Acta Math. Univ. Comenianae Vol. LXXV, 2(2006), pp. 199–208 199

ON GENERALIZATIONS OF INJECTIVITY

LE DUC THOANG and LE VAN THUYET

Abstract. A ring R is called right GP-injective if for every nonzero element a in R, there exists a positive integer n such that a^n ≠ 0 and any right R-homomorphism of a^nR into R can be extended to one of R into R. A ring R is called right FSG if every finitely generated cofaithful right R-module is a generator in Mod-R. In this paper, we give some characterizations of PF rings, QF rings via GP-injective rings, FSG rings.

1. Introduction

Throughout this paper, R is an associative ring with identity 1 ≠ 0 and all modules considered are unitary modules. We write M_R (resp._RM) to denote that M is a right (resp. left) R-module. The category of right (resp. left) R-module is denoted by Mod-R (resp. R-Mod). Unless otherwise mentioned, by a module we will mean a right R-module.

We recall some concepts and notations will be used in this paper. Let M be an R-module, we denote the Jacobson radical of M (resp. injective envelope, singular submodule and socle) of M by Rad(M) (resp. E(M), Z(M) and Soc(M)). When M = R_R, we write Rad(R_R) = J (= Rad(_RR)). If A is a submodule of M (resp. proper submodule), we denote by A ≤ M (resp. A < M). Moreover, we write A ≤^e M to denote that A is an essential submodule of M. The right and left annihilators of a subset X of a ring R are denoted by r(X) and l(X), respectively.

A module M is called uniform if M ≠ 0 and every non-zero submodule of M is essential in M. M has finite Goldie dimension n (finite uniform dimension) if there is a direct sum of n uniform submodules of M which is essential in M, or equivalently, there is a monomorphism from a direct sum of n uniform submodules of M to M such that its image is essential in M. We write udim(M) = n and call udim(M) to be finite Goldie dimension of M.

A ring R is called quasi-Frobenius (briefly, QF ring) if it is left and right artinian and left and right self-injective; or equivalently, if R has the ACC on right or left annihilators and is right or left self-injective. A ring R is called right pseudo- Frobenius (briefly, right PF) ring if every faithful right R-module is a generator; or

Received March 28, 2005.

2000 Mathematics Subject Classification. Primary 16D50, 16D70, 16D80. Key words and phrases. GP-injective ring, quasi-Frobenius ring, QF-2 ring, FPF-ring, FSGring, uniform dimension.

This work was supported by the Natural Science Council of VietNam.

200 LE DUC THOANG and LE VAN THUYET

equivalently, R is a semiperfect, right self-injective ring with essential right socle. A ring R is called right finitely pseudo-Frobenius (briefly, right FPF) ring if every finitely generated faithful right R-module is a generator.

We will consider a generalization of the concept of injectivity. Let M be an R-module and I a right ideal of R. We take an R-homomorphism f of I to M. Consider the following diagram.

0 � I i � R

M f � � h If there exists h ∈ Hom_R(R, M) for every principal (minimal, resp.) right ideal I in R and any f ∈ Hom_R(I, M), then we say that M is P-injective (mininjective, resp.); or equivalently, f = m· is left multiplication by some element m of M. If for every 0 ≠ a ∈ R, there exists a positive integer n such that a^n ≠ 0 and any right R-homomorphism of a^nR into M can be extended to one of R into M, then M is called right GP-injective. A ring R is called right mininjective (resp. P-injective, GP-injective) if R_R is mininjective (resp. P-injective, GP-injective). A ring R is called a right minannihilator ring if every minimal right ideal H of R is an annihilator, equivalently, if rl(H) = H and called a left minsymmetric ring if Rk is simple, k ∈ R, implies that kR is simple. For example, any left mininjective ring is left minsymmetric.

For the concepts and results are not shown in this paper, we will refer to Anderson and Fuller [1], Dung, Huynh, Smith and Wisbauer [3], Faith [4] and Wisbauer [19].

2. GP-injective rings with essential socles

Proposition 2.1. The following conditions are equivalent for a right R-module M. (i) M is GP-injective.

(ii) For each element 0 ≠ a ∈ R, there exists n ∈ N^∗ with a^n ≠ 0, l_M (r_R(a^n)) = Ma^n.

Proof. By [15, Lemma 1.3]. □

A ring R is called right generalized pseudo-Frobenius ring (briefly, GPF-ring) if R is semiperfect, right P -injective and Soc (R_R) is essential as a right ideal. For convenience, we call a ring R SGPE-ring if R is semiperfect, right GP -injective and Soc (R_R) is essential as a right ideal. The following properties of a SGPE ring can be extended from properties of a GPF ring in [12], [13]. Some following properties were obtained in [2].

ON GENERALIZATIONS OF INJECTIVITY 201

Proposition 2.2. Let R be a right SGPE ring. Then the following statements hold:

(i) R is right and left Kasch.

(ii) Soc (R_R) = Soc (_RR) = S is essential in both R_R and_RR. (iii) R is left finitely cogenerated. (iv) l(S) = J = r(S) and l(J) = S = r(J). (v) J = Z(R_R) = Z(_RR).

(vi) Soc (Re) = Se is simple and essential in Re for every local idempotent e ∈ R.

(vii) Soc (eR) is homogeneous and essential in eR for every local idempotent e ∈ R.

(viii) The map K → r(K) and T → l(T ) are mutually inverse lattice isomorphisms between the simple left ideals K and the maximal right ideals T .

(ix) If {e_1, . . . , e_n} is a basic set of local idempotents, there exists elements k_1, . . . , k_n in R and a permutation σ of {1, 2, . . . , n} such that the following hold for all i = 1, 2, . . . , n : (a) k_iR ⊆ e_iR and Rk_i ⊆ Re_{σi} . (b) k_iR ∼= e_{σi} R/e_{σi} J and Rk_i ∼= Re_i/Je_i.

(c) {k_1R, . . . , k_nR} and {Rk_1, . . . , Rk_n} are complete sets of distinct representatives of the simple right and left R-modules, respectively.

(d) Soc (Re_{σi} ) = Rk_i = Se_{σi} ∼= Re_i/Je_i is simple and essential in Re_{σi} for each i.

(e) Soc (e_iR) ≠ 0 is homogeneous and essential in e_iR with each simple submodule isomorphic to e_{σi} R/e_{σi} J.

The following lemma is useful to prove the main result of this section.

Lemma 2.3. [16, Theorem 8], Let R be a right artinian ring. The following conditions are equivalent:

(i) R is a quasi-Frobenius ring. (ii) (a) R is a QF-2 ring.

(b) Soc (R_R) ≤ Soc (_RR).

(iii) (a) Soc (eR) is a minimal right ideal and Soc (Re) is a minimal left ideal for every local idempotent e ∈ R.

(b) Soc (R_R) ≤ Soc (_RR).

Now we give some characterizations of a QF-ring via GP-injective rings.

Theorem 2.4. The following conditions are equivalent for a ring R: (i) R is a quasi-Frobenius ring.

(ii) R is a right minannihilator, right GP-injective ring and R has ACC on right annihilators.

(iii) R is a left mininjective, right GP-injective ring and R has ACC on right annihilators.

(iv) R is a left minsymmetric, right GP-injective ring and R has ACC on right annihilators.

202 LE DUC THOANG and LE VAN THUYET

(v) R is a right GP-injective ring, Soc (eR) is simple for every local e ∈ R and R has ACC on right annihilators.

Proof. (i) ⇒ (ii) is clear.

(ii) ⇒ (iii). We note that, if R is a right GP-injective ring satisfying ACC on right annihilators then R is left artinian by [2, Theorem 3.7]. Then R is a right SGPE ring. It follows from Propostion 2.2 that Soc (R_R) = Soc (_RR) = S is essential in both R_R and_RR. By [14, Corollary 2.5], R is a left mininjective ring.

(iii) ⇒ (iv). Since R is left mininjective, R is left minsymmetric by [14, Theorem 1.14].

(iv) ⇒ (v). Same argument of (ii) ⇒ (iii), the ring R is left artinian, right and left Kasch and Soc (Re) is simple for every local idempotent e ∈ R. Since R is minsymmetric, Soc (eR) is also simple for every local idempotent e ∈ R.

(v) ⇒ (i). Same argument of (ii) ⇒ (iii), the ring R is left artinian. So R is a right SGPE ring and then by Proposition 2.2, Soc (R_R) = Soc (_RR) = S, Soc (Re) is simple for every local idempotent e ∈ R. By assumption, Soc (eR) is simple for every local idempotent e ∈ R. Applying Lemma 2.3, R is QF. □

3. FSG, GP-injective rings and the Kasch condition

A ring R is called right finitely subgenerator generator (briefly, right FSG) if every finitely generated cofaithfull right R-module is a generator. FSG rings was introduced and investigated in [18]. It is well known that a ring R is right self-injective if and only if every cofaithful right R-module is a gennerator and a cofaithful module is faithful. Thus, right FSG ring is a generalization of both right FPF ring and right self-injective ring. For example, the ring of intergers Z is FSG and is not self-injective. Let D be a division ring (e.g. D = R) and S = End_D(V ), where V is an infinite dimensional vector space over D (e.g. V = R^{(N)}). Then S is right FSG because of self-injectivity of S. Now, let R = Z ⊕ S. Then R is a right FSG ring which is neither self-injective nor FPF.

Lemma 3.1. [18, Corollary 5.10] For a local ring R, the following conditions are equivalent:

(i) R is right FSG ring such that its Jacobson radical consists of zero divisors. (ii) R is a right self-injective ring.

Lemma 3.2. [18, Theorem 5.8] Any semiperfect right FSG ring with nil Jacobson radical is right self-injective.

Note 3.3. Let R be a semiperfect ring, and let {e_1, . . . , e_n} be a set of orthogonal primitive idempotents of R. Then R_R = e_1R ⊕ · · · ⊕ e_nR. Renumber idempotents if necessary so that e_1R/e_1J, . . . , e_tR/e_tJ (t � n) constitute the isomorphism classes of simple right R-module. Thus, every simple right R-module is isomorphic to some e_iR/e_iJ with i � t. The right ideal B = e_1R ⊕ · · · ⊕ e_tR is

ON GENERALIZATIONS OF INJECTIVITY 203

called the basic module of R, e_0 = e_1 + · · · + e_t is then called the basic idempotent. We will keep the above notations up to the end of this paper.

Proposition 3.4. Let R be a local ring. Then the following conditions are equivalent:

(i) R is right self-injective.

(ii) R is right P-injective, right FSG.

Proof. (i) ⇒ (ii) is clear.

(ii) ⇒ (i). Let R be a right P-injective, right FSG ring. We will prove that for every x of R, r(x) = 0 if and only if there exists y of R such that xy = 1 (or yx = 1 because a local ring is directly finite). Let x be an element of R such that r(x) = 0, then r(Rx) = 0. It follows that lr(Rx) = R. However R is a right P-injective ring, lr(Rx) = Rx, hence Rx = R. Thus there exists y of R such that yx = 1.

Conversely, let x ∈ R such that there exists y of R satisfying xy = 1 and hence yx = 1. If z ∈ r(x), then xz = 0 and yxz = 0 hence z = 0. Thus r(x) = 0.

This establishes the previous claim.

Now, since R is a local ring, the Jacobson radical J of R consists of x such that x is not invertible. Thus J consists of zero divisors.

By Lemma 3.1, R is a right self-injective ring. □

Proposition 3.5. The following conditions are equivalent for a ring R: (i) R is a QF ring.

(ii) R is a right GP-injective, right FSG ring such that R has ACC on right annihilators.

(iii) R is a semiperfect right GP-injective, right FSG ring such that R/ Soc (R_R) is right Goldie.

(iv) R is a semiperfect right GP-injective, right FSG ring such that R/ Soc (R_R) is left Goldie.

Proof. (i) ⇒ (ii), (iii) and (iv) are easy.

(ii) ⇒ (i). Assume (ii). Then R is left artinian by [2, Theorem 3.7]. Then J(R) is nilpotent. By Lemma 3.2, R is right self-injective.

(iii) ⇒ (i). By [15, Corollary 2.11], J(R) is nilpotent. By Lemma 3.2, R is right self-injective. Hence R is QF by [5, Theorem 4.1].

(iv) ⇒ (i). Same argument of (iii) ⇒ (i). □

Motivated by [21, Theorem 1], we obtain the following result.

Theorem 3.6. Let R be a semiperfect, right FSG ring. Then R is right selfinjective if and only if J(R) = Z(R_R).

Proof. Suppose J(R) = Z(R_R) and let {e_1, . . . , e_n} be a set of orthogonal primitive idempotents of R and the basic idempotent e_0 = e_1 + · · · + e_t. To prove R is right self-injective, it is suffice to show that e_iR is injective for every i = 1, . . . , t.

204 LE DUC THOANG and LE VAN THUYET

Let E_1 = E(e_1R) be an injective hull of e_1R and y be any element of E_1, we prove that y ∈ e_1R and e_1R is then injective. Proofs of injectivity of e_j R (j = 2, . . . , t) are similar.

By [18, Theorem 5.4], e_1R is uniform. Hence (yR + e_1R) is uniform. Let

M = (yR + e_1R) ⊕ e_2R ⊕ · · · ⊕ e_tR

is a finitely generated right R-module. Since R_R is always embedded in M^l (l = n − t + 1), hence M is a finitely generated cofaithfull right R-module. Since R is right FSG, hence M is a generator. Thus M ∼= e_1R ⊕ · · · ⊕ e_nR ⊕ X_R for some module X_R. By Krull-Schmidt Theorem, since End_R(e_1R) is local and e_j R ≇ e_1R (j = 2, . . . , t), it follows that (yR + e_1R) ∼= e_1R ⊕ T_R for some module T_R. Since yR + e_1R is uniform, yR + e_1R ∼= e_1R and hence yR + e_1R is a local module. Let σ be an R-isomorphism between yR + e_1R and e_1R. If e_1R ≠ yR + e_1R, then

e_1R ≤ J(yR+e_1R) and σ(e_1R) ≤ J(e_1R) = e_1J(R) = e_1Z(R_R) ≤ Z(R_R).

Now r(e_1) = r(σ(e_1)) which is right essential in R_R, a contradiction. Thus y ∈ e_1R. This complete the proof. □

Corollary 3.7. Let R be a semiperfect ring. Then the following conditions are equivalent:

(i) R is QF.

(ii) R is a right FSG ring, J(R) = Z(R_R) and R has ACC on right or left annihilators.

(iii) R is a right FSG, right P-ring and R has ACC on right or left annihilators. (iv) R is a right FSG ring, J(R) = Z(R_R) and R has DCC on essential right or left ideals.

(v) R is a right FSG, right P-ring and R has DCC on essential right or left ideals.

(vi) R is a right FSG ring, J(R) = Z(R_R) and R has ACC on essential right or left ideals.

(vii) R is a right FSG, right P-ring and R has ACC on essential right or left ideals.

(viii) R is a right FSG ring, J(R) = Z(R_R) and R/ Soc(R_R) is right Goldie. (ix) R is a right FSG, right P-ring and R/ Soc(R_R) is right Goldie. (x) R is a right FSG ring, J(R) = Z(R_R) and R/ Soc(R_R) is left Goldie. (xi) R is a right FSG, right P-ring and R/ Soc(R_R) is left Goldie.

Proof. By Proposition 3.4, Theorem 3.6 and [5, Theorem 4.1]. □

The following result extends [6, Lemma 5.2]

Theorem 3.8. The following conditions are equivalent for a ring R: (i) R is right PF.

(ii) R is a semiperfect, right FPF ring with essential right socle. (iii) R is a semiperfect, right FSG ring with essential right socle.

ON GENERALIZATIONS OF INJECTIVITY 205

Proof. (i) ⇒ (iii) is clear and (ii) ⇔ (i) is [6, Lemma 5.2].

(iii) ⇒ (ii). Let {e_1, . . . , e_n} be a set of orthogonal primitive idempotents of R. Since R is semiperfect right FSG, by [18, Theorem 5.4], R = ⊕^n_{i=1}e_iR, each e_iR is uniform. From this and the fact that R has essential right socle, it follows that Soc(R_R) is finitely generated. Now let M_R be any finitely generated faithful right R-module, by the Beachy’s Theorem (see [4, Theorem 19.13A], M_R is cofaithful. So M_R is a generator, and R is then a right FPF ring. □

Corollary 3.9. [18, Theorem 5.11] For a left perfect ring R, the following conditions are equivalent:

(i) R is right PF. (ii) R is right FPF. (iii) R is right FSG.

Proof. Given (iii). Let {e_1, . . . , e_n} be a set of orthogonal primitive idempotents of R, by [18, Theorem 5.4], R = ⊕^n_{i=1}e_iR, each e_iR is uniform. By the Bass’s Theorem (see [4, 18.27.3]), it implies that R has essential right socle, and (i) follows from Theorem 3.8. □

The following result extends [18, Corollary 5.13].

Corollary 3.10. A right PF ring R is left PF if and only if R is left FSG.

Proof. Since R is right PF ring, it’s right SGPE, and hence Soc(_RR) ≤^e_RR by Proposition 2.2. Thus R is left PF by Theorem 3.8. □

The following result extends [5, Corollary 2.3 and 2.7].

Corollary 3.11. A left (or right) perfect, right and left FSG ring R is QF.

Proof. Since R is left perfect, right FSG, it follows from Corollary 3.9 that R is right PF. In addition, since R is left FSG, R is PF by Corollary 3.10. Thus R is QF by [5, Theorem 2.3] □

The following result extends [10, Proposition 14].

Theorem 3.12. The following conditions are equivalent for a ring R: (i) R is right PF.

(ii) R is a right SGPE, right FSG ring.

(iii) R is a semiperfect, right FSG ring, and satisfies Soc(R_R) ≤^e Soc(R_R). (iv) R is a semiperfect, right FSG, left and right P-injective, left Kasch ring. (v) R is a semiperfect, right FSG, left GP-injective, left Kasch ring.

Proof. (i) ⇒ (ii) ⇒(iii), (iv) ⇒ (v) are clear. (iii) ⇒ (i). By Theorem 3.8.

(i) ⇒ (iv). Given (i). Then all conditions in (iv) are satisfied immediately exception for R being left P-injective, and it is satisfied by [12, Lemma 5.21].

(iv) ⇒ (iii). Since R is left GP-injective, left Kasch ring, it follows that Soc(R_R) ≤^e R_R by [2, Theorem 2.3]. □

206 LE DUC THOANG and LE VAN THUYET

4. Goldie dimension and some application to FSG rings

Lemma 4.1. Let N_R ≤ M_R be R-modules. Then:

(i) If M has finite Goldie dimension, then N has finite Golodie dimension and udim(N) � udim(M).

(ii) If N ≤^e M then M has finite Goldie dimension if and only if N has finite Goldie dimension, and in this case udim(M) = udim(N). Conversely, if M has finite Goldie dimension and udim(M) = udim(N), then N ≤^e M.

Proof. (i) is easy, (ii) is a part of [3, 5.8]. □

Lemma 4.2. Let R be a semiperfect, right FSG ring with set of orthogonal primitive idempotents {e_1, . . . , e_n}, the basic idempotent e_0 = e_1 + · · · + e_t. If R contain t non-isomorphic minimal right ideals, then udim(Soc(R_R)) = n.

Proof. Note that, for every i = 1, . . . , n, Soc(e_iR) is either simple or zero by [18, Theorem 5.4].

Firstly, we prove that Soc(e_iR) is simple for every 1 � i � t. Assume on the contrary. Then there exists a positive integer i, 1 � i � t, such that Soc(e_iR) = 0. On the other hand, for every k, t + 1 � k � n. Since e_kR ∼= e_j R for some j ∈ {1, . . . , t}, hence Soc(e_kR) ∼= Soc(e_j R). This contradicts to the fact that R contain t non-isomorphic minimal right ideals.

By the same argument, it implies that Soc(e_kR) is simple for every k, t + 1 � k � n. Thus udim(Soc(R_R)) = n. □

Lemma 4.3. Let R be a semiperfect, left mininjective ring. Then R is left Kasch if and only if e Soc(_RR) is simple for every local idempotent e in R.

Proof. It is straightforward from [12, Theorem 3.2]. □

Theorem 4.4. The following conditions are equivalent for a ring R: (i) R is right PF.

(ii) R is a semiperfect, right FSG ring and Soc(R_R) ≤^e R_R. (iii) R is a semiperfect, right FSG, right Kasch ring. (iv) R is a semiperfect, right FSG ring and Soc(R_R) ≤^e_RR. (v) R is a semiperfect, right FSG, left Kasch, left mininjective ring.

Proof. Let {e_1, . . . , e_n} be a set of orthogonal primitive idempotents and e_0 = e_1 + · · · + e_t is the basic idempotent of R.

(i) ⇒ (iv), (v) by Theorem 3.12.

(v) ⇒ (ii). Since R is a semiperfect, right FSG ring, each e_iR is uniform, hence udim(R_R) = n � udim(Soc(R_R)) by Lemma 4.1. To prove Soc(R_R) ≤^e R_R, it’s suffice to show that udim(Soc(R_R)) = n. Indeed, since R is left mininjective, Soc(_RR) ≤ Soc(R_R) by [12, Theorem 2.21]. Since R is a semiperfect, left Kasch ring, e_i Soc(_RR) is simple for every i = 1, . . . , n by Lemma 4.3. It follows that

ON GENERALIZATIONS OF INJECTIVITY 207

e_i Soc(_RR) ≠ e_j Soc(_RR), (i ≠ j) and hence e_i Soc(_RR) ∩ e_j Soc(_RR) = 0, (i ≠ j). Then

udim(Soc(_RR)) = udim(( n∑ i=1 e_i) Soc(_RR)) = n � udim(Soc(R_R)).

Thus udim(Soc(R_R)) = n as desired.

(ii) ⇒ (i). By Theorem 3.8. (iv) ⇒ (iii) By [12, Lemma 1.48].

(iii) ⇒ (ii). Since R is right Kasch, every simple right R-module isomorphic to a minimal right ideal of R.

Consider the following commutative diagram:

(∗) e_iR/e_iJ^{ιi}→ n⨁ j=1 (e_j R/e_j J)

R_R j_i � � f in which j_i is an embedding morphism and ι_i is a canonical embedding morphism for every i ∈ {1, . . . , n}.

From the fact that

⨁_n j=1(e_j R/e_j J) contain t non-isomorphic simple right Rmodule and the commutative diagram (∗), it follows that R contains t nonisomorphic minimal right ideals. Thus udim Soc(R_R) = n by Lemma 4.2 and hence Soc(R_R) ≤^e R_R by Lemma 4.1. □

Note. The conditions (ii), (iii) and (iv) of Theorem 4.4 are extensions of [6, Theorem 5.1]. Related to (v), we have a question: Is a semiperfect right FSG, left Kasch ring necessarily right PF?

Corollary 4.5. The following conditions are equivalent for a ring R: (i) R is PF.

(ii) R is a semiperfect, right and left FSG, right Kasch ring. (iii) R is a semiperfect, right and left FSG, left Kasch ring.

Proof. (ii), (iii) ⇒ (i): By Theorem 4.4 and Corollary 3.10. □

References

1. Anderson F. W. and Fuller K. R., Rings and categories of modules, Springer-Verlag, New York, 1974.

2. Chen J. and Ding N., On general principally injective rings, Comm. Algebra, 27 (5) (1999), 2097–2116.

3. Dung N. V., Huynh D. V., Smith P. F. and Wisbauer R., Extending modules, Pitman Research Notes in Math. 313, Longman (1994).

4. Faith C., Algebra II: Ring Theory, Springer-Verlag, Berlin, 1976.

208 LE DUC THOANG and LE VAN THUYET

5. Faith C. and Huynh D. V., When self-injective rings are QF: A report on a problem, J. of Algebra and Its Appl., 1 (1) (2002), 75–105.

6. Faticoni T. F., Semiperfect FPF rings and applications, J. Algebra, 107 (1987), 297–315. 7. Huh C., Kim H. K. and Lee Y., p.p. rings and generalized p.p. rings, J. of Pure and App.

Algebra 167 (2002), 37–52.

8. Kim N. K., Nam S. B. and Kim J. Y., On simple singular GP-injective modules, Comm. in Algebra, 27 (5) (1999), 2087–2096.

9. Ming R. Y. C., A note on YJ-injectivity, Demonstratio Math. 30 (1997), 551–556. 10. Ming R. Y. C., On injektivity, P-injektivity and YJ-injektivity, Acta Math. Univ. Comenianae, Vol. LXXIII (2) (2004), 141–149.

11. Nam S. B., Kim N. K. and Kim J. Y., On simple GP-injective modules, Comm. in Algebra, 23 (14) (1995), 5437–5444.

12. Nicholson W. K. and Yousif M. F., Quasi-Frobenius Rings, Cambridge Univ. Press 2003. 13. Nicholson W. K. and Yousif M. F., Principally injective rings, J. Algebra 174 (1995), 77–93. 14. Nicholson W. K. and Yousif M. F., Mininjective rings, J. Algebra 187 (1997), 548–578. 15. Page S. S. and Zhou Y., Generalizations of Principally Injective Rings, J. of Algebra 206 (1998), 706–721.

16. Thoang L. D. and Thuyet L. V., On semiperfect mininjective rings with essential socles, to appear in The Southeast Asian Bulletin of Mathematics 2005.

17. Thuyet L. V., On continuous rings with chain conditions, Vietnam J. Math. 19 (1) (1991), 49–59.

18. Thuyet L. V., On rings whose finitely generated cofaithful modules are generators, Algebra- Berichte, München, 70 (1993).

19. Wisbauer R., Foundations of module and ring theory, Gordon and Breach 1991. 20. Xue W., A note on YJ-injectivity, Riv. Mat. Univ. Parma 6 (1) (1998), 31–37. 21. Yousif M., On semiperfect FPF-rings, Canad. Math. Bull. 37 (2) (1994), 287–288.

Le Duc Thoang, Department of Mathematics, Hue University, Vietnam, e-mail: sciuni@dng.vnn.vn

Le Van Thuyet, Department of Mathematics, Hue University, Vietnam, e-mail: sciuni@dng.vnn.vn