_2g_1)^{n−1} hg_2 = (g_2g_1)^{n−1} g_2, ∀g_1, g_2 ∈ G} = {h ∈ G : (hg_2g_1)^{n−1} hg_2g_1 = (g_2g_1)^n, ∀g_1, g_2 ∈ G} = {h ∈ G : (hg_2g_1)^n = (g_2g_1)^n, ∀g_1, g_2 ∈ G} = LP (f_n) and Ker (f_n) = {h ∈ G : (g_1hg_2)^n = (g_1g_2)^n, ∀g_1, g_2 ∈ G} = {h ∈ G : (hg_2g_1)^{n−1} h = (g_2g_1)^{n−1} , ∀g_1, g_2 ∈ G} = {h ∈ G : g_2g_1(hg_2g_1)^{n−1} h = (g_2g_1)^n, ∀g_1, g_2 ∈ G} = {h ∈ G : (g_2g_1h)^n = (g_2g_1)^n, ∀g_1, g_2 ∈ G} = RP (f_n).

Moreover, for h ∈ Ker (f_n) and φ ∈ Aut (G) we have (φ(h)φ(g))^n = (φ(g))^n, for all g ∈ G, and therefore φ(h) ∈ Ker (f_n). This shows that for every n, Ker (f_n) is a characteristic subgroup of G. We therefore have Char (f_n) = Ker (f_n) = RP (f_n) = LP (f_n) = {h ∈ G : (hg)^n = (g)^n, ∀g ∈ G}.

Note that the order of any element belonging to Ker (f_n) must be a divisor of n. It is then easily seen that Ker (f_2) is the subgroup of involutions of Z(G).

234 N. C. BONCIOCAT and A. ZAHARESCU

For two natural numbers m and n we have: Ker (f_m) ∩ Ker (f_n) = Ker (f_{gcd(m,n)}), Ker (f_m) · Ker (f_n) ⊆ Ker (f_{lcm(m,n)}),

Thus if m divides n we have Ker (f_m) ⊆ Ker (f_n), and if G is a finite group of exponent e, we have Ker (f_n) = Ker (f_{gcd(n,e)}).

2. Let x be a fixed element of a group G. For the commutator map given by f_x(g) = gxg^{−1} x^{−1} we have:

LP (f_x) = Ker (f_x) = C_G(C_x), RP (f_x) = C_G(x),

Char (f_x) = ⋂ φ∈Aut (G)

φ(C_G(C_x)),

where C_x is the conjugacy class of x.

3. Groups of periods

The methods to prove that a given subset of a group is a subgroup are omnipresent tools and can be found in all the classical texts of group theory. It is worthmentioning a less known result due to G. Horrocks (see [12, p. 42]) stating that if a finite set X = {x_1, . . . , x_n} of a group G has the property that x_ix_j ∈ X whenever 1 ≤ i ≤ j ≤ n, then it is necessarily a subgroup of G.

In what follows we prove that the subgroups, the normal subgroups and the characteristic subgroups of an arbitrary group may be regarded as groups of periods, kernels and characteristic kernels of arbitrary maps, respectively.

Theorem 1. A non-empty subset H of a group G is a subgroup (a normal subgroup, or a characteristic subgroup) of G if and only if there exist a set S and a map f : G → S such that H = LP (f) (H = Ker (f), or H = Char (f), respectively). The same characterization for the subgroups of G holds if we replace LP (f) by RP (f).

Proof. Let H be a subgroup of G and S a set with at least two elements, say a and b. If H = G, we take the constant map f : G → S, f(g) = a for all g ∈ G and obviously H = G = LP (f).

If H ≠ G, we consider the indicator map of H given by

(3) f(g) = { a if g ∈ H b if g /∈ H .

For h ∈ LP (f) we have f(hg) = f(g) for all g ∈ G and in particular for g ∈ H we have f(hg) = a, which according to the definition of f means that hg ∈ H, that is h ∈ H. Therefore we have LP (f) ⊆ H. Conversely, for h ∈ H we have

f(hg) = { a if hg ∈ H (⇔ g ∈ H) b if hg /∈ H (⇔ g /∈ H) = { a if g ∈ H b if g /∈ H = f(g),

GROUPS OF PERIODS FOR ARBITRARY MAPS ON GROUPS 235

for all g ∈ G, which shows that h ∈ LP (f). Therefore we have H = LP (f). The proof is similar if we consider RP (f) instead of LP (f).

If H is a proper normal subgroup of G we consider again the indicator map of H given by (3). For h ∈ Ker (f) we have f(g_1hg_2) = f(g_1g_2) for all g_1, g_2 ∈ G. In particular, for g_1, g_2 ∈ H we have f(g_1hg_2) = a, which shows according to the definition of f that g_1hg_2 ∈ H, that is h ∈ H. Therefore we have Ker (f) ⊆ H. Conversely, for h ∈ H we have

f(g_1hg_2) = { a if g_1hg_2 ∈ H (⇔ g_1hg^{−1}_1 g_1g_2 ∈ H) b if g_1hg_2 /∈ H (⇔ g_1hg^{−1}_1 g_1g_2 /∈ H) = { a if g_1g_2 ∈ H b if g_1g_2 /∈ H = f(g^1g^2),

for all g_1, g_2 ∈ G, and therefore h ∈ Ker (f), that is H = Ker (f).

Finally, consider a proper characteristic subgroup H of G and f given by (3). For h ∈ Char (f) we have f(φ(h)g) = f(g) for all g ∈ G and all φ ∈ Aut (G). In particular, for g ∈ H and φ = 1_G we have f(hg) = f(g) = a, which by (3) shows that hg ∈ H, that is h ∈ H. Therefore we have Char (f) ⊆ H. Conversely, for h ∈ H we have

f(φ(h)g) = { a if φ(h)g ∈ H (⇔ g ∈ H) b if φ(h)g /∈ H (⇔ g /∈ H) = { a if g ∈ H b if g /∈ H = f(g),

for all g ∈ G and all φ ∈ Aut (G). Thus H = Char (f), which completes the proof. □

This theorem (as well as its proof) may be alternatively rephrased in terms of partitions of G as follows:

Theorem 1^′. A non-empty subset H of a group G is a subgroup (a normal subgroup, or a characteristic subgroup) of G if and only if there exist a partition P of G such that H = LS(P ) (H = NS(P ), or H = CS(P ), respectively). The same characterization for the subgroups of G holds if we replace LS(P ) by RS(P ).

We denote by {G/LP (f)}_l and {G/RP (f)}_l the sets of left cosets of LP (f) and RP (f) in G, respectively. The following result may be regarded as an analogue for arbitrary maps of the fundamental theorem on homomorphisms.

Proposition 2. Let G be a group, S a non-empty set and f : G → S an arbitrary map. Then |G/ Ker (f)| ≥ card {Im (f)}, and moreover we have card {G/LP (f)}_l ≥ card {Im (f)} and card {G/RP (f)}_l ≥ card {Im (f)}.

Proof. Consider ϕ : G/ Ker (f) → Im (f) given by ϕ(g Ker (f)) = f(g). The map ϕ is well defined: indeed, if g_1 Ker (f) = g_2 Ker (f) then g^{−1}_2 g_1 ∈ Ker (f), which means that f(x_1g^{−1}_2 g_1x^{−1}_1 x_2) = f(x_2) for all x_1, x_2 ∈ G.

236 N. C. BONCIOCAT and A. ZAHARESCU

In particular, for x_1 = x_2 = g_2 we find f(g_1) = f(g_2). Since obviously ϕ is a surjective map, we have |G/ Ker (f)| ≥ card {Im (f)}. For the remaining two inequalities we consider the maps ϕ_1 : {G/LP (f)}_l → Im (f) and ϕ_2 : {G/RP (f)}_l → Im (f) given by ϕ_1(gLP (f)) = f(g^{−1} ) and ϕ_2(gRP (f)) = f(g), which are also well defined and surjective. Hence, if G is a finite group, we have

|Ker (f)| · card {Im (f)} ≤ |G| , |LP (f)| · card {Im (f)} ≤ |G| and (4) |RP (f)| · card {Im (f)} ≤ |G| ,

or, equivalently:

|NS(P )| · card {I} ≤ |G| , |LS(P )| · card {I} ≤ |G| and |RS(P )| · card {I} ≤ |G| ,

if we consider the same problem in terms of partitions of G. □

Inequalities (4) show that if we try to find maps f having nontrivial kernels or groups of periods, then we have to ask for card {Im (f)} to be “small”. For instance, if |G| = p^{n1}_1 p^{n2}_2 . . . p^{nk}_k with p_1 < p_2 < . . . < p_k prime numbers, n_1 ≥ 1, . . . , n_k ≥ 1 and card {Im (f)} > |G| /p_1, then LP (f) = RP (f) = Ker (f) = 1. In particular, if we choose f such that card {Im (f)} > |G| /2, then necessarily LP (f) = RP (f) = Ker (f) = 1.

For finite groups we can also establish the following connection between |LS(P )|, |RS(P )|, |NS(P )|, |CS(P )| and {card {A_i}}_{i∈I} .

Proposition 3. Let G be a finite group and P = {A_i}^n_{i=1} a partition of G. Then |LS(P )|, |RS(P )|, |NS(P )| and |CS(P )| are divisors of gcd(card {A_1}, . . . , card {A_n}).

Proof. It will be sufficient to prove this assertion for |LS(P )|. Denote by γ the action of LS(P ) on G by left multiplication. The length of the orbit of each element with respect to γ equals |LS(P )|. Since LS(P ) acts on G and stabilizes each one of the A_i’s, it turns out that each A_i is a union of distinct orbits with respect to γ. Hence |LS(P )| divides card {A_i} for every i, which completes the proof. □

This proposition shows that a nontrivial subgroup H of a finite group G can be a left or a right stabilizer only for maps partitioning G into parts each of whose length is divisible by |H|.

Some properties of LP (f), RP (f), Ker (f) and Char (f) which are immediate from the definition are given by the following:

GROUPS OF PERIODS FOR ARBITRARY MAPS ON GROUPS 237

Proposition 4. (i) Let f_i : G → S_i , i = 1, . . . , n be arbitrary maps. For the map f : G → S_1 × · · · × S_n given by f(g) = (f_1(g), . . . , f_n(g)) we have:

LP (f) = n⋂ i=1 LP (f_i), RP (f) = n⋂ i=1 RP (f_i),

Ker (f) = n⋂ i=1 Ker (f_i), Char (f) = n⋂ i=1 Char (f_i).

(ii) Let f_i : G_i → S_i, i = 1, ... , n be arbitrary maps. For the map f : G_1 × · · · × G_n → S_1 × · · · × S_n given by f(g_1, . . . , g_n) = (f_1(g_1), . . . , f_n(g_n)) we have:

LP (f) = n∏ i=1 LP (f_i), RP (f) = n∏ i=1 RP (f_i)

Ker (f) = n∏ i=1 Ker (f_i).

Let us consider now the situation when G has subgroups H and K such that G = K · H and H ∩ K = 1. Since H and K are not assumed to be normal subgroups of G, one might not expect to obtain an immediate correspondent of Proposition 4, ii). Nevertheless, since every element g ∈ G may be expressed in a unique way as a product of an element k ∈ K and an element h ∈ H, we may consider the two projections π : G → K and ρ : G → H given by π(g) = k and ρ(g) = h, which are not necessarily group homomorphisms, but still play an important role when we study the subgroups of G. We proceed now to describe the groups of periods and the kernels of these projections. For this we first recall a construction introduced by M. Takeuchi in [17], which characterizes in terms of group actions the groups which can be expressed as internal product of two subgroups with trivial intersection. His construction has also nice applications in the study of Hopf algebras structure, developed in [8].

The fact that for every element g ∈ G there exists a unique pair (k, h) ∈ K × H such that g = k·h allows one to define the maps α : H×K → K and β : K×H → H by (5) α(h, k) = z and β(k, h) = y,

where (z, y) ∈ K×H is the unique pair such that h·k = z·y. Then, the associativity relations

(h · h^′) · k = h · (h^′ · k)h · (k · k^′) = (h · k) · k^′

and the unit properties h · 1 = 1 · h and 1 · k = k · 1 show that α is a left action of H on the set K and β is a right action of K on the set H, satisfying the following conditions:

α(h, k · k^′) = α(h, k) · α(β(k, h), k^′) (6) β(k, h · h^′) = β(α(h^′, k), h) · β(k, h^′) (7)

238 N. C. BONCIOCAT and A. ZAHARESCU and α(h, 1) = 1 , (8) β(k, 1) = 1 . (9) The group law in G may be then regarded as

(k_1h_1) · (k_2h_2) = k_1α(h_1, k_2) · β(k_2, h_1)h_2,

(10)

and the inverse of an element kh is easily seen to be α(h^{−1} , k^{−1} ) · β(k^{−1} , h^{−1} ).

Conversely, if α is a left action and β a right action satisfying (6) – (9), then the direct product set K × H acquires the structure of a group denoted K_β �_α H, when we define the multiplication law by:

(k_1, h_1) · (k_2, h_2) = (k_1 · α(h_1, k_2), β(k_2, h_1) · h_2) .

The unit element is (1, 1) and the inverse of the element (k, h) is (α(h^{−1} , k^{−1} ), β(k^{−1} , h^{−1} )). Using the injective homomorphisms i_1 : K →K_β �_α H and i_2 : H → K_β �_α H sending k to (k, 1) and h to (1, h), we can identify the groups K and H with K_1 = i_1(K) and H_1 = i_2(H) respectively, and thus we have K_β �_α H = K_1 · H_1 and K_1 ∩ H_1 = (1, 1). Moreover, one can prove that if G = K · H with K ∩ H = 1, then G is isomorphic to K_β �_α H, with α and β given by (5) (the map θ : K_β �_α H → G given by θ(k, h) = kh is an isomorphism).

We have the following description for the groups of periods and the kernels of π and ρ:

Lemma 1. Let H, K be subgroups of G such that G = K · H, K ∩ H = 1, and let π and ρ be the projections of G onto K and H respectively. Then RP (π) = H, LP (π) = Ker (π) = Ker (α) = H_G and LP (ρ) = K, RP (ρ) = Ker (ρ) = Ker (β) = K_G, with α, β given by (5).

Proof. According to the definition, RP (π) consists of those elements k_2 ·h_2 ∈ G for which π(k_1h_1 · k_2h_2) = π(k_1h_1) for all the elements k_1 · h_1 ∈ G. Thus, by (10) we search for the elements k_2 · h_2 such that k_1α(h_1, k_2) = k_1 for all k_1 · h_1 ∈ G. In particular, for h_1 = 1 we find k_2 = 1, which shows that RP (π) = H. Then we obviously have

Ker (π) = ⋂ g∈G g · RP (π) · g^{−1} = H_G.

Similarly, LP (π) consists of those elements k_1 ·h_1 ∈ G for which π(k_1h_1 ·k_2h_2) = π(k_2h_2) for all the elements k_2 · h_2 ∈ G. Thus, by (10) we search for the elements k_1 · h_1 such that k_1α(h_1, k_2) = k_2 for all k_2 ∈ K. In particular, if we put k_2 = k_1, we must have α(h_1, k_1) = 1. Applying now α(h_1, ·), we find k_1 = α(h^{−1}_1 , 1), which by (8) is equal to 1. We therefore see that LP (π) consists of those h_1 for which α(h_1, k_2) = k_2 for all k_2 ∈ K, that is LP (π) = Ker (α) ⊴ H. By taking the normal interior in both sides, we see that Ker (π) = Ker (α)_G. So in order to prove that Ker (α) = H_G we have to check that Ker (α) is actually a normal subgroup of G.

GROUPS OF PERIODS FOR ARBITRARY MAPS ON GROUPS 239

Let h_2 ∈ Ker (α) and let k_1 · h_1 be an arbitrary element of G. Then we have (k_1h_1) · h_2 · (k_1h_1)^{−1} = (k_1h_1h_2) · (α(h^{−1}_1 , k^{−1}_1 )β(k^{−1}_1 , h^{−1}_1 )) = k_1α(h_1h_2, α(h^{−1}_1 , k^{−1}_1 ))

· β(α(h^{−1}_1 , k^{−1}_1 ), h_1h_2)β(k^{−1}_1 , h^{−1}_1 ) (by (10)) = β(α(h^{−1}_1 , k^{−1}_1 ), h_1h_2)β(k^{−1}_1 , h^{−1}_1 ) (h_2 ∈ Ker (α)) = β(k^{−1}_1 , h_1h_2h^{−1}_1 ), (by (7)) and for an arbitrary k ∈ K we find

α(β(k^{−1}_1 , h_1h_2h^{−1}_1 ), k) = α(h_1h_2h^{−1}_1 , k^{−1}_1 )^{−1} · α(h_1h_2h^{−1}_1 , k^{−1}_1 k) (by (7)) = k, since h_2 ∈ Ker (α) and Ker (α) ⊴ H. Therefore Ker (α) ⊴ G and Ker (π) = LP (π) = Ker (α) = H_G.

In a similar way one can prove that LP (ρ) = K and Ker (ρ) = RP (ρ) = Ker (β) = K_G. □ Proposition 5. Let H, K be subgroups of G such that G = K · H, K ∩ H = 1, and let π and ρ be the projections of G onto K and H respectively. Let S_1, S_2 be non-empty sets, f_1 : K → S_1, f_2 : H → S_2 arbitrary maps and f : G → S_1 × S_2 given by f(g) = (f_1(k), f_2(h)), with k ∈ K, h ∈ H uniquely determined by g = k·h. Then (i) If ρ(LP (f)) ⊆ H_G, then LP (f) ⊆ LP (f_1) · LP (f_2) (in particular this holds if H ⊴ G); Conversely, if LP (f_2) = H_G, then LP (f_1) · LP (f_2) ⊆ LP (f);

(ii) If π(RP (f)) ⊆ K_G, then RP (f) ⊆ RP (f_1) · RP (f_2) (in particular this holds if K ⊴ G); Conversely, if H ⊴ G and RP (f_1) ⊆ K_G, then RP (f_1) · RP (f_2) ⊆ RP (f).

Proof. (i) Let x = k_1 · h_1 ∈ LP (f). Then for every k_2 · h_2 ∈ G we have f(k_1h_1 · k_2h_2) = f(k_2h_2), which in view of (10) gives f_1(k_1α(h_1, k_2)) = f_1(k_2) and f_2(β(k_2, h_1)h_2) = f_2(h_2).

Our assumption that ρ(LP (f)) ⊆ H_G shows that h_1 ∈ H_G, which according to Lemma 1 equals Ker (α). Therefore the first equation becomes f_1(k_1k_2) = f_1(k_2) for all k_2 ∈ K, which shows that k_1 ∈ LP (f_1). Choosing k_2 = 1, the second equation above shows that h_1 ∈ LP (f_2). Assume now LP (f_2) = H_G = Ker (α) and let k_1 ∈ LP (f_1) and h_1 ∈ LP (f_2). Then for arbitrary k_2 · h_2 ∈ G one finds f(k_1h_1 · k_2h_2) = (f_1(k_1α(h_1, k_2)), f_2(β(k_2, h_1)h_2)) = (f_1(α(h_1, k_2)), f_2(β(k_2, h_1)h_2)) (since k_1 ∈ LP (f_1)) = (f_1(k_2), f_2(β(k_2, h_1)h_2)) (since h_1 ∈ Ker (α)) = (f_1(k_2), f_2(h_2)), since by the definition of α and β one has h_1 · k_2 = α(h_1, k_2) · β(k_2, h_1), which for h_1 ∈ Ker (α) becomes β(k_2, h_1) = k^{−1}_2 h_1k_2 ∈ Ker (α) = LP (f_2).

240 N. C. BONCIOCAT and A. ZAHARESCU

(ii) The first assertion follows in a similar way. For the second one we use the fact that H ⊴ G forces α to be trivial. □

In the finite case, an additional result relating the groups of periods of f_1, f_2 and f will be derived in Corollary 1, by using again the projections π and ρ. In the case when G is a direct product, these projections play an important role in the study of the structure of its subgroups, as shown by the well-known:

Theorem (Remak [11], Klein, Fricke [6]). Let K and H be normal subgroups of G such that G = K × H, and let π and ρ be the corresponding projections of G onto K and H, respectively. Let L be a subgroup of G. Then (i) (L∩K) ⊴ π(L) ≤ K, (L∩H) ⊴ ρ(L) ≤ H, and π(L)/(L∩K) ≃ ρ(L)/(L∩H); (ii) L = (L ∩ K) × (L ∩ H) if and only if π(L) = L ∩ K (or if and only if ρ(L) = L ∩ H).

For finite groups this result can be extended in the following way:

Theorem 2. Let H, K be subgroups of a finite group G such that G = K · H, K ∩ H = 1, and let π and ρ be the projections of G onto K and H respectively. Let L be a subgroup of G. Then L ∩ K ⊆ π(L), L ∩ H ⊆ ρ(L) and (i) card (π(L))/|L ∩ K| = card (ρ(L))/|L ∩ H| = |L|/(|L ∩ K| · |L ∩ H|); (ii) L = (L ∩ K) · (L ∩ H) if and only if π(L) = L ∩ K (or if and only if ρ(L) = L ∩ H).

Proof. (i) By (10) we see that π and ρ satisfy the relations

π(g_1 · g_2) = π(g_1) · α(ρ(g_1), π(g_2))

(11) ρ(g_1 · g_2) = β(π(g_2), ρ(g_1)) · ρ(g_2)

(12)

with α and β given by (5). We obviously have

(π|_L)^{−1} (1) = {l ∈ L : π(l) = 1} = L ∩ H and

(13) (ρ|_L)^{−1} (1) = {l ∈ L : ρ(l) = 1} = L ∩ K.

(14)

The set π(L) is not necessarily a group, but we can prove that [L : L ∩ H] = card (π(L)). Let {L/L ∩ H}_l be the set of left cosets of L ∩ H in H and φ : {L/L∩H}_l → π(L) given by φ(g ·L∩H) = π(g). To check that φ is a well defined map, assume that g_1 ·L∩H = g_2 ·L∩H, with g_1, g_2 ∈ L. Then g^{−1}_1 g_2 ∈ L∩H, so by (13) we have π(g^{−1}_1 g_2) = 1, which by (11) gives 1 = π(g^{−1}_1 )·α(ρ(g^{−1}_1 ), π(g_2)). This shows that π(g_2) = α(ρ(g^{−1}_1 )^{−1} , π(g^{−1}_1 )^{−1} ). On the other hand, we have π(1) = 1, which by (11) gives 1 = π(g^{−1}_1 g_1) = π(g^{−1}_1 ) · α(ρ(g^{−1}_1 ), π(g_1)), or furthermore π(g_1) = α(ρ(g^{−1}_1 )^{−1} , π(g^{−1}_1 )^{−1} ). We therefore have π(g_1) = π(g_2), so φ is a well defined map.

The fact that φ is an injective map follows exactly in the reverse order, since if we assume π(g_1) = π(g_2), with g_1, g_2 ∈ L, then by (11) we must have 1 = π(g^{−1}_1 ) · α(ρ(g^{−1}_1 ), π(g_2)), that is π(g^{−1}_1 g_2) = 1, again by (11). Since φ is obviously

GROUPS OF PERIODS FOR ARBITRARY MAPS ON GROUPS 241

a surjective map, we must have [L : L ∩ H] = card (π(L)). Similarly, using (12) and (14) we find [L : L ∩ K] = card (ρ(L)). Then card (π(L)) |L ∩ K| = card (ρ(L)) |L ∩ H| = |L| |L ∩ K| · |L ∩ H| , which also gives the proof of (ii), since (L ∩ K) · (L ∩ H) ⊆ L ⊆ π(L) · ρ(L). □

Corollary 1. Let H, K be subgroups of a finite group G such that G = K · H, K ∩ H = 1, and let π and ρ be the projections of G onto K and H respectively. Let S_1, S_2 be non-empty sets, f_1 : K → S_1, f_2 : H → S_2 arbitrary maps and f : G → S_1 × S_2 given by f(g) = (f_1(k), f_2(h)), with k ∈ K, h ∈ H uniquely determined by g = k · h. Then (i) LP (f) = (LP (f) ∩ K) · (LP (f) ∩ H) if and only if π(LP (f)) = LP (f_1); (ii) RP (f) = (RP (f) ∩ K) · (RP (f) ∩ H) if and only if ρ(RP (f)) = RP (f_2).

Proof. We use the fact that (LP (f)∩K) = LP (f_1) and (RP (f)∩H) = RP (f_2). □ We end by mentioning some similar results which allow one to describe submodules and ideals as apropriate ”kernels” of arbitrary maps. Thus, if R is a ring with unit,_RM a left R-module, S a non-empty set and f : M → S an arbitrary map, we define Ker (f) = {x ∈ M : f(αx + y) = f(y), ∀y ∈ M, ∀α ∈ R}.

Similarly, if we replace_RM by a right R-module M_R we define Ker (f) = {x ∈ M : f(xα + y) = f(y), ∀y ∈ M, ∀α ∈ R} and have the following:

Proposition 6. A non-empty subset N of a module M is a submodule of M if and only if there exists a non-empty set S and a map f : M → S such that N = Ker (f).

In particular, if we replace R by a commutative field and M by a vector space V we obtain a similar description for the subspaces of V . We note that if S is a topological space and f : V → S is a continuous map, then Ker (f) is a closed subspace of V .

Finally, if R is a ring with unit, S a non-empty set and f : R → S an arbitrary map, we define:

Ker_l(f) = {x ∈ R : f(ax + b) = f(b), ∀ a, b ∈ R}, Ker_r(f) = {x ∈ R : f(xa + b) = f(b), ∀ a, b ∈ R}, Ker (f) = {x ∈ R : f(a_1xa_2 + b) = f(b), ∀ a_1, a_2, b ∈ R}, the left kernel, the right kernel and the kernel of f, respectively. These ideals obviously coincide if R is a commutative ring. We then have:

Proposition 7. Let R be a ring with unit and I a proper non-empty subset of R. Then I is a left (right, two-sided) ideal of R if and only if there exists a set S with at least two elements and a map f : R → S such that I = Ker_l(f) (I = Ker_r(f), I = Ker (f), respectively).

242 N. C. BONCIOCAT and A. ZAHARESCU

The proof of these results is similar to the one of Theorem 1 and uses again the indicator map of the corresponding subset.

References

1. Ahlfors L. V., Complex analysis. An introduction to the theory of analytic functions of one complex variable, Third edition. International Series in Pure and Applied Mathematics. McGraw-Hill Book Co., New York, 1978.

2. Chan G.H., A characterization of minimal (k)-groups of degree n ≤ 3k, Linear and Multilinear Algebra, 4 (1977), 285–305.

3. , Minimal (k)-groups of degree n, 3k < n ≤ 4k, Linear and Multilinear Algebra, 7 (1979), 155–166.

4. Gluck D., Trivial set-stabizers in finite permutation groups, Canad. J. Math. 35 (1983), 59–67.

5. Huxley M. N., Area, Lattice Points, and Exponential Sums, London Mathematical Society Monographs. New Series, 13. Oxford Science Publications. The Clarendon Press, Oxford University Press, New York, 1996.

6. Klein F. and Fricke R., Vorlesungen über die Theorie der elliptischen Modul-functionen, vol. 1, Teubner 1890.

7. Konyagin S. V. and Shparlinski I. E., Character Sums with Exponential Functions and their Applications, Cambridge Tracts in Mathematics, 136. Cambridge University Press, Cambridge, 1999.

8. Majid S., Physics for algebraists: Non commutative and non cocommutative Hopf algebras by a bicrossproduct construction, J. of Algebra, 130(1) (1990), 17–63.

9. Montgomery H. L., Ten lectures on the interface between analytic number theory and harmonic analysis, CBMS Regional Conference Series in Mathematics, 84. Published for the Conference Board of the Mathematical Sciences, Washington, DC; by the American Mathematical Society, Providence, RI, 1994.

10. Moshe Y., On permutation groups and partitions, Comm. Algebra 30(10) (2002), 4889–4903. 11. Remak R., Über die Darstellung der endlichen Gruppen als Untergruppen direkter Produkte, J. reine angew. Math. 163 (1930), 1–44.

12. Rose J. S., A course on group theory, Cambridge University Press 1978. 13. Seress A., Primitive groups with no regular orbits on the set of subsets, Bull. London Math.

Soc. 29 (1997), 697–704.

14. , The minimal base size of primitive solvable permutation groups, J. London Math.

Soc. (2) 53(2) (1996), 243–255.

15. Siegel C. L., Topics in Complex Function Theory. Vol. I. Elliptic functions and uniformization theory, Translated from the German by A. Shenitzer and D. Solitar. With a preface by Wilhelm Magnus. Reprint of the 1969 edition. Wiley Classics Library. A Wiley-Interscience Publication. John Wiley & Sons, Inc., New York, 1988.

16. Sims C. C., Computation with permutation groups, Proc. Second Sympos. on Symbolic and Algebraic Manipulation, ACM 1971, 23–28.

17. Takeuchi M., Matched pairs of groups and bismash products of Hopf algebras, Comm. Algebra, 9(8) (1981), 841–882.

N. C. Bonciocat, Institute of Mathematics of the Romanian Academy, P.O. Box 1-764, Bucharest 70700, Romania, e-mail: Nicolae.Bonciocat@imar.ro

A. Zaharescu, Department of Mathematics,University of Illinois at Urbana-Champaign,Altgeld Hall, 1409 W. Green Street, Urbana, IL, 61801, USA, e-mail: zaharesc@math.uiuc.edu