Acta Math. Univ. Comenianae Vol. LXXVII, 2(2008), pp. 271–277 271

A NOTE ON NEIGHBORHOODS OF CERTAIN CLASSES OF ANALYTIC FUNCTIONS WITH NEGATIVE COEFFICIENTS

S. LATHA and D. S. RAJU

Abstract. The purpose of the present paper is to make use of the familiar concept of neighborhoods of analytic functions. Several inclusion relations associated with the (n, δ) neighborhoods of various subclasses defined by Sălăgean operator are proved. Special cases of these results are shown to yield known results in the literature.

1. Introduction

Let T (j) be the class of functions in the form

f(z) = z − ∞∑ k=j+1

a_kz^k (a_k ≥ 0; j ∈ N = {1, 2, 3, . . .})

(1.1)

which are analytic in the open unit disc U = {z : |z| < 1}.

Let Ω be the class of functions ω(z) analytic in U such that ω(0) = 0, |ω(z)| < 1.

For f(z) and g(z) in T (j), f(z) is said to be subordinate to g(z) ∈ U if there exists an analytic function ω(z) ∈ Ω such that f(z) = g(ω(z)). This subordination [6] is denoted by f(z) ≺ g(z).

Following [1, 7, 9] we define the (j, δ)-neighborhood of a function f(z) ∈ A(j) by

N_{j,δ}(f) = {g ∈ T (j); g(z) = z − ∞∑ k=j+1

b_kz^k, ∞∑ k=j+1

k|a_k − b_k| ≤ δ}.

(1.2)

In particular, for the identity function e(z) = z , we have

N_{j,δ}(f) = {g ∈ T (j); g(z) = z − ∞∑ k=j+1

b_kz^k, ∞∑ k=j+1

k|b_k| ≤ δ}.

(1.3)

The purpose of this paper is to investigate the (j, δ) -neighborhoods of the certain subclasses of the class T (j) of normalized analytic functions in U with negative coefficients.

Received June 15, 2007; revised January 17, 2008. 2000 Mathematics Subject Classification. Primary 30C45. Key words and phrases. neighborhoods; Sălăgean operator.

272 S. LATHA and D. S. RAJU

For a function f(z) ∈ A(j) , we define D^0f(z) = f(z), D^1f(z) = Df(z) = zf^′(z), D^nf(z) = D(D^{n−1}f(z)), (n ∈ N)

(1.4)

where D^n is the differential operator introduced by Sălăgean [10]. Using the differential operator D^n, we define the class T_j (n, m, A, B) as follows.

Definition 1.1. A function f(z) ∈ A(j) is in the class T_j (n, m, A, B) if and only if

D^{n+m}f(z) D^nf(z) ≺ 1 + Az 1 + Bz

, (n ∈ N_0 = N ∪ {0}, m ∈ N)

(1.5)

for −1 ≤ B < A ≤ 1 and for all z ∈ U.

The operator D^{n+m} was studied by Sekine [11], Aouf et al. [2], Aouf et al. [3] and Hossen et al.[8]. We note that T_j (n, m, 1 − 2α, −1) = T_j (n, m, α)[4], T_j (0, 1, α) = S^∗_j (α) , the class of starlike functions of order α and T_j (1, 1, α) = C_j (α) , the class of convex functions of order α (Chatterjea [5] and Srivastava et al.[12]).

2. Neighborhood for the class T_j (n, m, A, B)

For the class T_j (n, m, A, B), we prove the following lemma.

Lemma 2.1. A function f(z) ∈ T (j) is in the class T_j (n, m, A, B) if and only if ∞∑ k=j+1

k^n[(1 − B)k^m − (1 − A)]a_k ≤ A − B

(2.1)

for n ∈ N_0, m ∈ N and −1 ≤ B < A ≤ 1.

Proof. Suppose f(z) ∈ T_j (n, m, A, B), then D^{n+m}f(z) D^nf(z) = 1 + Aω(z) 1 + Bω(z) . Therefore

ω(z) =

D^nf(z) − D^{n+m}f(z) BD^{n+m}f(z) − AD^nf(z) hence

|ω(z)| = | | | D^{n+m}f(z) − D^nf(z) BD^{n+m}f(z) − AD^nf(z) | | |

=

| | | | | | | |

∞∑ k=j+1

k^n(k^m − 1)a_kz^k

(A − B)z + ∞∑ k=j+1

k^n(Bk^m − A)a_kz^k

| | | | | | | | < 1.

NEIGHBORHOODS OF CERTAIN CLASSES 273

Thus

ℜ ∞∑ k=j+1

k^n(k^m − 1)a_kz^k

(A − B)z + ∞∑ k=j+1

k^n(Bk^m − A)a_kz^k

< 1.

(2.2)

Take z = r with 0 < r < 1. Then for sufficiently small r, the denominator of (2.2)

is positive and so it is positive for all r with 0 < r < 1 , since ω(z) is analytic for

|z| < 1 . Then (2.2) gives ∞∑ k=j+1

k^n(1 − k^m)a_kr^k < (B − A)r − B ∞∑ k=j+1

k^{n+m}a_kr^k + A ∞∑ k=j+1

k^na_kr^k

i.e., ∞∑ k=j+1

k^n[(1 − B)k^m − (1 − A)]a_kr^k < (A − B)r

and (2.1) follows on letting r → 1.

Conversely, for |z| = r, 0 < r < 1, we have r^k < r, i.e., ∞∑ k=j+1

k^n[(1−B)k^m −(1−A)]a_kr^k < ∞∑ k=j+1

k^n[k^m(1−B)−(1−A)]a_kr < (A−B)r,

by (2.1), so we have, | | | | | | ∞∑ k=j+1

k^n(k^m − 1)a_kz^k | | | | | | ≤ ∞∑ k=j+1

k^n(k^m − 1)a_kr^k

i.e., | | | | | ∞∑ k=j+1

k^n(k^m − 1)a_kz^k | | | | | < (A − B)r + ∞∑ k=j+1

(Bk^m − A)k^na_kr^k

i.e., | | | | | ∞∑ k=j+1

k^n(k^m − 1)a_kz^k | | | | | ≤ | | | | |(A − B)z + ∞∑ k=j+1

(Bk^m − A)k^na_kz^k | | | | | .

This proves that

D^{n+m}f(z)

D^nf(z) is of the form

1+Aω(z)

1+Bω(z) and hence f(z)∈T_j (n,m,A,B)

and the proof is complete. □

Applying the above lemma, we prove the following.

274 S. LATHA and D. S. RAJU

Theorem 2.2. T_j (n, m, A, B) ⊂ N_{j,δ} (e), where δ = A − B (j + 1)^{n−1}[(1 − B)(j + 1)^m − (1 − A)]

(2.3)

Proof. It follows from (2.1) that if f(z) ∈ T_j (n, m, A, B), then

(j + 1)^{n−1}[(1 − B)(j + 1)^m − (1 − A)] ∞∑ k=j+1

ka_k ≤ A − B

(2.4)

which implies ∞∑ k=j+1

ka_k ≤

A − B (j + 1)^{n−1}[(1 − B)(j + 1)^m − (1 − A)]

= δ.

(2.5)

Using (1.3), we get the result. □ Putting j = 1 in Theorem 2.2, we have the following. Corollary 2.3. T_1(n, m, A, B) ⊂ N_{1,δ} (e), where δ = A − B 2^{n−1}[(1 − B)2^m − (1 − A)] . 3. Neighborhoods for the classes R_j (n, A, B) and P_j (n, A, B) We define the following classes.

Definition 3.1. A function f(z) ∈ T (j) is said to be in the class f(z) ∈ R_j (n, A, B) if it satisfies (D^nf(z))^′ ≺

1 + Az 1 + Bz

(z ∈ U)

(3.1) for −1 ≤ B < A ≤ 1 and n ∈ N_0.

Definition 3.2. A function f(z) ∈ T (j) is said to be a member of the class P_j (n, A, B) if it satisfies D^nf(z) z ≺ 1 + Az 1 + Bz

(z ∈ U)

(3.2) for −1 ≤ B < A ≤ 1 and n ∈ N_0.

So, we have the following results.

Lemma 3.3. A function f(z) ∈ T (j) is in the class R_j (n, A, B) if and only if ∞∑ k=j+1

(1 − B)k^{n+1}a_k ≤ A − B.

(3.3)

Lemma 3.4. A function f(z) ∈ T (j) is in the class P_j (n, A, B) if and only if ∞∑ k=j+1

(1 − B)k^na_k ≤ A − B

(3.4)

NEIGHBORHOODS OF CERTAIN CLASSES 275

From the above Lemmas, we see that R_j (n, A, B) ⊂ P_j (n, A, B) Theorem 3.5. R_j (n, A, B) ⊂ N_{j,δ}(e) where δ = A − B (j + 1)^n(1 − B) . (3.5)

Proof. If f(z) ∈ R_j (n, A, B), we have

(j + 1)^n ∞∑ k=j+1

(1 − B)ka_k ≤ A − B

(3.6)

which implies ∞∑ k=j+1

ka_k ≤

A − B (1 − B)(j + 1)^n

= δ.

(3.7) □ Corollary 3.6. R_1(n, A, B) ⊂ N_{1,δ}(e) where δ =

A − B 2^n(1 − B) Theorem 3.7. P_j (n, A, B) ⊂ N_{j,δ} (e) where δ = A − B (j + 1)^{n−1}(1 − B) . (3.8)

Proof. If f(z) ∈ P_j (n, A, B) we have

(j + 1)^{n−1} ∞∑ k=j+1

(1 − B)ka_k ≤ A − B

which gives ∞∑ k=j+1

ka_k ≤

A − B (1 − B)(j + 1)^{n−1} = δ (3.9)

that, in view of definition (1.3) proves Theorem 3.7. □ Putting j = 1 in Theorem 3.7, we have the following. Corollary 3.8.

P_1(n, A, B) ⊂ N_{1,δ}(e) where δ = A − B 2^{n−1}(1 − B)

276 S. LATHA and D. S. RAJU

4. Neighborhood of the class K_j (n, m, A, B, C, D)

Definition 4.1. A function f(z) ∈ T (j) is said to be in the class K_j (n, m, A, B, C, D) if it satisfies | | | | f(z) g(z) − 1 | | | | < A − B 1 − B

(z ∈ U)

(4.1)

for −1 ≤ B < A ≤ 1, −1 ≤ D < C ≤ 1 and g(z) ∈ T_j (n, m, C, D).

Theorem 4.2. N_{j,δ}(g) ⊂ K_j (n, m, A, B, C, D) where g(z) ∈ T_j (n, m, C, D) and 1 − A 1 − B

= 1 −

(j + 1)^m[(1 − D)(j + 1)^m − (1 − C)]δ (j + 1)^n[(1 − D)(j + 1)^m − (1 − C)] − (C − D)

(4.2)

where

δ ≤ (1 − D)(j + 1) − (C − D)(j + 1)^{1−n}[(1 − D)(j + 1)^m − (1 − C)]^{−1}. Proof. Let f(z) be in N_{j,δ} (g) for g(z) ∈ T_j (n, m, C, D) then ∞∑ k=j+1

k|a_k − b_k| ≤ δ ∞∑ k=j+1

b_k ≤ C − D (j + 1)^n[(1 − D)(j + 1)^m − (1 − C)] . (4.3)

Consider, | | | | f(z) g(z) − 1 | | | |

≤ ∞∑ k=j+1

|a_k − b_k| 1 − ∑_∞

k=j+1 bk ≤ δ j + 1 . (j + 1)^n[(j + 1)^m(1 − D) − (1 − C)] (j + 1)^n[(j + 1)^m(1 − D) − (1 − C)] − (C − D) = (j + 1)^{n−1}[(j + 1)^m(1 − D) − (1 − C)] (j + 1)^n[(j + 1)^m(1 − D) − (1 − C)] − (C − D) = A − B 1 − B . This implies that f(z) ∈ K_j (n, m, A, B, C, D). □

Putting j = 1 in Theorem 4.2, we have the following.

Corollary 4.3. N_{1,δ}(g) ⊂ K_1(n, m, A, B, C, D) where g(z)∈T_1(n, m, C, D) and

α = 1 −

2^{n−1}[2^m(1 − D) − (1 − B)]δ 2^n[2^m(1 − D) − (1 − B)] − (C − D) . Remark 4.4. For A = 1 − 2α B = −1, C = 1 − 2β, D = −1 we get the results obtained by Aouf [4].

NEIGHBORHOODS OF CERTAIN CLASSES 277

References

1. Altintas O. and Owa S., Neighborhoods of certain analytic functions with negative coefficients, Int. J. Math. Math. Sci., 19(4) (1996), 797–800.

2. Aouf M. K., Darwish H. E. and Attiya A. A., Generalization of certain subclasses of analytic functions with negative coeficients, Universitatis Babes-Bolyai. Studia Mathemaica, 45(1) (2000), 11–22.

3. Aouf M. K., Hossen H. M. and Lashin A. Y., On certain families of analytic functions with neagtive coefficients, Indian J. Pure Appl. Math., 31(8) (2000), 999–1015.

4. Aouf M. K., Neighborhoods of cetain classes of analytic functions with negative coefficients, Int. J. Math. Math. Sci, 2006, Article ID 38258, 1–6.

5. Chatterjea S. K., On starlike functions, J. Pure Math. 1 (1981), 23–26. 6. Duren P. L., Univalent functions, Springer – Verlag, Newyork (1983). 7. Goodman A.W., Univalent functions and nonanalytic curves, Proc. Amer. Math. Soc., 8(3) (1957), 598–601.

8. Hossen H. M., Salagean G. S. and Aouf M. K., Notes on certain classes of analytic functions with negative coefficients, Mathematica 7 (1981), 39(2) (1997), 165–179.

9. Ruscheweyh S., Neighborhoods of univalent functions, Proc. Amer. Math. Soc., 81(4) (1981), 521–527.

10. Sălăgean G. S., Subclasses of univalent functions, Complex Analysis-Fifth Romanian- Finnish Seminar, Part 1. (Bucharest, 1981), Lecture Notes in Math., 1013, Springer, Berlin, 1983, 362–372.

11. Sekine T., Generalization of certain subclasses of analytic functions, Int. J. Math. Math.

Sci., 10(4) (1987), 725–732.

12. Srivastava H. M., Owa S. and Chatterjea S.K., A note on certain classes of starlike functions, Rend. Sem. Mat. Univ. Padova 77 (1987), 115–124.

S. Latha, Department of Mathematics and Computer Science Maharaja’s College University of Mysore, Mysore – 570 005, India, e-mail: drlatha@gmail.com

D. S. Raju, Department of Mathematics Vidyavardhaka College of Engineering, Mysore – 570 002, India, e-mail: rajudsvm@gmail.com