Acta Math. Univ. Comenianae Vol. LXXVII, 2(2008), pp. 175–180 175

COINCIDENCE POINTS FOR CONTRACTION TYPE MAPS

A. LATIF and A. E. AL-MAZROOEI

Abstract. Some new results on the existence of coincidence points for multivalued f-contractive maps have been obtained. Our results improve and extend various known results existing in the literature.

1. Introduction and Preliminaries

Using the concept of Hausdorff metric, many authors have proved fixed point and coincidence point results in the setting of metric spaces. For example, using the Hausdorff metric, Nadler [12] has introduced a notion of multivalued contraction maps and proved a multivalued version of the Banach contraction principle which states that each closed bounded valued contraction map on a complete metric space has a fixed point. Since then various fixed point results concerning multivalued contractions have appeared. For example, see [2, 3, 4, 7, 11, 13, 15, 18]. On the other hand, using the concept of Hausdorff metric, Kaneko [8] has introduced a notion of multivalued f-contraction maps and proved coincidence point result for such maps with commutativity condition, extending the corresponding results of Jungck [6], Nadler [12] and others. This result has been generalized in different directions. For example, see [9, 10, 14, 16, 17].

Without using the concept of Hausdorff metric, most recently Feng and Liu [5] introduced a notion of multivalued contractive maps and proved a fixed point result for such maps, extending Nadler’s fixed point result concerning multivalued contractions. The aim of this paper is to obtain some results on the existence of coincidence points for multivalued f-contractive maps with and without commutativity condition. Our results unify, improve and extend a number of fixed point and coincidence point results including the corresponding results of Feng and Liu [5], Kaneko [8], Nadler [12].

Throughout this paper, (X, d) is a metric space; S(X) is the family of nonempty subsets of X; C(X) is the family of nonempty closed subsets of X; CB(X) is the family of nonempty closed bounded subsets of X; for any A, B ∈ S(X),

H(A, B) = max{sup_{a∈A} d(a, B), sup_{b∈B} d(b, A)},

Received September 22, 2006; revised March 13, 2008.

2000 Mathematics Subject Classification. Primary 47H10, 47H09, 54H25. Key words and phrases. Fixed point; coincidence point; metric space; multivalued contractive map.

176 A. LATIF and A. E. AL-MAZROOEI

where d(a, B) = inf{d(a, b) : b ∈ B} is the distance from the point a to the subset B. It is well known that H is a metric on CB(X) and is known as the Hausdorff metric on CB(X). H on C(X) is also a metric except that it takes also the value +∞ if (X, d) is unbounded.

We also use the following notions.

Let T : X → S(X) be a multivalued map and f : X → X a single-valued injective map such that T (X) ⊂ f(X). Then

i) T is called contraction if there exists a constant h ∈ (0, 1) such that

H(T (x), T (y)) ≤ hd(x, y), x, y ∈ X.

ii) T is called f-contraction if there exists a constant h ∈ (0, 1) such that

H(T (x), T (y)) ≤ hd(f(x), f(y)), x, y ∈ X.

iii) For a positive number b < 1, Feng and Liu [5] defined a subset of X as

I^x_b = {y ∈ T (x) : bd(x, y) ≤ d(x, T (x))}

and here we define a subset J^x_b of X as

J^x_b = {w ∈ T (x) : bd(f(x), w) ≤ d(f(x), T (x))}.

iv) We say T is contractive if there exists a constant h ∈ (0, 1) and for any x ∈ X there is y ∈ I^x_b such that

d(y, T (y)) ≤ hd(x, y),

where h < b.

v) We say T is f-contractive if there exists a constant h ∈ (0, 1) and for all x ∈ X there is w ∈ J^x_b such that

d(w, T f^{−1}(w)) ≤ hd(f(x), w),

where h < b and f^{−1}(w) denotes the counterimage of w. vi) we say f and T weakly commute if f(T (x)) ⊂ T (f(x)), for all x ∈ X. vii) we say a sequence {x_n} ⊂ X is f-iterative sequence of T at x_0 ∈ X if for each n ≥ 1, f(x_n) ∈ T (x_{n−1}).

It has been observed [5] that each multivalued contraction map T : X → CB(X) is a multivalued contractive map. Also, we note that each multivalued f-contraction map is multivalued f-contractive, because for any x ∈ X, w ∈ T (x),

d(w, T f^{−1}(w)) ≤ H(T (x), T f^{−1}(w)) ≤ h d(f(x), w)).

Moreover, in particular, if f = I, the identity map on X then each multivalued f-contraction map is a contraction, each multivalued f-contractive map is contractive and J^x_b = I^x_b .

A point x ∈ X is called a fixed point of T if x ∈ T (x) and the set of fixed points of T is denoted by Fix(T ). A point x ∈ X is called a coincidence point of f and T if f(x) ∈ T (x). We denote by C(f ∩ T ) the set of coincidence points of f and T .

A real valued function φ on X is called lower semi-continuous if, for any sequence {x_n} ⊂ X, x_n → x ∈ X implies that φ(x) ≤ lim inf_{n→∞} φ(x_n). A multivalued map T : X → S(X) is called upper semi-continuous if, for each open set A ⊂ X,

COINCIDENCE POINTS FOR CONTRACTION TYPE MAPS 177

the set T^{−1}(A) = {x ∈ X : T (x) ⊂ A} is open. We say T is closed if its graph G(T ) = {(x, y) ∈ X × X : y ∈ T (x)} is closed. Recall that the graph of an upper semi-continuous multivalued map T : X → C(X) is closed. See, for instance [1].

To make the paper self-contained, we recall the following fixed point and coincidence point results.

Theorem 1.1 ([5]). Let X be a complete metric space and let T : X → C(X) be a multivalued contractive map such that the real-valued function g on X, g(x) = d(x, T (x)) is lower semi-continuous. Then Fix(T ) ≠ ∅.

Theorem 1.2 ([8]). Let X be a complete metric space and let T : X → CB(X) be a multivalued f-contraction map which commutes with continuous map f. Then C(f ∩ T ) ≠ ∅.

2. Main Results

First, we prove our basic lemma on the existence of f-iterative sequences, which is useful for proving coincidence point theorems.

Lemma 2.1. Let T : X → C(X) be an f-contractive map. Then, there exists an f-iterative sequence {x_n} of T at x_0 ∈ X such that {f(x_n)} is a Cauchy sequence.

Proof. Since, for any x ∈ X, T (x) is closed, the set J^x_b is nonempty for any b ∈ (0, 1). Now, let x_0 ∈ X, then by the definition of T , there exists w_1 ∈ J^{x0}_b such that d(w_1, T f^{−1}(w_1)) ≤ h d(f(x_0), w_1).

Since w_1 ∈ J^{x0}_b ⊂ T (x_0) ⊂ f(X) and f is injective, there exists x_1 ∈ X such that f(x_1) = w_1. Also, since the counterimage of w_1 is x_1, denoted by f^{−1}(w_1) = x_1, we get d(f(x_1), T (x_1)) ≤ h d(f(x_0), f(x_1)), that is, d(f(x_1), T f^{−1}(f(x_1))) ≤ h d(f(x_0), f(x_1)).

Also, since x_1 ∈ X, there exists w_2 ∈ J^{x1}_b such that

d(w_2, T f^{−1}(w_2)) ≤ h d(f(x_1), w_2).

Since w_2 ∈ J^{x1}_b ⊂ T (x_1) ⊂ f(X), there exists x_2 ∈ X such that f(x_2) = w_2, thus d(f(x_2), T (x_2)) ≤ h d(f(x_1), f(x_2)).

By continuing this process we get w_n ∈ J^{xn−1}_b such that for all n ≥ 1

d(w_n, T f^{−1}(w_n)) ≤ h d(f(x_{n−1}), w_n).

Since w_n ∈ J^{xn−1}_b ⊂ T (x_{n−1}) ⊂ f(X) there exists x_n ∈ X such that f(x_n) = w_n. Thus f(x_n) ∈ T (x_{n−1}), that is, {x_n} is f-iterative sequence of T at x_0 ∈ X such that for all n ≥ 1 d(f(x_n), T (x_n)) ≤ h d(f(x_{n−1}), f(x_n)) and b d(f(x_n), f(x_{n−1})) ≤ d(f(x_{n−1}), T (x_{n−1})),

178 A. LATIF and A. E. AL-MAZROOEI

and hence for all n ≥ 1,

d(f(x_{n+1}), f(x_n)) ≤ h b d(f(x_{n−1}), f(x_n)) ≤ h^2 b^2 d(f(x_{n−1}), f(x_{n−2})) . . ≤ h^n b^n d(f(x_1), f(x_0)).

Take a^n =^{hn}_{bn} for all n ≥ 1, then we have d(f(x_{n+1}), f(x_n)) ≤ a^nd(f(x_1), f(x_0)). Now, for n, m ∈ N, m > n, we have d(f(x_m),f(x_n))

≤ d(f(x_m), f(x_{m−1})) + d(f(x_{m−1}), f(x_{m−2})) + · · · + d(f(x_{n+1}), f(x_n)) ≤ a^{m−1}d(f(x_1), f(x_0)) + a^{m−2}d(f(x_1), f(x_0)) + · · · + a^nd(f(x_1), f(x_0)) ≤ a^n 1 − a d(f(x_1), f(x_0)).

since h < b, so a^n → 0 as n → ∞ and thus {f(x_n)} is a Cauchy sequence in X. □ Now, we prove the following result on the existence of coincidence points. Theorem 2.2. Let (X, d) be a complete metric space and let T : X → C(X) be an f-contractive upper semi-continuous map which commutes weakly with continuous map f then C(f ∩ T ) ≠ ∅.

Proof. By Lemma 2.1, we get an f-iterative sequence {x_n} of T at x_0 ∈ X such that {f(x_n)} is a Cauchy sequence. Since X is complete, so let f(x_n) → p ∈ X. Since f is continuous, f(f(x_n)) → f(p). Note that for each n ≥ 1, f(x_n) ∈ T (x_{n−1}), and thus by the weak commutativity of f and T we get f(f(x_n)) ∈ f(T (x_{n−1})) ⊆ T (f(x_{n−1})).

Since, T is upper semi-continuous, so its graph G(T ) is closed and hence f(p) ∈ T (p). □ Remark 2.3. Theorem 2.2 is an extension of Theorem 1.2. Indeed, if a multivalued map T : X → CB(X) satisfies the conditions of Theorem 1.2 then, as we observed, T is f-contractive. Also we note that f and T commute weakly. Thus, T satisfies all the conditions of Theorem 2.2, and hence C(f ∩ T ) ≠ ∅.

Since J^x_b ⊂ T (x) , we obtain another extension of Theorem 1.2 as follows: Corollary 2.4. Let X be a complete metric space and let T : X → C(X) be a multivalued upper semi-continuous map which commutes weakly with a singlevalued injective continuous map f on X such that T (X) ⊂ f(X). If there exists a constant h ∈ (0, 1) such that for any x ∈ X, w ∈ T (x), d(w, T f^{−1}(w)) ≤ h d(f(x), w), then C(f ∩ T ) ≠ ∅.

COINCIDENCE POINTS FOR CONTRACTION TYPE MAPS 179

Without using the concept of Hausdorff metric and without continuity and weakly commute conditions of f and T we prove the following coincidence point result. Here, we consider a real valued function g on X defined by g(w) = d(w, T f^{−1}(w)).

Theorem 2.5. Let (X, d) be a complete metric space and let T : X → C(X) be an f-contractive map. Further, if the function g is lower semi-continuous, then C(f ∩ T ) ≠ ∅.

Proof. By Lemma 2.1, we obtain an f-iterative sequence {x_n} of T at x_0 ∈ X such that {f(x_n)} is a Cauchy sequence in X. Since X is complete, there exists an element p ∈ X such that lim_{n→∞} f(x_n) = p. Now, as in the proof of Lemma 2.1, for all n ≥ 1 b d(f(x_n), f(x_{n−1})) ≤ d(f(x_{n−1}), T (x_{n−1})), and d(f(x_n), T (x_n)) ≤ h d(f(x_{n−1}), f(x_n)).

thus for all n ≥ 1,

d(f(x_n), T (x_n)) ≤ h b d(f(x_{n−1}), T (x_{n−1})),

Since h < b, we have for all n ≥ 1 d(f(x_n), T (x_n)) ≤ d(f(x_{n−1}), T (x_{n−1})), and d(f(x_n), T (x_n)) ≤ h b d(f(x_{n−1}), T (x_{n−1})) ≤ h^2 b^2 d(f(x_{n−2}), T (x_{n−2})) . . ≤ h^n b^n d(f(x_0), T (x_0)).

Put f(x_n) = w_n ∈ X, then we note that lim_{n→∞} w_n = p and the sequence {g(w_n)} = {d(w_n, T f^{−1}(w_n))} is decreasing and converges to 0. Since g is lower semi-continuous we have 0 ≤ g(p) ≤ lim inf_{n→∞} g(w_n) = 0.

Hence, g(p) = d(p, T f^{−1}(p)) = 0. Let f^{−1}(p) = y ∈ X, then d(f(y), T (y)) = 0, since T (y) is closed, we get f(y) ∈ T (y). □ Remark 2.4. If we take f = I, the identity map in Theorem 2.5, then we get Theorem 1.2, due to Feng and Liu [5] which is an extension of the Nadler’s fixed point result.

Acknowledgement. The authors would like to thank the referee for his/her careful reading and valuable suggestions which lead to an improved presentation of the paper.

180 A. LATIF and A. E. AL-MAZROOEI

References

1. Aubin, J.-P. and Frankowska, H., Set-Valued Analysis,Birkhauser, Besel, 1990. 2. Bae J. S., Fixed point theorem for weakly contractive multivalued maps, J. Math. Anal.

Appl., 284 (2003), 690-697.

3. Covitz H. and Nadler S. B., Multivalued contraction mappings in generalized metric space, Israel J. Math., 8 (1970), 5–11.

4. Daffer P. Z. and Kaneko H., Fixed points generalized contractive multi-valued mappings, J. Math. Anal. Appl., 192 (1995), 655–666.

5. Feng Y. and Liu S., Fixed point theorems for multivalued contractive mappings and multivalued Caristi type mappings, J. Math. Anal. Appl., 317 (2006), 103–112.

6. Jungck G., Commuting maps and fixed points, Amer. Math. Monthly, 83 (1976), 261–263. 7. Jungck G. and Rhoades B. E., Fixed points for set valued functions without continuity, Indian J. Pure Appl. Math., 29 (1998), 227–238.

8. Kaneko H., Single-valued and multivalued f-contractions, Boll. Un. Mat. Ital., 6 (1985), 29–33.

9. Latif A. and Abu-Hajar A., On coincidence and hybrid fixed point, Radovi Matematicki, 11 (2002), 119–123.

10. Latif A. and Tweddle I., Some results on coincidence points, Bull. Austral. Math. Soc., 59 (1999), 111–117.

11. Mizoguchi N. and Takahashi W., Fixed points theorems for multivalued mappings on complete metric spaces, J. Math. Anal. Appl., 141 (1989), 177–188.

12. Nadler S. B., Multivalued contraction mappings, Pacific J. Math., 30 (1969), 475–488. 13. Naidu S. V. R., Fixed point theorems for a broad class of multimaps, Nonlinear Anal., 52 (2003), 961–969.

14. Pathak H. K. and Khan M. S., Fixed and coincidence points of hybrid mappings, Archivum Mathematicum, 38 (2002), 201–208.

15. Rhoades B. E., Some theorems on weakly contractive maps, Nonlinear Anal., 47 (2001), 2683–2693.

16. Singh S. L. and Kulshrestha C., Coincidence theorems in metric spaces, Indian J. Phys.

Nat. Sci., B2 (1982), 19–22.

17. Singh S. L. and Mishra S. N., Coincidence points for nonself hybrid contractions, J. Math.

Anal. Appl., 256 (2001), 486–497.

18. Zhong C., Zhu J. and Zhao P., An extension of multivalued contraction mappings and fixed points, Proc. Amer. Math. Soc., 128 (1999), 2439–2444.

A. Latif, Department of Mathematics King Abdul Aziz University P.O.Box 80203, Jeddah 21589, Saudi Arabia, e-mail: Latifmath@yahoo.com

A. E. Al-Mazrooei, Department of Mathematics Taibah University, P.O.Box 30002, Al-Madinah Al-Munawarah, Saudi Arabia, e-mail: abo.mhmd@hotmail.com