COMPACT SETS WITHOUT CONVERGING SEQUENCES IN THE RANDOM REAL
MODEL

A. DOW anp D. FREMLIN

ABSTRACT. It is shown that in the model obtained by adding any number of random reals to a model of CH, there is a
compact Hausdorff space of weight w; which contains no non-trivial converging sequences. It is shown that for certain
spaces with no converging sequences, the addition of random reals will not add any converging sequences.

1. INTRODUCTION

In this paper we will prove the following result.

Theorem 1.1. If we add any (cardinal) number of random reals to a model of ZFC + CH, we obtain a model
in which there is a compact space of weight wy with no non-trivial converging sequences.

It is well-known that in any model of Martin’s Axiom every compact space of weight less than the continuum
is sequentially compact (see [6, 24G]).

One motivation for this result is an old question due to Efimov: Is there an infinite compact Hausdorff space
without convergent sequences which does not include a copy of BN?

Fedorchuk [5] gives a construction of such a space if the splitting number, s, is wy and 2! < 2¢; his method
gives a space of weight ¢ and cardinality 2“1 (see [4] for generalizations to larger values of s). Any model obtained
by adding uncountably many random reals will be a model of § = w;. However our result provides new situations
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in which there is an Efimov space (not to mention that it has small weight) because in a model obtained by
adding random reals one can arrange that 2¢* does equal 2°. Talagrand [11] gives a construction dependent on
the continuum hypothesis. Just and Koszmider [9] produce such examples in yet other models.

A space X is extremally disconnected if disjoint open sets have disjoint closures (and the closure of every open
set is open). A compact space X is an F-space if disjoint cozero sets have disjoint closures. The space SN is
extremally disconnected while SN\ N is an F-space that is not extremally disconnected. It is well known that an
F-space does not have non-trivial converging sequences.

We will be using the technique of forcing. If P is a poset in a model V' (of ZFC), and if G is a P-generic filter
(over V), then V[G] is the forcing extension by P. If K is a compact Hausdorff space in the model V, then there
is a natural and canonical compact Hausdorff space K in V[G] definable from K (up to homeomorphism). If 7
is the topology on K, then it is well understood that in V[G], T forms a base for a topology on K, but that, in
general, this very natural topology obtained from K in V, is not going to be compact. For example if K is the
unit interval, then K is going to be the unit interval including the appropriately valued new reals. The space K
with the topology generated by 7 will be a dense subset of K. If K is zero dimensional, then the most natural
method to define K is simply by Stone Duality: in V/, CO(K) is the Boolean algebra of clopen sets and K is
homeomorphic to the Stone space, S(CO(K)). We will let K also be the S(CO(K)) as computed in V[G]. If U
is a closed subset of K (in V), we will usually assume that U is the natural closed subset of K.

In the case that K is not zero dimensional, we may assume that K is embedded into [0, 1]* for some ordinal
A. When we pass to V[G], even [0, 1] may be larger but we will still have K sitting as a subset of [0,1]*, and we
simply take K to be the closure of K in [0,1]*. More details on this idea can be found in [1] or [3, 5.1].

It is helpful to distinguish between QN in V|G| and [?N If new reals are added to V|G|, then EN is not
extremally disconnected because the base for the topology is the family {fl :ACNand A€V}

Our main result is that if K is a compact F-space, then K will not have non-trivial converging sequences.
The simplest example then is that SN will have no non-trivial converging sequences. In the final section we give
an example of a compact Hausdorff space K with no non-trivial converging sequences such that K does have
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non-trivial converging sequences after adding random reals. It follows easily from Koszmider’s results in [10] that

in a Cohen real forcing extension, K will have non-trivial converging sequences for every infinite compact space
K.

2. NO CONVERGING SEQUENCES IN F'-SPACES

In the next section we derive Lemma 2.1 as a corollary to a main combinatorial lemma. In this section we establish
the main Theorem 1.1 as a consequence of Lemma 2.1.

Let x be any cardinal and consider the probability measure p on the space 2% in which p(by) = p(~by) = %
for each « € K, where by, is the clopen set {f € 27 : f(a) = 0} and ~b, is the complement.

Let M denote the o-algebra generated by the basic clopen sets; thus M is the Baire sets. Random real forcing
is the poset M which is obtained from M \ {(}} by identifying two members of M if the symmetric difference has
measure 0 and ordered by inclusion (mod measure 0). The poset M is ccc and complete (every non-empty subset
has a least upper bound).

In our treatment of M, it will be useful to fix a choice of representatives from M U {0}: for each element b of
M, let (b) € M be chosen from the equivalence class represented by b. For convenience, assume that (0) is the
empty set and (1) is the entire measure space 2. We do not, however, make any other assumptions about this
assignment, except of course, that a < b € M will imply that (a) \ (b) will have measure 0.

If & is the M-name of an element of [0, 1]* (that is, 1 I & € [0, 1]}), then for each basic open subset U of [0, 1]*,
there is a unique element b € M U {0} such that

bk eU and ~bl-z¢U

because M is complete. It is standard to let [[# € U]] denote this element b. Similarly, if K is zero dimensional and
U is a clopen subset of K, we would also have that [[# € U]] is exactly the condition b € M such that b~ & € U
and ~b I & ¢ U. For improved readability, let ([ € U]) be an alternate notation for ([[# € U]]).
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Lemma 21. Let K be a compact zero  dimensional metric  space, and let x,
{&; : i € w} be M-names of members of K such that

1@ e{i;:icw} and & #&;(i < j).
If Yy is any clopen subset of K and Xy € M is such that Xo C ([ € Yo]), then for any e > 0, there is a clopen
set Uy of Yo such that
pw(Xo\ | J (@ e Wol)) <e and p(([& € Up))) <& .
1EW

Proof. See Corollary 3.2. ]

More informally, the idea is that with sufficiently high probability @ is not in Uy while at the same time, with
sufficiently high probability at least one of the z;’s is in Uj.

The main result of this section is Lemma 2.2, we postpone its proof until we derive some corollaries and
Theorem 1.1.

Lemma 2.2. If K is a compact zero dimensional space, and G is M-generic, then for each infinite set D C I:(,
there is a sequence, {U, :n € w} € V, of pairwise disjoint clopen subsets of K, such that for each n € w, DN U,
18 not empty.

Corollary 2.3. If K is a compact extremally disconnected space, and G is M-generic, then in V[G], every
infinite subset D of K has a subset D' such that D’ maps continuously onto AN.

Proof. By Lemma 2.2, there is a sequence {U,, : m € w} of pairwise disjoint clopen sets with the property
that, in V]G], U,n N D is not empty for each m. Still in V, the mapping U,, — m, lifts to a mapping ¢ from K
onto ON. It is routine to check that there is a canonical reinterpretation of g in V[G] which maps K onto BIV\I and
sending U, to m. It follows then that if D’ C D is any set such that D’ N U,, is not empty for each m, then the
closure of D’ maps continuously onto QIV\I O
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Clearly Theorem 1.1 follows immediately from Corollary 2.3. The following more general statement does not
assume that the space is zero dimensional.

Corollary 2.4. If K is a compact F-space and G is M-generic then, in V|G], every infinite subset of K has
an infinite discrete subset whose closure maps onto ON.

Proof. Let D be any countably infinite subset of K in V[G]. By Corollary 2.3, it suffices to show that there is
a compact extremally disconnected subset Y of K (in V') such that D C Y. By a standard technique in forcing,
we can fix a countable set {i; : i € w} of M-names of elements of K such that D = {valg(;) : i € w}. Working
in V, we have K embedded in [0,1]* for some cardinal A. Let Z denote the ideal of cozero subsets U of [0, 1]*
such that [[#; € U]] = 0 for all i € w. Clearly U N D is empty for each U € Z. Let Y be the intersection of the
family
{[0,1*\U:U €T}

and notice that D C Y in V[G]. Every ccc closed subset of a compact F-space is an F-space, and consequently
also extremally disconnected. We will be finished by showing that Y is ccc.

Let {U, : @ € w1} be any family of cozero subsets of [0, 1]* such that {(Y NU,) : @ € w;} are pairwise disjoint.
For each o < 8 < wy, we thus have that U, N Ug € Z. It follows then that [[; € U, N Ug]] is 0, and therefore
that ([#; € U,]) N ([&; € Ug]) has measure 0. Therefore there is a § < wy such that [[#; € U,]] =0 for all & > ¢
and 7 € w. In other words, U, € Z for all & > ¢, proving that {Y N U, : v € wy} is indeed countable. O

Proof of Lemma 2.2. Recall that we have that K is a zero dimensional space, G is an M-generic, and assume
that D € V[G] is an infinite subset of K. Let {z; : i € w} be any infinite discrete subset of D and let 2 be any
limit point. By standard forcing arguments, there is a name & and a sequence of names {&; : i € w} such that
valg(4) = = and valg(4;) = x; for each ¢ € w. In addition, there is some element b € G, such that b IF & is a
limit of the infinite discrete set {a; : i € w} which is contained in K. By a possible modification of the names &
and {Z; : i € w} we can assume that b is actually 1.
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In order to apply Lemma 2.1, we will have to replace K by a suitable metric space Yy (in V). To do so identify
K with the Stone space of its clopen algebra CO(K). Fix for each i € w, a name C; of a member of CO(K) such
that 1 IF C;N{&; : j € w} = {&;}. For each 4, there is a countable collection C; € CO(K) such that [[U = C;]] =
for all U € CO(K) \ C;. Let C be the countable subalgebra of CO(K) that is generated by |, C;. Let Yy be

1ew
the Stone space of C. For each i € w, there is a canonical name g; for a member of Y, such that 1 IF W = 123 NC,
and similarly a name gy such that 1 1=y =42 NC. Clearly for each U € C and each i € w, valg(x;) € U C K if and
only if vala(y;) € U C Y. Of course we are using U in two different senses in the previous sentence.

To show that we have a sequence {U, : n € w} € V, of pairwise disjoint clopen subsets of Yy as required, it
suffices to show that for any non-zero a € M, there is such a sequence {U, : n € w} (depending on a) and an
a’ < a such that, for all n, a’ I+ U, N {g; : i € w} # 0. Let a € M and choose € > 0 so that € < u((a)). We will be
done if we now find a sequence {U,, : m € w} so that |J,_,, ([9; € U,,]) has measure greater than 1 — ¢ for all m.

This we do by repeated applications of Lemma 2.1. Set Xy = 2% and g9 = £/2. By Lemma 2.1, there is a
clopen Uy C Y such that u(([y € Ug])) < €0 and pu(Xo\ U,e,, ([9: € Uo])) < €0. Set Y1 = Yo\ Uo, X1 = ([ € Y1]),
and €1 = gp/2. Observe that X; has measure greater than 1 — &.

By induction on m, we select clopen sets U, of Y;, and define Y,,,11 = Y, \ Upn, and X1 = X \ ([§ €
Unl) = ([y € Ym41]). The inductive assumptions are that u(([y € Unl)) < /2™ and p(Xp \ Use,, ([0 €
Unl)) < g/2™+L. To see that this can continue, we need only observe that ([§ € Y,,]) has measure greater than
1 —e+¢e/2™ since ([§ € U, <, Um]) has measure less than ) _  e/2"+1.

Since X, has measure greater than 1 — e + /2™ and u( X \ U,e, ([0 € Unl)) < €/2™F1, it follows that
Uicw ([9i € Un]) has measure greater than 1 —e. This completes the proof. O
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3. THE MAIN COMBINATORIAL LEMMA

In the case that K is a compact metric space and & is the M-name of a member of K, a common approach to
random real forcing would be to construct a Borel measurable function f from the measure space (2", M, 1) into
K so that for each open set U C K, ([ € U]) = f~}(U) (mod measure 0).

If & and ¢ are each names of members of K, then 1 IF & # ¢ is equivalent to the following statement: there is a
countable set B C M such that J,. 5 (b) has measure 1, and for each b € B, there are disjoint basic open U, W such
that

blkieU and bl- RS W. This is the same as asserting that
b<[lzeU]n[ly € W]

Thus, if {#; : i € w} is a sequence of M-names of members of K, then for each 4, we would have a Borel
measurable function f; corresponding to #;. If we assume that, for ¢ < j, 1 IF #; # &;, then we have that
{x € 2% : fi(z) = f;(x)} has measure 0. This translation helps explain the interest in the following main
combinatorial Lemma. For the other results in this paper, the simplified version in Corollary 3.2 is sufficient and
its proof can be read independently. The lemma derives from Shelah via 1G of [8] and [2].

Lemma 3.1. Let (X,X,u) be a probability space and Y a separable metric space. Suppose we have a non-
negative finitely additive functional v defined on the Borel subsets of Y, with vY = 1, and a sequence (f;)ien
of measurable functions, each defined on a set X; € ¥ and taking values in Y, such that {z : z € X; N X,
fi(z) = fj(z)} is negligible whenever i # j.

Set Z = (NjenUis; Xi- Then for any e > 0 there is an open set H C Y such that vH < € and u(Z \

UieN fz_l[H]) <e.

Proof. (a) Set n = 1 > 0 and let M € N be such that (1 — 7)™ < 5. Let N € N be such that u(Z \ Z’) <7,
where
Z'={zeZ |{i:i<N,zeX;}|>M}.
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(b) Let A be the ideal of subsets A C Y such that inf{rG : A C G,Gopenin Y}
= 0. Let € be the algebra of {E : E C Y,0E € A} where 9E = E \ int E is the boundary of E. Then
there is a finite partition D of Y into members of € such that uB < n, where

5= U U #'pIng ol

i<j<N DED

Proof of (b): For any given metric on Y, let B(y, ) denote the open ball of radius « centered at y. Then for
any yo € Y, the mapping sending a positive real a to vB(yo, @) is non-decreasing, therefore continuous at all but
countably many points. This means that B(yp,a) € € for all but countably many «, hence the open sets in & is
a base for Y. There is therefore a sequence (U, )nen in € running over a base for Y. For each n, let D,, be the
partition of Y generated by {U; : i < n}, and set

B, = U U fi_l[D}mfj_l[D]'
i<j<N DED,
Then (B, )nen is non-increasing and
N B.= |J {z:zeXinX;, filz) = f;(2)}
neN i<j<N

is negligible, so there is some n such that uB, <7, and we can take D = D,,. This completes the proof of (b).
(¢) Enumerate D as {E, : r < m}. Let K C m be a random set, in which each » < m has independently, a
probability 7 of appearing.
That is, we are defining a counting measure p on P(m) by

p({K}) = n'K1(Q — )= IKT = lKl(1 — )l K],
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Set Fx =,k Er for each K. Then for any particular x € Z’\ B,
Pr(z ¢ f; '[Fk] for every i < N) =Pr(K,NK = 0)

(where K, = {r:x € f;'[E,] for some i < N})
=1 -l <@ - <y

because if x € Z’ \ B then
|K,|=|{i:i< N, ze€ X} >M.
So

l\J\H

Pr < (Z’\B \ U £ ><2nu(Z’\B)>

<N
A reader with less experience with probability may prefer more basic explanations. Consider the product
measure space P(m) x (Z'\ B). Define the subset S by

s=J <{K}>< U £y & Z’\B)>
KCm i<N reK
For each K C m, let Sk denote the vertical section | J,_ fi_l[UTeK E,] and for each x € (Z’\ B), we let S*
denote the horizontal section at x.
It is easily verified that for each z € (Z'\ B), S* = {K € P(m) : K N K, # 0}; hence pS* > 1 —n. From this
it follows that (p x p)(S) > (1 —n)u(Z’' \ B).
The statement that

N | —

P((z'\B U = ) (1 2 (Z’\B)>z

<N reK
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is just the statement that

T={K:pu(Z\B)n |J I ED = (1 -2nuz'\ B)}

i<N rek
={K : u(Sk) = (1 = 2n)u(Z"\ B)}
has measure greater than 1 5. To show this observe that
(1 =n)u(Z"\ B) <(p x p)(S)
<(px w(SN(T x (Z'\ B)) + (p x p)(SN (~T x (Z'\ B))
<p(T)u(Z"\ B) + p(~T)(1 — 2n)u(Z" \ B).
Therefore
1=n < p(T) + p(~T) = 2np(~T) = 1 = 2np(~T),

from which it follows that p(~T) < 1.
At the same time,

m—1
E(vFk)= Y  vE, Pr(r € K)=n,

r=0

so Pr(vFk > 2n) < %, and there must be some K such that
vFg < 2n,
w(Z'\B)\ | £ [Fx]) < 2v(Z'\ B).
<N
But this means that
wZ\ | £7Y1Fk]) <2+ pB + w(Z\ 2') <

€N
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A similar product measure argument using p X v on P(m) X Y can be used for more detailed explanations in
this case as well. O

Recall we are assuming that we have a sequence {&; : i € w} of M-names of members of K for some compact
metric K. We will simplify the discussion somewhat and assume that K is also zero dimensional. Let us also
assume that 1 |- {z; : i € w} is discrete (and of course that 1 IF &; # &; for i # j). Since 1 I+ K is compact, we
may fix a name & of a member of K such that 1 IF & is a limit point of {; : i € w} (and notice that 1 IF & # i
for each i € w).

The following result is really a corollary to the main lemma but for greater clarity for most readers, we will
reprove it based on the ideas in the main lemma but using more traditional forcing notation and a direct approach
to inductively choose clopen sets D to union up to the desired clopen set Uy. To apply Lemma 3.1, one could set
v(U) to be u([z € U]) for each open U C K.

Corollary 3.2. Let K be a compact zero dimensional metric space, and let &,{&; : i € w} be M-names of
members of K such that
lFze{t; ;i €w} and &; #2;(i<j) .
If Yy is any clopen subset of K and Xy € M is such that Xo C ([ € Yo]), then for any e > 0, there is a clopen
set Uy of Yy such that

wXo\ |J ([Ei € Ul)) <e and p(([E € Up))) <e .
1€w
Proof. Let 0 < n < /5, thus we can afford to throw away 4 pieces of X of size less than 7. Let {a, : n € w}
be a clopen basis for Yj. Fix an integer L so large that 4A/L < 1.
Since Xg C ([z € Yp]) and 1 IF & € {a;:i € w}, Xo\U
Therefore, for each m, there is an m’ > m such that X\

#; € Yp|) has measure 0 for each integer m.
ieim,m) ([Fi € Yo]) has measure less than 7)/L. Fix an
([2; € Yo]) has measure less than n/L for each j.

1Ew\m <[

increasing sequence mo < my < -+ such that Xo\ U;cjm, m; )
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Let M =mp, and set Xo = ;1 Uicpm, m,.,) (& € Yo]). By construction, u(Xo\ Xg) < n and for each z € X,
{i <M :z € ([&; € Yo])} has cardinality at least L.

Let Y/ ={y € Yy : [[& = y]] > 0}. Since [[z = y]] A [[z = ¢']] = 0 for y # ¢/, it follows that there is a finite set
F C Y’ such that |J,cyn g ([ = y]) has measure less than /2.

For each y € F), there is a n,, such that y € a,, and p(([Z; € a,,])) <n/(2M - |F|) for each i < M. Therefore
Uicaryer ([£i € an,]) has measure less than /2. Let jo be larger than n, for each y € F.. Set

X=X\ (| (dea)) U | &=y

i<M,yeF yeEY'\F

For each j € w, let D; be the partition of Y, generated by {a, : n < j}. That is, for each D € D; and each n < j,
either D C a,, or D Na, is empty. For each j and i < i’ < M, let E(j,i,i') = Upep, ([#: € DIy N ([ € DJ). Let
E(wv iy i,) = njEw E(]a i, i/)'

Since 1 IF &; # &, we have that E(w,,4') has measure 0. Also, we have that E(j + 1,4,4") C E(j,4,4") for
each j. Therefore, there is some j such that E(j,i,4’) has measure less than n/M?2. It follows that there is an
integer j > jo such that F(j,4,4’') has measure less than n/M? for each i < i’ < M. Let D = D;.

Set Xo = X1 \U,; <5< s £(J,4,4") and again we have that X; \ X5 has measure less than 7. Now it follows that for
eachx € Xo, D, ={D € D: (3i < M)z € ([#; € D])} has cardinality at least L and that D,NDp = () where Dy =
{(DeD:DNF #0}.

Let J be an integer so large that 1/J < p(([z € D]) N X3) for each D € D\ Dp.

Consider any D € D\ Dp and y € D. Since y ¢ F, ([ = y]) N X5 has measure 0, hence there is a clopen set
ay C D such that ([& € ay]) N X5 has measure less than 1/(4J). Therefore there is a finite cover of D by clopen
sets E each with the property that ([ € E]) N X5 has measure less than 1/(4.J). Therefore there is a partition
Ep of D by sets each of which has measure greater than 1/J and less than 5/(4.J). By refining D \ Dp, we may
assume that for D € D\ Dp, ([# € D]) N X5 has measure greater than 1/J and less than 5/(4.J). It also follows
that |D \ DF| < J.
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For each D € D, let v(D) = p(([# € D]) N X3). Of course, more generally we could define v(E) = u(X2N ([t €
E])) for all clopen subsets of Y but we only extend it to the simple finite algebra (hence o-algebra) generated by
D. Then consider the product measure (u X v) on Xo X Yp.

Define the set S C X5 X Y by

S=|J J&Xan (i €D))) x D
DeD i<M
and for each x € X5, we have the vertical fiber S, which is equal to

D ={DeD: (3i< M)z e (i € D)}
Since |D;| > L, we have that v(S;) > (L/J). Therefore
(ke xv)(S) > (L/J)p(X2).
For each D € D,
SP = |J X2n([#: € D)

i<M
and
LD < (xS = 50 D) < B
Since (L/J)u(X2) < J - (5/(4J)) - max(u(SP)), we have
£ Zu(Xs) < max(u(5))

Thus there is a Dy € D\ Df such that u(SP°) > (4L/57)u(X>).

Now set X3 = X \ ({[ € Do]) USP0) and Y3 = Yy \ Dy. Set S3 = SN (X3 x Y3).

Notice that for 2 € X3, Dy ¢ D, hence we still have that v((S3),) > L/J. If u(X3) < 1A/L we stop, otherwise,
arguing exactly as above, there is a D1 € D\ ({Dg} U Dr), such that pu(SP* N X3) > (4L/5J)u(X3).
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Inductively we keep choosing such D,,, € D\ (DrU{Dy, ..., D,,_1}), such that u(SP»NXsy,,) > (4/5)-(L/J)-
w(Xopm) and set Xo i1 = Xogm \ (D, USP™). Let £ be the first value m + 1 such that p(Xaymi1) < 1A/L.
Now we consider the families of disjoint sets {SP™ N Xay,, : m < £} and the fact that X \ Xa.¢ is covered by
this union together with the union of the family {([ € D,,]) : m < £}.

For each m < £, u(SP™ N Xay,) is bigger than (4/5) - (L/J)u(Xowm) > (4/5) - (L/J) - (1A/L). Therefore,
the measure of the union of the family {SP= N X5, : m < £} is bigger than £ - (4L/5.J) - 1/\F The union of
the family ([& € D,,]) (m < £) has some measure p which is less than (5/4) - £ - (1/J). Therefore the measure of
T = J{SP" N Xoym : m < £} is more than (16/25) /L - p.

Now, 1 > (16/25) /L - p and (25/16) - (1A/L) > p.

Also, since X, \ X, is covered by these sets, we have u(T) +p > u(Xz) — 1A/L; or u(T) > p(Xz) —n/4—p >
w(X2) —n/4—(25/16) - (1A/L) which in turn is greater than pu(Xs) —n/4 — (25/16) “(n/4) > u(Xa) — (3/4)n. It
follows that p(T') is greater than p(Xy) — € as required. So we set Uy = Do U -+ - U Dy_1.

Finally we compute p(([& € Up))), it equals p({[& € U, Dm])) = p < (25/16)-(LA/L) < (25/16)(n/4) < O

4. AN EXAMPLE THAT ACQUIRES CONVERGING SEQUENCES

Proposition 4.1. There is an example of a compact Hausdorff space K which has no non-trivial converging
sequences such that K does have non-trivial converging sequences after adding random reals.

Proof. Recall that MU{0} (with measure p) is the random real forcing algebra obtained from the measure space
X = 2" for some infinite cardinal k. Let Z denote the Stone space of MU {0}. We will define a compactification
K of Z x N. K will be the Stone space of a Boolean subalgebra B of the natural algebra N = (M U {0})N where

B = {{bn) pey : min (Znen 4(bn), Xneny p(X \ by)) s finite }.

Now

{<bn>neN : ZneN H:(X \ bn) is ﬁnite}
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is an ultrafilter in B with limit z in K.

It is fairly routine to prove that K contains no non-trivial converging sequences (much like proving that
S(M U {0}) contains none).

Let v denote the usual product measure on N. We will now force with the random real poset obtained from N
with the measure v. Let G be a generic filter and for each n, let g,, € Z x {n} be determined by the (ultra)filter
{bn : (1,1,...,1,b,,1,1,...) € G}. We show that {g,, : n € N} converges to z. Assume that (b,), .y € B is such
that z ¢ b and suppose that a is in the forcing poset. We show that there is an extension (subset) of a which
forces that b N {g, : n € N} is finite. Let 0 < € be less than v((a)). Let, for n € N, " = (1,1,...,1,b,,1,...)
in the measure algebra N. Observe that v(b™) = u({bn)). There is an integer M such that ), u({bn)) is less
than e, hence v(\/,-,,b") < e. This proves that v(a\ V,,;0") > 0. The condition a’ = a\ '/, ,,b" forces
that g, ¢ b for each n > M. O
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