Acta Math. Univ. Comenianae Vol. LXXVII, 1(2008), pp. 147–154 147

FURTHER GENERALIZATION OF SOME DOUBLE INTEGRAL INEQUALITIES AND APPLICATIONS

WENJUN LIU, CHUNCHENG LI and YONGMEI HAO

Abstract. Further generalization or improvement of some double integral inequalities are obtained. Applications in numerical integration are also given.

1. Introduction

Recently, N. Ujević [8] obtained the following double integral inequalities, which gave upper and lower error bounds for the well-known mid-point and trapezoid quadrature rules:

3S − 2Γ 24 (b − a)^2 ≤ 1 b − a

∫_b a f(t)dt − f ( a + b 2 ) ≤ 3S − 2γ 24 (b − a)^2,

(1.1)

3S − Γ 24 (b − a)^2 ≤ f(a) + f(b) 2 − 1 b − a

∫_b a f(t)dt ≤

3S − γ 24 (b − a)^2,

(1.2)

by defining

p(t) = 1 2 (t − a)^2, t ∈ [ a, a + b 2 ]

1 2 (t − b)^2, t ∈ ( a + b 2 , b ] and q(t) = 1 2 (t − a)(b − t),

respectively, where f : [a, b] → R is a twice differentiable mapping, γ ≤ f^{′′}(t) ≤ Γ

for all t ∈ (a, b) and S = f^′(b) − f^′(a)

b − a . In this paper, we will generalize the above mentioned integral inequalities with a parameter λ by defining p(t) as in (2.3) and (2.15). Our result in special the case yields (1.1) and can be better than (1.2). The sharpness of (1.1) and (1.2) is also obtained. Finally, we give applications in numerical integration.

Received February 2, 2007.

2000 Mathematics Subject Classification. Primary 26D10, 41A55, 65D30. Key words and phrases. mid-point inequality; trapezoid inequality; numerical integration. The authors gratefully acknowledge the financial support from the Science Research Foundation of NUIST and the Natural Science Foundation of Jiangsu Province Education Department under Grant No.07KJD510133.

148 WENJUN LIU, CHUNCHENG LI and YONGMEI HAO

2. Main Results

Theorem 2.1. Let I ⊂ R be an open interval, a, b ∈ I, a < b. If f : I → R is a twice differentiable function such that f^{′′} is integrable and there exist constants γ, Γ ∈ R, with γ ≤ f^{′′}(t) ≤ Γ, t ∈ [a, b], 0 ≤ λ ≤ 1. Then we have ( 1 − 2λ 8 S − 2 − 3λ 24 Γ ) (b − a)^2 ≤ 1 b − a

∫_b a f(t)dt − [ (1 − λ)f ( a + b 2 ) + λ f(a) + f(b) 2 ]

≤ ( 1 − 2λ 8 S − 2 − 3λ 24 γ ) (b − a)^2, for λ ∈ [0, √ 2 − 1],

(2.1)

and ( λ^2 8 S − 3λ^2 + 3λ − 1 24 Γ ) (b − a)^2 ≤ 1 b − a

∫_b a f(t)dt − [ (1 − λ)f ( a + b 2 ) + λ f(a) + f(b) 2 ]

≤ ( λ^2 8 S − 3λ^2 + 3λ − 1 24 γ ) (b − a)^2, for λ ∈ ( √ 2 − 1, 1],

(2.2)

where S = f^′(b) − f^′(a) b − a

. If γ, Γ are given by

γ = min_{t∈[a,b]} f^{′′}(t), Γ = max_{t∈[a,b]} f^{′′}(t)

then the inequalities given by (2.1) and (2.2) are sharp in the usual sense provided that λ ≠ 1/3.

Proof. Let p : [a, b] → R be given by

p(t) = 1 2 (t − a)[t − (1 − λ)a − λb], t ∈ [ a, a + b 2 ] , 1 2 (b − t)[λa + (1 − λ)b − t], t ∈ ( a + b 2 , b ] . (2.3)

Then we have

(2.4)

∫_b a p(t)dt =

1 − 3λ 24 (b − a)^3.

Integrating by parts, we have

(2.5)

∫_b a p(t)f^{′′}(t)dt = ∫_b a f(t)dt − (b − a) [ (1 − λ)f ( a + b 2 ) + λ f(a) + f(b) 2 ] .

FURTHER GENERALIZATION OF SOME INTEGRAL INEQUALITIES 149

From (2.4)–(2.5) it follows

∫_b a p(t)[f^{′′}(t) − γ]dt = ∫_b a f(t)dt − (b − a) [ (1 − λ)f ( a + b 2 ) + λ f(a) + f(b) 2 ]

− γ 1 − 3λ 24 (b − a)^3.

(2.6)

and ∫_b a p(t)[Γ − f^{′′}(t)]dt = − ∫_b a f(t)dt + (b − a) [ (1 − λ)f ( a + b 2 ) + λ f(a) + f(b) 2 ]

+ Γ 1 − 3λ 24 (b − a)^3.

(2.7)

We also have

∫_b a p(t)[f^{′′}(t) − γ]dt ≤ max_{t∈[a,b]} |p(t)|

∫_b a |f^{′′}(t) − γ|dt

= 1 − 2λ 8 (S − γ)(b − a)^3, 0 ≤ λ ≤ √ 2 − 1,

λ^2 8 (S − γ)(b − a)^3, √ 2 − 1 < λ ≤ 1,

(2.8)

and ∫_b a p(t)[Γ − f^{′′}(t)]dt ≤ max_{t∈[a,b]} |p(t)|

∫_b a |Γ − f^{′′}(t)|dt

= 1 − 2λ 8 (Γ − S)(b − a)^3, 0 ≤ λ ≤ √ 2 − 1,

λ^2 8 (Γ − S)(b − a)^3, √ 2 − 1 < λ ≤ 1.

(2.9)

From (2.6)–(2.9) we see that (2.1) and (2.2) hold.

If we now substitute f(t) = (t − a)^2 in the inequality (2.1) or (2.2) then we find that the left-hand side, middle term and right-hand side are all equal to 1 − 3λ 12 (b − a)^2. Thus, the inequalities (2.1) and (2.2) are sharp in the usual sense provided that λ ≠ 1/3. □

Remark. We note that in the special cases, if we take λ = 0 in Theorem 2.1 we get (1.1). Furthermore, the inequality (1.1) is sharp in the usual sense.

150 WENJUN LIU, CHUNCHENG LI and YONGMEI HAO

Corollary 2.2. Under the assumptions of Theorem 2.1 and with λ = 1/3, we have the following inequality 1 24 (S − Γ)(b − a)^2 ≤ 1 b − a

∫_b a f(t)dt − 1 6 [ f(a) + 4f ( a + b 2 ) + f(b) ]

≤ 1 24 (S − γ)(b − a)^2.

(2.10)

Corollary 2.3. Under the assumptions of Theorem 2.1 and with λ = 1/2, we have the following sharp inequality

3S − 5Γ 96 (b − a)^2 ≤ 1 b − a

∫_b a f(t)dt − 1 2 f ( a + b 2 ) − 1 2 f(a) + f(b) 2 ≤ 3S − 5γ 96 (b − a)^2.

(2.11)

Corollary 2.4. Under the assumptions of Theorem 2.1 and with λ = 1, we have the following sharp trapezoid inequality

(2.12)

5γ − 3S 24 (b − a)^2 ≤ f(a) + f(b) 2 − 1 b − a

∫_b a f(t)dt ≤ 5Γ − 3S 24 (b − a)^2.

We now show that (2.12) can be better than (1.2). For that purpose, we give the following examples.

Example 1. Let us choose f(t) = t^k , k > 2, a = 0, b > 0. Then we have f^′(t) = kt^{k−1}, f^{′′}(t) = k(k − 1)t^{k−2}, γ = 0, Γ = k(k − 1)b^{k−2}, S = kb^{k−2}.

Thus, the left-hand sides of (2.12) and (1.2) become:

L.H.S.(2.12) = − k 8 b^k and L.H.S.(1.2) = − k(k − 4) 24 b^k.

We easily find that L.H.S.(2.12) > L.H.S.(1.2) if k > 7. In fact, if k ≫ 7 then (2.12) is much better than (1.2).

Example 2. Let us choose f(t) = −t^k, k > 2, a = 0, b > 0. Then we have f^′(t) = −kt^{k−1}, f^{′′}(t) = −k(k − 1)t^{k−2}, Γ = 0, γ = −k(k − 1)b^{k−2}, S = −kb^{k−2}.

Thus, the right-hand sides of (2.12) and (1.2) become:

R.H.S.(2.12) = k 8 b^k and R.H.S.(1.2) = k(k − 4) 24 b^k.

FURTHER GENERALIZATION OF SOME INTEGRAL INEQUALITIES 151

We easily find that R.H.S.(2.12) < R.H.S.(1.2) if k > 7. In fact, if k ≫ 7 then (2.12) is also much better than (1.2).

Theorem 2.5. Let the assumptions of Theorem 2.1 be satisfied. Then we have [ 1 8 S − (1 − 2λ)^2 8 Γ ] (b − a)^2 + Γ 12 { (a^2 + 4ab + b^2) − 6[(1 − λ)a + λb][λa + (1 − λ)b] }

≤ f(a) + f(b) 2 − 1 b − a

∫_b a f(t)dt ≤ [ 1 8 S − (1 − 2λ)^2 8 γ ] (b − a)^2 + γ 12 {(a^2 + 4ab + b^2) − 6[(1 − λ)a + λb][λa + (1 − λ)b]},

(2.13)

for λ ∈ [ 0,^1_2 −^{√2}_4 ] ∪ (_1

2 +^{√2}_4 , 1 ] , and

λ(1 − λ) 2 (2S − Γ)(b − a)^2 + Γ 12 { (a^2 + 4ab + b^2) − 6[(1 − λ)a + λb][λa + (1 − λ)b] }

≤ f(a) + f(b) 2 − 1 b − a

∫_b a f(t)dt ≤ λ(1 − λ) 2 (2S − γ)(b − a)^2 + γ 12 {(a^2 + 4ab + b^2) − 6[(1 − λ)a + λb][λa + (1 − λ)b]},

(2.14)

for λ ∈

(_1

2 −^{√2}_4 ,^1_2 +^{√2}_4 ] , where S = f^′(b) − f^′(a) b − a

. If γ, Γ are given by

γ = min_{t∈[a,b]} f^{′′}(t), Γ = max_{t∈[a,b]} f^{′′}(t)

then the inequalities given by (2.13) and (2.14) are sharp in the usual sense.

Proof. Let q : [a, b] → R be given by

(2.15) q(t) = 1 2 [t − (1 − λ)a − λb][λa + (1 − λ)b − t].

We have (2.16)∫_b a q(t)dt = 1 12 (b − a) { (a^2 + 4ab + b^2) − 6[(1 − λ)a + λb][λa + (1 − λ)b] } Integrating by parts, we obtain

(2.17)

∫_b a q(t)f^{′′}(t)dt = f(a) + f(b) 2 (b − a) −

∫_b a f(t)dt − λ(1 − λ) 2 S(b − a)^3.

152 WENJUN LIU, CHUNCHENG LI and YONGMEI HAO

From (2.16) and (2.17) it follows

∫_b a q(t)[f^{′′}(t) − γ]dt = − ∫_b a f(t)dt + f(a) + f(b) 2 (b − a) − λ(1 − λ) 2 S(b − a)^3 − γ 12 (b − a){(a^2 + 4ab + b^2) − 6[(1 − λ)a + λb][λa + (1 − λ)b]},

(2.18)

and ∫_b a q(t)[Γ − f^{′′}(t)]dt = ∫_b a f(t)dt − f(a) + f(b) 2 (b − a) + λ(1 − λ) 2 S(b − a)^3 + Γ 12 (b − a){(a^2 + 4ab + b^2) − 6[(1 − λ)a + λb][λa + (1 − λ)b]}.

(2.19)

We also have ∫_b a q(t)[f^{′′}(t) − γ]dt

≤ max

t∈[a,b]

|q(t)|

∫_b a |f^{′′}(t) − γ|dt

= (1 − 2λ)^2 8 (S − γ)(b − a)^3, λ ∈ [ 0, 1 2 − √ 2 4 ] ∪ ( 1 2 + √ 2 4 , 1 ] , λ(1 − λ) 2 (S − γ)(b − a)^3, λ ∈ ( 1 2 − √ 2 4 , 1 2 + √ 2 4 ] ,

(2.20)

and ∫_b a q(t)[Γ − f^{′′}(t)]dt

≤ max

t∈[a,b]

|q(t)|

∫_b a |Γ − f^{′′}(t)|dt

= (1 − 2λ)^2 8 (Γ − S)(b − a)^3, λ ∈ [ 0, 1 2 − √ 2 4 ] ∪ ( 1 2 + √ 2 4 , 1 ] , λ(1 − λ) 2 (Γ − S)(b − a)^3, λ ∈ ( 1 2 − √ 2 4 , 1 2 + √ 2 4 ] .

(2.21)

From (2.18)–(2.21) we see that (2.13) and (2.14) hold.

If we now substitute f(t) = (t − a)^2 in the inequality (2.13) or (2.14) then we find that the left-hand side, middle term and right-hand side are all equal to 1 6 (b−a)^2. Thus, the inequalities (2.13) and (2.14) are sharp in the usual sense. □

FURTHER GENERALIZATION OF SOME INTEGRAL INEQUALITIES 153

Remark. We note that in the special cases, if we take λ = 0 or λ = 1 in Theorem 2.5 , we can also get (1.2). Furthermore, the inequality (1.2) is also sharp in the usual sense.

Corollary 2.6. Under the assumptions of Theorem 2.5 and with λ = 1/2, we have another sharp trapezoid inequality

(2.22)

3S − 2Γ 12 (b − a)^2 ≤ f(a) + f(b) 2 − 1 b − a

∫_b a f(t)dt ≤ 3S − 2γ 12 (b − a)^2.

3. Applications in numerical integration

We restrict considerations to the following quadrature rule with a parameter. We also emphasize that similar considerations can be done for all quadrature rules considered in the previous section.

Theorem 3.1. Let the assumptions of Theorem 2.1 hold. If D = {a = x_0 < x_1 < · · · < x_n = b} is a given division of the interval [a, b], h_i = x_{i+1} − x_i,

S_i = f^′(x_{i+1}) − f^′(x_i) h_i

, i = 0, 1, 2, · · · , n − 1,

then we have ∫_b a f(t)dt = A_{MT} (f) + R_{MT} (f),

where

A_{MT} (f) = n−1∑ i=0 h_i [ (1 − λ)f ( x_i + x_{i+1} 2 ) + λ f(x_i) + f(x_{i+1}) 2 ] , and n−1∑ i=0 ( 1 − 2λ 8 S_i −

2 − 3λ 24 Γ ) h^3 ≤ R_{MT} (f) ≤ n−1∑ i=0 ( 1 − 2λ 8 S_i −

2 − 3λ 24 γ ) h^3,

for λ ∈ [0, √ 2 − 1] , while

n−1∑ i=0 ( λ^2 8 S_i −

3λ^2 + 3λ − 1 24 Γ ) h^3 ≤ R_{MT} (f) ≤ n−1∑ i=0 ( λ^2 8 S_i −

3λ^2 + 3λ − 1 24 γ ) h^3

for λ ∈ ( √ 2 − 1, 1].

Proof. Apply Theorem 2.1 to the interval [x_i, x_{i+1}], i = 0, 1, 2, · · · , n − 1 and sum. Then use the triangle inequality to obtain the desired result. □

154 WENJUN LIU, CHUNCHENG LI and YONGMEI HAO

References

1. Barnett N. S. and Dragomir S. S., Applications of Ostrowski’s version of the Grüss inequality for trapezoid type rules, Tamkang J. Math., 37(2) (2006), 163–173.

2. Cerone P. and Dragomir S. S., Trapezoidal-type Rules from an Inequalities Point of View, Handbook of Analytic-Computational Methods in Applied Mathematics, Editor: G. Anastassiou, CRC Press, New York, (2000), 65–134.

3. Cerone P., Dragomir S. S. and Roumeliotis J., An inequality of Ostrowski-Grüss type for twice differentiable mappings and applications in numerical integration, Kyungpook Math. J., 39(2)(1999), 331–341.

4. Liu W. J., Li C. C. and Dong J. W., Note on Qi’s Inequality and Bougoffa’s Inequality, J.

Inequal. Pure Appl. Math. 7(4) (2006), Art. 129.

5. Liu W. J., Xue Q. L. and Dong J. W., New Generalization of Perturbed Trapezoid and Mid point Inequalities and Applications, Inter. J. Pure Appl. Math. (in press).

6. Liu W. J., Luo J. and Dong J. W., Further Generalization of Perturbed Mid-point and Trapezoid Inequalities and Applications, (submitted).

7. Rafiq A., Mir N. A. and Zafar F., A generalized Ostrowski-Grüss type inequality for twice differentiable mappings and applications, J. Inequal. Pure Appl. Math. 7(4) (2006), Art. 124.

8. Ujević N., Some Double Integral Inequalities and Applications, Acta. Math. Univ. Comenianae, 71(2) (2002), 189–199.

9. , Double Integral Inequalities and Applications in Numerical Integration, Periodica Math. Hungarica 49(1), 141–149.

10. , Error inequalities for a generalized trapezoid rule, Appl. Math. Lett., 19 (2006), 32–37.

Wenjun Liu, College of Mathematics and Physics, Nanjing University of Information Science and Technology, Nanjing 210044, China, e-mail: lwjboy@126.com

Chuncheng Li, College of Mathematics and Physics, Nanjing University of Information Science and Technology, Nanjing 210044, China, e-mail: lcc@nuist.edu.cn

Yongmei Hao, College of Mathematics and Physics, Nanjing University of Information Science and Technology, Nanjing 210044, China, e-mail: hym19810808@sina.com