Acta Math. Univ. Comenianae Vol. LXXVI, 2(2007), pp. 231–240 231

CONGRUENCE KERNELS OF ORTHOIMPLICATION ALGEBRAS

I. CHAJDA, R. HALAŠ and H. LÄNGER

Abstract. Abstracting from certain properties of the implication operation in Boolean algebras leads to so-called orthoimplication algebras. These are in a natural one-to-one correspondence with families of compatible orthomodular lattices. It is proved that congruence kernels of orthoimplication algebras are in a natural one-to-one correspondence with families of compatible p-filters on the corresponding orthomodular lattices. Finally, it is proved that the lattice of all congruence kernels of an orthoimplication algebra is relatively pseudocomplemented and a simple description of the relative pseudocomplement is given.

In the literature many attempts were made in order to investigate properties of the implication operation in generalizations of Boolean algebras. These attempts led to different types of so-called implication algebras (cf. e. g. [2], [5] and [6]). It is interesting to note that these types of implication algebras are in a natural one-to-one correspondence with join-semilattices with 1 the principal filters of which are certain generalizations of Boolean algebras. Hence the question arises if there is a natural one-to-one correspondence between congruence kernels of these implication algebras on the one side and certain families of congruence kernels of the corresponding generalizations of Boolean algebras on the other side. We solve this problem for so-called orthoimplication algebras introduced in [2]. Moreover, we prove that the lattice of congruence kernels of orthoimplication algebras is relatively pseudocomplemented and we derive a simple description of the relative pseudocomplement.

In [1] implication algebras were introduced as algebras reflecting properties of the implication operation in Boolean algebras:

Definition 1. (cf. [2]) An orthoimplication algebra is an algebra (A, ·, 1) of type (2, 0) satisfying xx = 1, (xy)x = x,

(xy)y = (yx)x, x((yx)z) = xz.

Received March 16, 2006.

2000 Mathematics Subject Classification. Primary 08A30, 20N02, 06A12, 06C15. Key words and phrases. orthoimplication algebra, weakly regular, permutable at 1, 3-permutable, orthomodular lattice, semi-orthomodular lattice, congruence, compatible congruence family, congruence kernel, p-filter, compatible filter family, relative pseudocomplement.

Support of the research of the first two authors by the Czech Government Research Project MSM 6198959214 is gratefully acknowledged.

232 I. CHAJDA, R. HALA^ˇS and H. L^¨ANGER

Remark 1. In every orthoimplication algebra it holds 1x = x and x1 = 1 since 1x = (xx)x = x and x1 = (1x)1 = 1.

First we want to prove some congruence properties of the variety of orthoimplication algebras. For any algebra B let ConB denote the set of all congruences on B.

Definition 2. Let A be an algebra with 1. A is called weakly regular if Θ, Φ ∈ ConA and [1]Θ = [1]Φ together imply Θ = Φ. A is called permutable at 1 if [1](Θ ∘ Φ) = [1](Φ ∘ Θ) for all Θ, Φ ∈ ConA. A is called 3-permutable if Θ ∘ Φ ∘ Θ = Φ ∘ Θ ∘ Φ for all Θ, Φ ∈ ConA.

Theorem 1. The variety V of orthoimplication algebras is weakly regular, permutable at 1 and 3-permutable.

Proof. According to [4, Theorem 6.4.3], V is weakly regular if and only if there exist a positive integer n and binary terms t_1, . . . , t_n in V such that t_1(x, y) = . . . = t_n(x, y) = 1 is equivalent to x = y. Now put n := 2, t_1(x, y) := xy and t_2(x, y) := yx. Then t_1(x, x) = t_2(x, x) = 1. Conversely, if t_1(x, y) = t_2(x, y) = 1 then x = 1x = (yx)x = (xy)y = 1y = y. Hence V is weakly regular. According to [4, Theorem 6.6.11], V is permutable at 1 if and only if there exists a binary term t with t(x, x) = 1 and t(x, 1) = x. Now put t(x, y) := yx. Then t(x, x) = 1 and t(x, 1) = x and hence V is permutable at 1. Finally, according to [4, Theorem 3.1.18], V is 3-permutable if and only if there exist ternary terms t_1, t_2 satisfying t_1(x, z, z) = x, t_1(x, x, z) = t_2(x, z, z) and t_2(x, x, z) = z. Now put t_1(x, y, z) := (zy)x and t_2(x, y, z) := (xy)z. Then

t_1(x, z, z) = (zz)x = 1x = x, t_1(x, x, z) = (zx)x = (xz)z = t_2(x, z, z) and t_2(x, x, z) = (xx)z = 1z = z

and hence V is 3-permutable. □

In [2] a natural one-to-one correspondence between orthoimplication algebras and certain families of compatible orthomodular lattices was established. In order to be able to define these structures we first need the definition of an orthomodular lattice. (For the theory of orthomodular lattices we refer the reader to the monographs [8], [3] and [9].)

Definition 3. An orthomodular lattice is an algebra (L, ∨, ∧,^′ , 0, 1) of type (2, 2, 1, 0, 0) such that (L, ∨, ∧, 0, 1) is a bounded lattice and

x ∨ x^′ = 1, x ∧ x^′ = 0,

(x ∨ y)^′ = x^′ ∧ y^′, (x ∧ y)^′ = x^′ ∨ y^′,

(x^′)^′ = x, x ≤ y implies y = x ∨ (y ∧ x^′).

The third and fourth condition are the well-known De Morgan laws and the last condition is the so-called orthomodular law.

CONGRUENCE KERNELS OF ORTHOIMPLICATION ALGEBRAS 233

Now we are able to define the order-theoretical counterpart of orthoimplication algebras introduced in [2]:

Definition 4. (cf. [2]) A semi-orthomodular lattice is a partial algebra (A, ∨, (^x; x ∈ A), 1) such that (A, ∨, 1) is a join-semilattice with 1, for each x ∈ A, x is a unary operation on [x, 1] such that ([x, 1], ∨, ∧,^x , x, 1) is an orthomodular lattice and the compatibility condition

z^y = z^x ∨ y for all x, y, z ∈ A with x ≤ y ≤ z

(CC)

is satisfied.

Remark 2. It should be remarked that for a ∈ A the meet-operation ∧_a in the orthomodular lattice ([a, 1], ∨, ∧_a,^a , a, 1) does not depend on a in the following sense:

If a, b, x, y ∈ A and a, b ≤ x, y then x ∧_a y = x ∧_b y.

This can be seen as follows: First assume a ≤ b. Then x ∧_b y is a lower bound of x and y in ([b, 1], ≤) and hence also in ([a, 1], ≤). If c is an arbitrary lower bound of x and y in ([a, 1], ≤) then x and y are upper bounds of b and c and hence b ∨ c ≤ x and b ∨ c ≤ y. This shows that b ∨ c is a lower bound of x and y in ([b, 1], ≤) and hence b ∨ c ≤ x ∧_b y which implies c ≤ x ∧_b y. This proves x ∧_b y = x ∧_a y. If now a, b, x, y ∈ A and a, b ≤ x, y then x ∧_a y = x ∧_{a∨b} y = x ∧_b y. Obviously, x ∧ y exists in (A, ≤) if and only if x and y have a common lower bound.

Remark 3. According to the De Morgan laws x ∧ y = (x^a ∨ y^a)^a holds for all a ∈ A and x, y ∈ [a, 1].

The natural one-to-one correspondence between orthoimplication algebras and semi-orthomodular lattices can be formulated as follows (for other types of implication algebras and their corresponding order-theoretical counterparts cf. e. g. [1] and [5]):

Theorem 2 (cf. [2]). For every fixed set A the formulas

x ∨ y = (xy)y, x^y = xy,

respectively

xy = (x ∨ y)^y

induce mutually inverse bijections between the set of all orthoimplication algebras over A and the set of all semi-orthomodular lattices over A.

In what follows, let A = (A, ·, 1) be an arbitrary, but fixed orthoimplication algebra and S = (A, ∨, (^x; x ∈ A), 1) its corresponding semi-orthomodular lattice.

For semi-orthomodular lattices we need a certain notion corresponding to the notion of a congruence.

Definition 5. A compatible congruence family on S is a family (Θ_x; x ∈ A) of congruences Θ_x on ([x, 1], ∨, ∧,^x , x, 1) such that Θ_y = Θ_x ∩ [y, 1]^2 for all x, y ∈ A

234 I. CHAJDA, R. HALA^ˇS and H. L^¨ANGER

with x ≤ y. Let CCF(S) denote the set of all compatible congruence families on S. On CCF(S) we define a binary relation ≤ by (Θ_x; x ∈ A) ≤ (Φ_x; x ∈ A) if Θ_x ⊆ Φ_x for all x ∈ A.

Remark 4. (CCF(S), ≤) is a complete lattice.

Now we can formulate the natural one-to-one correspondence between congruences on A and compatible congruence families on S:

Theorem 3. The formulas Θ_x = Θ ∩ [x, 1]^2 and Θ = {(x, y) ∈ A^2 | (x, x ∨ y) ∈ Θ_x and (x ∨ y, y) ∈ Θ_y} induce mutually inverse isomorphisms between (ConA, ⊆) and (CCF(S), ≤).

Proof. Let a, b, c, d ∈ A. If Θ ∈ ConA and Θ_x := Θ ∩ [x, 1]^2 for all x ∈ A, then in the case b, c ≥ a the relations b ∨ c = (bc)c, b ∧ c = (((ba)(ca))(ca))a, b^a = ba imply that Θ_a ∈ Con([a, 1], ∨, ∧,^a , a, 1). Clearly, b ≥ a implies also Θ_b = Θ ∩ [b, 1]^2 = Θ ∩ ([a, 1]^2 ∩ [b, 1]^2) = (Θ ∩ [a, 1]^2) ∩ [b, 1]^2 = Θ_a ∩ [b, 1]^2 proving (Θ_x; x ∈ A) ∈ CCF(S). Moreover, as a ∨ b = (ab)b, the following three assertions are equivalent:

(a, a ∨ b) ∈ Θ_a, (a ∨ b, b) ∈ Θ_b, (a, a ∨ b), (a ∨ b, b) ∈ Θ, (a, b) ∈ Θ.

Conversely, assume (Θ_x; x ∈ A) ∈ CCF(S) and define Θ := {(x, y) ∈ A^2 | (x, x ∨ y) ∈ Θ_x and (x ∨ y, y) ∈ Θ_y}.

Then Θ is reflexive and symmetric.

Further, notice that a, b ≤ c, d and (c, d) ∈ Θ_a imply (c, d) ∈ Θ_b. (1) Indeed, we have (c, d) ∈ Θ_a ∩ [a ∨ b, 1]^2 = Θ_{a∨b} = Θ_b ∩ [a ∨ b, 1]^2 ⊆ Θ_b.

Now, in order to prove that Θ is transitive, take any (a, b), (b, c) ∈ Θ. Then a ∨ b ∨ c = (a ∨ b) ∨ (b ∨ c) Θ_b (a ∨ b) ∨ b = a ∨ b.

Since b, a ≤ a ∨ b ∨ c, a ∨ b, using (1) we obtain a ∨ b ∨ c Θ_a a ∨ b.

This implies

a ∨ c = a ∨ (a ∨ c) Θ_a (a ∨ b) ∨ (a ∨ c) = a ∨ b ∨ c Θ_a a ∨ b Θ_a a,

CONGRUENCE KERNELS OF ORTHOIMPLICATION ALGEBRAS 235

i. e. (a, a ∨ c) ∈ Θ_a. Now a ∨ b ∨ c = (a ∨ b) ∨ (b ∨ c) Θ_b b ∨ (b ∨ c) = b ∨ c.

Since b, c ≤ a ∨ b ∨ c, b ∨ c, using (1) we obtain a ∨ b ∨ c Θ_c b ∨ c.

This implies

a ∨ c = (a ∨ c) ∨ c Θ_c (a ∨ c) ∨ (b ∨ c) = a ∨ b ∨ c Θ_c b ∨ c Θ_c c, i. e. (a ∨ c, c) ∈ Θ_c. Therefore, we obtain (a, c) ∈ Θ proving that Θ is transitive. Next we show that Θ is a right congruence on A. Assume (a, b) ∈ Θ. Then a ∨ b ∨ c = (a ∨ b) ∨ (a ∨ c) Θ_a a ∨ (a ∨ c) = a ∨ c and hence a ∨ b ∨ c Θ_c a ∨ c. Moreover, a ∨ b ∨ c = (a ∨ b) ∨ (b ∨ c) Θ_b b ∨ (b ∨ c) = b ∨ c and hence a ∨ b ∨ c Θ_c b ∨ c. Together we obtain a ∨ c Θ_c a ∨ b ∨ c Θ_c b ∨ c and therefore ac = (a ∨ c)^c Θ_c (b ∨ c)^c = bc. Now ac ∨ bc Θ_c bc ∨ bc = bc implies ac ∨ bc Θ_{bc} bc and ac ∨ bc Θ_c ac ∨ ac = ac implies ac ∨ bc Θ_{ac} ac.

Together these relations show (ac, bc) ∈ Θ proving that Θ is a right congruence on A. From this it follows that (a, b) ∈ Θ implies (a∨c, b∨c) ∈ Θ since (ac, bc) ∈ Θ and hence (a ∨ c, b ∨ c) = ((ac)c, (bc)c) ∈ Θ.

Next we show that Θ is a left congruence on A. Assume (a, b) ∈ Θ. Then a ∨ b ∨ c = (a ∨ b) ∨ (a ∨ c) Θ_a a ∨ (a ∨ c) = a ∨ c and hence (a ∨ b ∨ c)^a Θ_a (a ∨ c)^a which implies (a ∨ b ∨ c)^a Θ_{(a∨b∨c)}a (a ∨ c)^a.

Thus (a ∨ b ∨ c)^a ∨ (a ∨ c)^a = (a ∨ c)^a Θ_{(a∨b∨c)}a (a ∨ b ∨ c)^a and (a ∨ b ∨ c)^a ∨ (a ∨ c)^a = (a ∨ c)^a Θ_{(a∨c)}a (a ∨ c)^a

236 I. CHAJDA, R. HALA^ˇS and H. L^¨ANGER

showing ((a∨b∨c)^a, (a∨c)^a) ∈ Θ. Analogously, we obtain ((a∨b∨c)^b, (b∨c)^b) ∈ Θ. Using (CC) we get

ca = (c ∨ a)^a = (a ∨ c)^a Θ (a ∨ b ∨ c)^a = (a ∨ b ∨ c)^a ∨ a Θ (a ∨ b ∨ c)^a ∨ b = ((a ∨ b ∨ c)^a ∨ a) ∨ b = (a ∨ b ∨ c)^a ∨ (a ∨ b) = (a ∨ b ∨ c)^{a∨b} = (a ∨ b ∨ c)^b ∨ (a ∨ b) = (a ∨ b ∨ c)^b ∨ (b ∨ a) = ((a ∨ b ∨ c)^b ∨ b) ∨ a = (a ∨ b ∨ c)^b ∨ a Θ (a ∨ b ∨ c)^b ∨ b = (a ∨ b ∨ c)^b Θ (b ∨ c)^b = (c ∨ b)^b = cb.

As Θ is transitive, the above relations imply (ca, cb) ∈ Θ, proving that Θ is a left congruence on A.

Hence Θ ∈ ConA. Moreover, the following are equivalent:

(b, c) ∈ Θ ∩ [a, 1]^2, b, c ≥ a, (b, b ∨ c) ∈ Θ_b, (b ∨ c, c) ∈ Θ_c, (b, b ∨ c), (b ∨ c, c) ∈ Θ_a, (b, c) ∈ Θ_a.

This fact shows that the mappings induced by the formulas stated in the theorem are mutually inverse bijections between ConA and CCF(S). It is obvious, that in fact they are isomorphisms between (ConA, ⊆) and (CCF(S), ≤). □ Corollary 1. Every congruence on A is uniquely determined by its restrictions to the intervals [x, 1], x ∈ A.

The following lemma explains how the congruences on an orthoimplication algebra are determined by their kernels.

Lemma 1. Θ = {(x, y) ∈ A^2 | xy, yx ∈ [1]Θ} for all Θ ∈ ConA. Proof. If (a, b) ∈ Θ then ab, ba ∈ [aa]Θ = [1]Θ and if, conversely, a, b ∈ A and ab, ba ∈ [1]Θ then a = 1a Θ (ba)a = (ab)b Θ 1b = b and hence (a, b) ∈ Θ. □ Now we introduce the notion of a congruence kernel of an orthoimplication algebra.

Definition 6. A subset F of A is called a congruence kernel of A if there exists a congruence Θ on A with [1]Θ = F . Let CK(A) denote the set of all congruence kernels of A.

The natural one-to-one correspondence between congruences on orthoimplication algebras and their kernels is established by the following

Theorem 4. The formulas F = [1]Θ and Θ = {(x, y) ∈ A^2 | xy, yx ∈ F } induce mutually inverse isomorphisms between (ConA, ⊆) and (CK(A), ⊆).

Proof. It is an immediate consequence of Lemma 1. □ Remark 5. (CK(A), ⊆) is a complete lattice.

CONGRUENCE KERNELS OF ORTHOIMPLICATION ALGEBRAS 237

As far as follows let L = (L, ∨, ∧,^′ , 0, 1) be an arbitrary, but fixed orthomodular lattice.

Congruence kernels of orthomodular lattices are called p-filters. This is the content of

Definition 7 (cf. [8]). A subset F of L is called a p-filter of L if there exists a congruence Θ on L with [1]Θ = F . Let F(L) denote the set of all p-filters of L.

Remark 6. (F(L), ⊆) is a complete lattice.

The following one-to-one correspondence between congruences and p-filters of orthomodular lattices (generalizing the corresponding one for Boolean algebras) is well-known:

Theorem 5 (cf. [8]). The formulas F = [1]Θ and Θ = {(x, y) ∈ L^2 | (x ∧ y) ∨ (x^′ ∧ y^′) ∈ F } induce mutually inverse isomorphisms between (ConL, ⊆) and (F(L), ⊆).

For describing congruence kernels of orthoimplication algebras by p-filters of the corresponding orthomodular lattices we need the following concept:

Definition 8. A compatible filter family on S is a family (F_x; x ∈ A) of p-filters F_x of ([x, 1], ∨, ∧,^x , x, 1) such that F_y = F_x ∩ [y, 1] for all x, y ∈ A with x ≤ y. Let CFF(S) denote the set of all compatible filter families on S. On CFF(S) we define a binary relation ≤ by (F_x; x ∈ A) ≤ (G_x; x ∈ A) if F_x ⊆ G_x for all x ∈ A.

Remark 7. (CCF(S), ≤) is a complete lattice.

In the proof of the next theorem we need the following easy property of congruence kernels of orthoimplication algebras:

Lemma 2. If F ∈ CK(A), a ∈ F , b ∈ A and a ≤ b then b ∈ F . Proof. If Θ ∈ ConA with [1]Θ = F then b = a ∨ b ∈ [1 ∨ b]Θ = [1]Θ = F . □ We are now able to formulate and prove the natural one-to-one correspondence between congruence kernels of orthoimplication algebras and compatible filter families on the corresponding semi-orthomodular lattice.

Theorem 6. The formulas F_x = F ∩ [x, 1] and F = ⋃ x∈A F_x

induce mutually inverse isomorphisms between (CK(A), ⊆) and (CFF(S), ≤).

238 I. CHAJDA, R. HALA^ˇS and H. L^¨ANGER

Proof. Let a, b, c, d ∈ A. If F ∈ CK(A) and F_x := F ∩ [x, 1] for all x ∈ A then there exists a congruence Θ on A with [1]Θ = F , and Θ ∩ [a, 1]^2 ∈ Con([a, 1], ∨, ∧,^a , a, 1), according to Theorem 3. Now, since

F_a = F ∩ [a, 1] = [1]Θ ∩ [a, 1] = [1](Θ ∩ [a, 1]^2) ∈ F(([a, 1], ∨, ∧,^a , a, 1)), in the case a ≤ b we obtain

F_b = F ∩ [b, 1] = F ∩ ([a, 1] ∩ [b, 1]) = (F ∩ [a, 1]) ∩ [b, 1] = F_a ∩ [b, 1] proving (F_x; x ∈ A) ∈ CFF(S). Moreover, ⋃ x∈A F_x = ⋃ x∈A (F ∩ [x, 1]) = F ∩ ⋃ x∈A [x, 1] = F ∩ A = F.

Conversely, assume (F_x; x ∈ A) ∈ CFF(S) and set F := ⋃ x∈A F_x. Then for every x ∈ A there exists a congruence Θ_x on ([x, 1], ∨, ∧,^x , x, 1) with [1]Θ_x = F_x. Assume a ≤ b. Then F_b = F_a ∩ [b, 1] ⊆ F_a and hence Θ_b ⊆ Θ_a according to Theorem 5 and therefore Θ_b ⊆ Θ_a ∩ [b, 1]^2. Conversely, (c, d) ∈ Θ_a ∩ [b, 1]^2 implies c, d ≥ b and (c ∧ d) ∨ (c^a ∧ d^a) ∈ [1]Θ_a = F_a. Using (CC) we obtain (c ∧ d) ∨ (c^b ∧ d^b) = (c ∧ d) ∨ ((c^a ∨ b) ∧ (d^a ∨ b)) ∈ F_a ∩ [b, 1] = F_b = [1]Θ_b according to Lemma 2 whence (c, d) ∈ Θ_b. Therefore Θ_b = Θ_a ∩ [b, 1]^2 and (Θ_x; x ∈ A) ∈ CCF(S). Put Θ := {(x, y) ∈ A^2 | (x, x ∨ y) ∈ Θ_x and (x ∨ y, y) ∈ Θ_y}.

According to Theorem 3, Θ ∈ ConA and Θ ∩ [x, 1]^2 = Θ_x for all x ∈ A. Now F = ⋃ x∈A F_x = ⋃ x∈A ([1]Θ_x) = ⋃ x∈A ([1](Θ ∩ [x, 1]^2)) = [1]Θ ∈ CK(A).

Moreover,

F ∩ [a, 1] = ( ⋃ x∈A F_x) ∩ [a, 1] = ⋃ x∈A (F_x ∩ [a, 1]) = ⋃ x∈A ((F_x ∩ [x, 1]) ∩ [a, 1]) = ⋃ x∈A (F_x ∩ ([x, 1] ∩ [a, 1])) = ⋃ x∈A (F_x ∩ [a ∨ x, 1]) = ⋃ x∈A F_{a∨x} = ⋃ x∈A (F_a ∩ [a ∨ x, 1]) = F_a ∩ ⋃ x∈A [a ∨ x, 1] = F_a ∩ [a, 1] = F_a.

The rest of the proof is clear. □ From Theorem 6 we deduce the following nice characterization of congruence kernels of orthoimplication algebras:

Corollary 2. A subset F of A is a congruence kernel of A if and only if F ∩ [x, 1] ∈ F(([x, 1], ∨, ∧,^x , x, 1)) for all x ∈ A. If the latter holds then (F ∩

CONGRUENCE KERNELS OF ORTHOIMPLICATION ALGEBRAS 239

[x, 1]; x ∈ A) ∈ CCF(S) and according to Theorem 6 there exists a G ∈ CK(A) with G ∩ [x, 1] = F ∩ [x, 1] for all x ∈ A and hence

F = F ∩ A = F ∩ ⋃ x∈A [x, 1] = ⋃ x∈A (F ∩ [x, 1]) = ⋃ x∈A (G ∩ [x, 1])

= G ∩ ⋃ x∈A [x, 1] = G ∩ A = G ∈ CK(A).

Finally, we want to show that the lattice of congruence kernels of an orthoimplication algebra is relatively pseudocomplemented. First we recall the notion of a relative pseudicomplement in a meet-semilattice:

Definition 9. Let (S, ∧) be a meet-semilattice and a, b ∈ S. An element c of S is called the relative pseudocomplement of a with respect to b if c is the greatest element x of S satisfying a ∧ x ≤ b.

In the lattice of p-filters of an orthomodular lattice there exists a nice description of relative pseudocomplements:

Theorem 7. (cf. [3] and [8]) (F(L), ⊆) is relatively pseudocomplemented. If F, G ∈ F(L) then ⟨F, G⟩ := {x ∈ L | x ∨ y ∈ G for all y ∈ F } is the relative pseudocomplement of F with respect to G in (F(L), ⊆).

Using this description and the connection between congruence kernels of orthoimplication algebras and p-filters of the corresponding orthomodular lattices we obtain a nice and simple description of the relative pseudocomplement in the lattice of all congruence kernels of an orthoimplication algebra:

Theorem 8. (CK(A), ⊆) is relatively pseudocomplemented. If F, G ∈ CK(A) then ⟨F, G⟩ := {x ∈ A | (xy)y ∈ G for all y ∈ F } is the relative pseudocomplement of F with respect to G in (CK(A), ⊆).

Proof. Let a, b ∈ A. If b ∈ ⟨F, G⟩ ∩ [a, 1] then for every y ∈ F ∩ [a, 1] we get b ∨ y = (by)y ∈ G ∩ [a, 1], and hence b ∈ ⟨F ∩ [a, 1], G ∩ [a, 1]⟩. If, conversely, b ∈ ⟨F ∩ [a, 1], G ∩ [a, 1]⟩ then b ∈ [a, 1] and b ∨ y ∈ F ∩ [a, 1] for all y ∈ F according to Lemma 2 and hence

(by)y = b ∨ y = b ∨ (b ∨ y) ∈ G ∩ [a, 1] ⊆ G

showing b ∈ ⟨F, G⟩ ∩ [a, 1]. Hence

⟨F, G⟩ ∩ [a, 1] = ⟨F ∩ [a, 1], G ∩ [a, 1]⟩ ∈ F(([a, 1], ∨, ∧,^a , a, 1)).

According to Corollary 2, ⟨F, G⟩ ∈ CK(A). If a ∈ F ∩ ⟨F, G⟩ then a ∈ F and (ay)y ∈ G for all y ∈ F and hence a = (aa)a ∈ G proving F ∩ ⟨F, G⟩ ⊆ G. Conversely, if a ∈ H ∈ CK(A) and F ∩ H ⊆ G then (ay)y = a ∨ y ∈ F ∩ H ⊆ G for all y ∈ F according to Lemma 2 and hence a ∈ ⟨F, G⟩ showing H ⊆ ⟨F, G⟩. This completes the proof of the theorem. □

240 I. CHAJDA, R. HALA^ˇS and H. L^¨ANGER

References

1. Abbott J. C. Semi-boolean algebra. Mat. Vesnik 4 (1967), 177–198. 2. , Orthoimplication algebras. Studia Logica 35 (1976), 173–177. 3. Beran L. Orthomodular Lattices. Algebraic approach. Academia, Prague 1984, and D. Reidel, Dordrecht 1985.

4. Chajda I., Eigenthaler G. and Länger H., Congruence Classes in Universal Algebra. Heldermann, Lemgo 2003.

5. Chajda I., Halaš R. and Länger H., Orthomodular implication algebras. Intern. J. Theor.

Phys. 40 (2001), 1875–1884.

6. , Simple axioms for orthomodular implication algebras. Intern. J. Theor. Phys. 43 (2004), 911–914.

7. Halaš R., Ideals and D-systems in orthoimplication algebras. J. Mult.-Valued Logic Soft Computing 11 (2005), 309–316.

8. Kalmbach G., Orthomodular Lattices. Academic Press, London 1983. 9. Pták P. and Pulmannová S., Orthomodular structures as quantum logics. Kluwer, Dordrecht 1991.

I. Chajda, Department of Algebra and Geometry, Palacký University of Olomouc, Tomkova 40, 77900 Olomouc, Czech Republic, e-mail: chajda@inf.upol.cz

R. Halaš, Department of Algebra and Geometry, Palacký University of Olomouc, Tomkova 40, 77900 Olomouc, Czech Republic, e-mail: halas@inf.upol.cz

H. Länger, Institut für Diskrete Mathematik und Geometrie, Technische Universität Wien, Wiedner Hauptstr. 8/104, 1040 Wien, Austria, e-mail: h.laenger@tuwien.ac.at