Acta Math. Univ. Comenianae Vol. LXXVIII, 1(2009), pp. 1–21 1

GALOIS-TYPE CONNECTIONS AND CLOSURE OPERATIONS ON PREORDERED SETS

ÁRPÁD SZÁZ

Abstract. For a function f of one preordered set X to another Y , we shall establish several consequences of the following two definitions: (a) f is increasingly φ–regular, for some function φ of X to itself, if for any x_1 , x_2 ∈ X we have x_1 ≤ φ ( x_2 ) if and only if f ( x_1 ) ≤ f ( x_2 );

(b) f is increasingly g–normal, for some function g of Y to X , if for any x ∈ X and y ∈ Y we have f (x) ≤ y if and only if x ≤ g (y).

These definitions have been mainly suggested to us by a recent theory of relators (families of relations) worked out by Á. Száz and G. Pataki and the extensive literature on Galois connections and residuated mappings.

Introduction

In this paper, for a function f of one preordered set X to another Y , we shall establish several consequences of the following two definitions:

(a) f is increasingly φ-regular, for some function φ of X to itself, if for any x_1 , x_2 ∈ X we have x_1 ≤ φ ( x_2 ) if and only if f ( x_1 ) ≤ f ( x_2 );

(b) f is increasingly g-normal, for some function g of Y to X , if for any x ∈ X and y ∈ Y we have f (x) ≤ y if and only if x ≤ g (y).

These definitions have been mainly suggested to us by a recent theory of relators (families of binary relations) worked out by Száz [28] and Pataki [20] and the extensive literature on Galois connections [1, p. 124] and residuated mappings [2, p. 11].

For instance, we shall show that if f is an increasingly g-normal function of X to Y , then

(1) f is increasing;

(2) f [ sup (A) ] ⊂ sup ( f [ A ] ) for all A ⊂ X ; (3) g (y) ∈ max { x ∈ X : f (x) ≤ y } for all y ∈ Y .

Moreover, if φ = g ∘ f, then

(4) f is increasingly φ-regular; (5) φ is a closure operation on X;

Received March 10, 2007; revised January 16, 2008.

2000 Mathematics Subject Classification. Primary 06A06, 06A15; Secondary 04A05, 54E15. Key words and phrases. Preordered sets; Galois connections (residuated mappings); closure operations; generalized uniformities (relational systems).

2^´ARP^´AD SZ^´AZ

(6) φ (x) ∈ max { u ∈ X : f (u) ≤ f (x) } for all x ∈ X .

On the other hand, as a partial converse to (4), we shall also show that if f is an increasingly φ–regular function of X onto Y , then there exists a function g of Y to X such that f is increasingly g-normal. Moreover, if in particular Y is partially ordered, then g is injective. Therefore, in spite of (4), the increasingly normal functions are more general objects than the increasingly regular ones. However, the latter ones, being more closely to closure operations, are sometimes more convenient.

The results obtained extend and supplement some basic theorems on Galois connections and residuated mappings. Moreover, they can be immediately applied to almost all topological and order theoretic structures derived from relators in [26], [27] and [32].

For instance, if

F (R) = int_R = {(A, x) ∈ P(X) × X : ∃ R ∈ R : R(x) ⊂ A }

for any relator R on X and

G(int) = R_{int} = { S ⊂ X^2 : int_S ⊂ int } for any relation int on P(X) to X, then we can see that F is an increasingly G-normal function of P^2 ( X^2 ) to P (P(X) × X). Moreover,

Φ(R) = (G ∘ F )(R) = R^∧ = { S ⊂ X^2 : ∀x ∈ X : x ∈ int_R (S(x)) } . Thus, ∧ is a closure operation on P^2 ( X^2 ) . Moreover, for any relator R on X, R^∧ is the largest relator on X such that int_R∧ ⊂ int_R (resp. int_R∧ = int_R).

However, if for instance

F (R) = T_R = {A ⊂ X : A ⊂ int_R(A)}

for any relator R on X, then by [15, Example 5.3] there does not, in general, exist a largest relator R^□ on X such that T_R□ ⊂ T_R (resp. T_R□ = T_R). Thus, the function F is not even regular. Therefore, it is rather curious that topology and analysis have been mostly based on open sets.

In this respect, it is also worth mentioning that all reasonable generalizations of the usual topological structures (such as proximities, closures, topologies, filters and convergences) can be easily derived from relators (according to the results of [27] and [25]). Thus, they need not be studied separately.

Moreover, the various operations on relators can be used to put the basic concepts of topology and analysis in a proper perspective. For instance, it has become completely clear that compactness and connectedness are particular cases of precompactness and well-chainedness, respectively. (See [29] and [21].) Moreover, several continuity properties of relations can be briefly expressed in terms of these operations and compositions of relations and relators. (See [30] and [38].)

GALOIS-TYPE CONNECTIONS 3

1. A few basic facts on relations

A subset F of a product set X × Y is called a relation on X to Y . If in particular F ⊂ X^2, then we may simply say that F is a relation on X. Thus, Δ_X = {(x, x) : x ∈ X} is a relation on X.

If F is a relation on X to Y , then for any x ∈ X the set F (x) = {y ∈ Y : (x, y) ∈ F } is called the image of x under F . And the set D_F = {x ∈ X : F (x) ≠ ∅} is called the domain of F .

In particular, a relation F on X to Y is called a function if for each x ∈ D_F there exists y ∈ Y such that F (x) = {y}. In this case, by identifying singletons with their elements, we may usually write F (x) = y in place of F (x) = {y}.

More generally, if F is a relation on X to Y , then for any A ⊂ X the set F [A] = ⋃ x∈A F (x) is called the image of A under F . And the set R_F = F [D_F ] is called the range of F .

If F is a relation on X to Y such that D_F = X, then we say that F is a relation of X to Y . While, if F is a relation X to Y such that R_F = Y , then we say that F is a relation on X onto Y .

If F is a relation on X to Y , then a function f of D_F to Y is called a selection of F if f ⊂ F , i.e., f(x) ∈ F (x) for all x ∈ D_F . Thus, the Axiom of Choice can be briefly expressed by saying that every relation has a selection.

If F is a relation on X to Y , then the values F (x), where x ∈ X, uniquely determine F since we have F = ⋃ x∈X {x}×F (x). Therefore, the inverse F^{−1} of F can be defined such that F^{−1}(y) = {x ∈ X : y ∈ F (x)} for all y ∈ Y .

Moreover, if F is a relation on X to Y and G is a relation on Y to Z, then the composition G ∘ F of G and F can be defined such that (G ∘ F )(x) = G[F (x)] for all x ∈ X. Thus, we also have (G ∘ F )[A] = G[F [A]] for all A ⊂ X.

A relation R on X is called reflexive, symmetric, antisymmetric, and transitive if Δ_X ⊂ R, R^{−1} ⊂ R, R∩R^{−1} ⊂ Δ_X , and R∘R ⊂ R, respectively. Now, a reflexive relation may be called a tolerance (preorder) if it is symmetric (transitive).

If R is a relation on X, then we write R^n = R ∘ R^{n−1} for all n ∈ N by agreeing that R^0 = Δ_X . Moreover, we also write R^∞ =

⋃_∞ n=0 R^n. Thus, R^∞ is the smallest preorder on X such that R ⊂ R^∞. Therefore, R^{∞∞} = R^∞.

A family R of relations on one nonvoid set X to another Y is called a relator on X to Y . Moreover, the ordered pair (X, Y )(R) = ((X, Y ), R) is called a relator space. (For the origins, see [26] and the references therein.)

If in particular R is a relator on X to itself, then we may simply say that R is a relator on X. Moreover, by identifying singletons with their element, we may naturally write X(R) in place of (X, X)(R). Namely, (X, X) = {{X}}.

A relator R on X to Y is called simple if R = {R} for some relation R on X to Y . In this case, we may simply write (X, Y )(R) in place of (X, Y )(R) = (X, Y )({R}).

Ordered sets and formal contexts [11, p. 17] are simple relator spaces. While, uniform spaces [10] are non-simple relator spaces. Note that the ordinary uniformities are tolerance relators. While, topologies and filters correspond to preorder relators by [40].

4^´ARP^´AD SZ^´AZ

2. A few basic facts on ordered sets

If ≤ is a relation on a nonvoid set X, then having in mind the terminology of Birkhoff [1, p. 2] the simple relator space X(≤) is called a goset (generalized ordered set). And we usually write X in place of X(≤).

If X(≤) is a goset, then by taking X^∗ = X and ≤^∗=≤^{−1} we can form a new goset X^∗(≤^∗). This is called the dual of X(≤). And we usually write ≥ in place of ≤^∗.

The goset X is called reflexive, transitive, and antisymmetric if the inequality relation ≤ in it has the corresponding property. Moreover, for instance, X is called preordered if it is reflexive and transitive.

In particular, a preordered set will be called a proset and a partially ordered set will be called a poset. The usual definitions on posets can be naturally extended to gosets [33] (or even to arbitrary relator spaces [32]).

For instance, for any subset A of a goset X, the members of the families lb(A) = {x ∈ X : ∀a ∈ A : x ≤ a} and ub(A) = {x ∈ X : ∀a ∈ A : a ≤ x} are called the lower and upper bounds of A in X, respectively.

Moreover, the members of the families

min(A) = A ∩ lb(A), max(A) = A ∩ ub(A), inf(A) = max(lb(A)), sup(A) = min (ub(A)) , are called the minima, maxima, infima and suprema of A in X, respectively.

Thus, we can can easily prove the following theorems. Theorem 2.1. If A ⊂ X, then (1) lb(A) = ⋂ a∈A lb(a); (2) ub(A) = ⋂ a∈A ub(a).

Remark 2.2. Hence, it is clear (1) lb(∅) = X and ub(∅) = X;

(2) lb(B) ⊂ lb(A) and ub(B) ⊂ ub(A) for all A ⊂ B ⊂ X. Theorem 2.3. For any A, B ⊂ X, we have B ⊂ ub(A) ⇐⇒ A ⊂ lb(B).

Remark 2.4. Hence, it will follow that (1) lb(A) = lb (ub (lb(A))); (2) ub(A) = ub (lb (ub(A))). Theorem 2.5. If A ⊂ X, then (1) min(A) = {x ∈ A : A ⊂ ub(x)}; (2) max(A) = {x ∈ A : A ⊂ lb(x)}.

GALOIS-TYPE CONNECTIONS 5

Remark 2.6. By this theorem, for any A ⊂ X, we may also naturally define lb^∗(A) = {x ∈ X : A ∩ lb(x) ⊂ ub(x)} .

Thus, min^∗(A) = A ∩ lb^∗(A) is just the family of all minimal elements of A.

Theorem 2.7. If A ⊂ X, then (1) inf(A) = lb(A) ∩ ub (lb(A)); (2) sup(A) = ub(A) ∩ lb (ub(A)). Theorem 2.8. If A ⊂ X, then (1) inf(A) = sup (lb(A)); (2) sup(A) = inf (ub(A)); (3) min(A) = A ∩ inf(A); (4) max(A) = A ∩ sup(A). Theorem 2.9. If X is reflexive, then the following assertions are equivalent: (1) X is antisymmetric:

(2) card (min(A)) ≤ 1 for all A ⊂ X; (3) card (max(A)) ≤ 1 for all A ⊂ X.

Remark 2.10. In [34], by taking L = {A ⊂ X : A ⊂ lb(A)}, we have first proved that (1) holds if and only if card(A) ≤ 1 for all A ∈ L.

Moreover, we have observed that, because of Theorem 2.8, we may write infimum and supremum instead of minimum and maximum in the above theorem.

3. Increasingly regular and normal structures

Definition 3.1. A function φ of a proset X to itself will be called a unary operation on X.

More generally, a function f of one proset X to another Y will be called a structure on X.

Remark 3.2. This terminology and the following definitions have been mainly motivated by the various structures derived from relators and their induced operations. (See [28] and [20].)

A structure f on X to Y may be called increasing if for any x_1, x_2 ∈ X, with x_1 ≤ x_2, we have f(x_1) ≤ f(x_2). Moreover, f may be called decreasing if it is increasing as a structure on X to Y^∗.

Now, somewhat differently, we shall introduce the following Definition 3.3. A structure f on X will be called increasingly φ-regular, for some operation φ on X, if for any x_1, x_2 ∈ X we have x_1 ≤ φ(x_2) ⇐⇒ f(x_1) ≤ f(x_2).

Remark 3.4. Now, a structure f on X to Y may be naturally called decreasingly φ-regular if it is an increasingly φ-regular structure on X to Y^∗. That is, for any x_1, x_2 ∈ X, we have x_1 ≤ φ(x_2) if and only if f(x_2) ≤ f(x_1).

6^´ARP^´AD SZ^´AZ

The above definition closely resembles to a brief characterization of Galois connections established by Schmidt [23, p. 205]. (See also Pickert [22] and Davey and Pristley [6, p. 155].)

However, instead of Galois connections, it is now more convenient to use the residuated mappings of Derdérian [7] and Blyth and Janowitz [2, p. 11] in the following modified form.

Definition 3.5. A structure f on X to Y will be called increasingly g-normal, for some structure g on Y to X, if for any x ∈ X and y ∈ Y we have f(x) ≤ y ⇐⇒ x ≤ g(y).

Remark 3.6. Now, a structure f on X to Y may be naturally called decreasingly g-normal if it is an increasingly g-normal structure on X to Y^∗. That is, for any x ∈ X and y ∈ Y , we have y ≤ f(x) if and only if x ≤ g(y).

To establish the relationships between increasingly regular and normal structures, we first prove the following

Theorem 3.7. If f is an increasingly g-normal structure on X to Y and φ is an operation on X such that φ ≤ g ∘ f ≤ φ, then f is increasingly φ-regular.

Proof. By using above inequalities, the transitivity of X, and Definition 3.5, we can easily see that for any x_1, x_2 ∈ X, we have x_1 ≤ φ(x_2) ⇐⇒ x_1 ≤ (g ∘ f)(x_2) ⇐⇒ x_1 ≤ g (f(x_2)) ⇐⇒ f(x_1) ≤ f(x_2).

Therefore, f is increasingly φ-regular. □ Now, as an immediate consequence of the above theorem and the reflexivity of X, we can also state

Corollary 3.8. If f is an increasingly g-normal structure on X to Y , then φ = g ∘ f is an operation on X such that f is increasingly φ-regular.

Remark 3.9. Hence, it is clear that several properties of increasingly normal structures can be immediately derived from those of the increasingly regular ones.

However, the following partial converse to Theorem 3.7 indicates that the increasingly normal structures are still more general objects than the increasingly regular ones.

Theorem 3.10. If f is an increasingly φ-regular structure on X onto Y and g is a structure on Y to X such that φ ≤ g ∘ f ≤ φ, then f is increasingly g-normal.

Proof. Suppose that x ∈ X and y ∈ Y . Then, since Y = f[X], there exists u ∈ X such that y = f(u). Hence, by Definition 3.3, the above inequalities and the transitivity of X, it is clear that

f(x) ≤ y ⇐⇒ f(x) ≤ f(u) ⇐⇒ x ≤ φ(u) ⇐⇒ x ≤ (g ∘ f)(u)) ⇐⇒ x ≤ g (f(u)) ⇐⇒ x ≤ g(y).

Therefore, f is an increasingly g-normal. □

GALOIS-TYPE CONNECTIONS 7

Now, as an immediate consequence of the above theorem and the reflexivity of X, we can also state

Corollary 3.11. If f is an increasingly φ-regular structure on X onto Y and g is a structure on Y to X such φ = g ∘ f, then f is increasingly g-normal.

Remark 3.12. Note that Definitions 3.3 and 3.5 and Corollaries 3.8 and 3.11 do not need the assumed reflexivity and transitivity of X and Y .

In the sequel, we shall also need the following Theorem 3.13. If f is an increasingly g-normal structure on X to Y , then g is an increasingly f–normal structure on Y^∗ to X^∗.

Proof. By the corresponding definitions, for any y ∈ Y and x ∈ X, we have g(y) ≤^∗ x ⇐⇒ x ≤ g(y) ⇐⇒ f(x) ≤ y ⇐⇒ y ≤^∗ f(x).

Therefore, the required assertion is true. □ Remark 3.14. From the above theorem or its proof, it is clear that the converse of Theorem 3.13 is also true.

For a preliminary illustration of the above notions and the forthcoming results, we shall only mention here the following straightforward extension of Theorem 2.3.

Example 3.15. Let R be a relation on one set X to another Y . For any A ⊂ X and B ⊂ Y , define F (A) = ub_R(A) = {y ∈ Y : ∀x ∈ A : xRy} and G(A) = lb_R(B) = {x ∈ X : ∀y ∈ B : xRy} .

Then, it can be easily seen that F is a decreasingly G–normal structure on P(X) to P(Y ).

Remark 3.16. The above construction was first considered by Birkhoff [1, p. 122] in 1940 under the name polarities. (For some further studies, see also Ore [19] and Everett [9].)

4. Closure operations and increasingly regular structures Definition 4.1. An operation φ on a proset X will be called (1) expansive if Δ_X ≤ φ; (2) semi-idempotent if φ^2 ≤ φ. Remark 4.2. Note that if (1) holds, then we also have φ = Δ_X ∘φ ≤ φ∘φ = φ^2.

Therefore, if both (1) and (2) hold and X is a poset, then φ is actually idempotent in the sense that φ^2 = φ.

Now, as a straightforward extension of the corresponding definition of [2, p. 111], we may also have the following

8^´ARP^´AD SZ^´AZ

Definition 4.3. An increasing and expansive operation will be called a preclosure operation. And a semi-idempotent preclosure operation will be called a closure operation.

Moreover, an expansive and semi-idempotent operation will be called a semiclosure operation. And an increasing and idempotent operation will be called a modification operation.

Remark 4.4. Now, an operation φ on X may be naturally called an interior operation on X if it is a closure operation on X^∗. That is, it is increasing, φ ≤ Δ_X and φ ≤ φ^2.

To feel the importance of modification operations, note that if

Φ(R) = R^∞ = {R^∞ : R ∈ R} and Ψ(R) = R^∂ = { S ⊂ X^2 : S^∞ ∈ R } for any relator R on a set X, then Φ and Ψ are only modification operations on the poset P^2(X^2).

We can also note that Φ is an increasingly Ψ-normal structure on P^2(X^2) to itself. Moreover, by [16], R^{∧∞} is the largest preorder relator on X such that T_R∧∞ ⊂ T_R (resp. T_R∧∞ = T_R).

From Corollaries 3.8 and 3.11, it is clear that increasingly regular structures are also closely related to closure operations. To easily establish this relationship, we shall start with the following

Theorem 4.5. If f is an increasingly φ-regular structure on X to Y , then (1) φ is expansive; (2) f is increasing; (3) f ≤ f ∘ φ ≤ f.

Proof. If x ∈ X, then by the reflexivities of Y and X we have f(x) ≤ f(x) and φ(x) ≤ φ(x). Hence, by using the assumed regularity of f, we can infer that x ≤ φ(x) and f (φ(x)) ≤ f(x). Therefore, (1) and the second part of (3) are true.

Moreover, if x_1, x_2 ∈ X such that x_1 ≤ x_2, then by the inequality x_2 ≤ φ(x_2) and the transitivity of X we also have x_1 ≤ φ(x_2). Hence, by using the assumed regularity of f, we can infer that f(x_1) ≤ f(x_2). Therefore, (2) is also true. Now, if x ∈ X, then from the inequality x ≤ φ(x), we can also see that f(x) ≤ f (φ(x)). Therefore, the first part of (3) is also true. □

Now, as an immediate consequence of assertion (3), we can also state

Corollary 4.6. If f is an increasingly φ-regular structure on X to a poset Y , then f = f ∘ φ.

Moreover, as a straightforward extension of [20, Theorem 1.9], we can also prove the following

Theorem 4.7. If φ is an operation on X, then the following assertions are equivalent:

(1) φ is a closure operation;

(2) φ is increasingly φ-regular;

(3) there exists an increasingly φ-regular structure f on X.

GALOIS-TYPE CONNECTIONS 9

Proof. Suppose that (1) holds and x_1, x_2 ∈ X. If x_1 ≤ φ(x_2), then by the increasingness of φ we also have φ(x_1) ≤ φ (φ(x_2)). Moreover, by the semiidempotency of φ, we also have φ (φ(x_2)) ≤ φ(x_2). Hence, by the transitivity of X, it follows that φ(x_1) ≤ φ(x_2).

On the other hand, by the expansivity of φ, we have x_1 ≤ φ(x_1). Therefore, if φ(x_1) ≤ φ(x_2), then by the transitivity of X we also have x_1 ≤ φ(x_2). Thus, (2) also holds. Moreover, if (2) holds, then by taking f = φ we can at once see that (3) also holds.

Therefore, to complete the proof, we need only show that (3) also implies (1). For this, assume that f is an increasingly φ-regular structure on X to another proset Y . Then, by Theorem 4.5, the operation φ is expansive and f ∘ φ ≤ f. Hence, we can infer that f ∘ φ^2 = f ∘ φ ∘ φ ≤ f ∘ φ. Therefore, by the transitivity of Y , we also have f ∘ φ^2 ≤ f. Thus, for any x ∈ X, we have f ( φ^2(x) ) ≤ f(x).

Hence, by using the assumed regularity of f, we can infer that φ^2(x) ≤ φ(x). Therefore, φ^2 ≤ φ, and thus φ is semi-idempotent.

Finally, if x_1, x_2 ∈ X such that x_1 ≤ x_2, then by Theorem 4.5 we have f(x_1) ≤ f(x_2). Moreover, by Theorem 4.5, we also have f (φ(x_1)) ≤ f(x_1). Hence, by the transitivity of Y , it follows that f (φ(x_1)) ≤ f(x_2). Hence, by using the assumed regularity of f, we can already infer that φ(x_1) ≤ φ(x_2). Therefore, φ is increasing, and thus (1) also holds. □

Remark 4.8. According to Erné [8, p. 50], the origins of (2) go back to R. Dedekind. For similar observations, see also Everett [9] and Meyer and Nieger [17, p. 343].

A simple application of Theorem 4.7 yields the following characterization of increasingly regular structures.

Corollary 4.9. If f is a structure and φ is an operation on X, then the following assertions are equivalent:

(1) f is increasingly φ-regular;

(2) φ is a closure operation and, for any x_1, x_2 ∈ X, we have φ(x_1) ≤ φ(x_2) ⇐⇒ f(x_1) ≤ f(x_2).

Proof. From Theorem 4.7, we know that if (1) holds, then φ is a closure operation. Moreover, if φ is a closure operation, then for any x_1, x_2 ∈ X we have x_1 ≤ φ(x_2) ⇐⇒ φ(x_1) ≤ φ(x_2).

Therefore, by Definition 3.3, assertions (1) and (2) are equivalent. □

Finally, we note that from Theorem 4.5 and 4.7, by using Theorems 3.7 and 3.10, we can easily derive some theorems on increasingly normal structures.

Theorem 4.10. If f is an increasingly g-normal structure on X to Y , then f is increasing. Moreover, if φ is an operation on X such that φ ≤ g ∘ f ≤ φ, then φ is a closure operation on X such that f ≤ f ∘ φ ≤ f.

10^´ARP^´AD SZ^´AZ

Proof. By Theorem 3.7, the structure f is increasingly φ-regular, and thus by Theorems 4.5 and 4.7 the required assertions are true. □

From the above theorem, by Theorem 3.13, it is clear that we also have

Corollary 4.11. If f is an increasingly g-normal structure on X to Y , then g is increasing. Moreover, if ψ is an operation on Y such that ψ ≤ f ∘ g ≤ ψ, then ψ is an interior operation on Y such that g ≤ g ∘ ψ ≤ g.

Remark 4.12. Note that if in particular X and Y are posets, then we may write equalities instead of the above inequalities.

Now, as a slight extension of [6, Lemma 7.26, p. 159], we can also prove the following counterpart of Corollary 4.9.

Theorem 4.13. For any structures f on X to Y and g on Y to X, the following assertions are equivalent:

(1) f is increasingly g-normal;

(2) f and g are increasing and Δ_X ≤ g ∘ f and f ∘ g ≤ Δ_Y .

Proof. If (1) holds, then by Theorem 4.10 and Corollary 4.11 the structures f and g are increasing. Moreover, g ∘ f is a closure operation on X and f ∘ g is an interior operation on Y . Thus, in particular Δ_X ≤ g ∘ f and f ∘ g ≤ Δ_Y . Therefore, (2) also holds.

Suppose now that (2) holds and x ∈ X and y ∈ Y . If f(x) ≤ y, then by the increasingness of g we also have g (f(x)) ≤ g(y). Hence, since x = Δ_X (x) ≤ (g ∘ f)(x) = g (f(x)), it is clear that x ≤ g(y). Conversely, if x ≤ g(y), then by the increasingness of f we also have f(x) ≤ f (g(y)). Hence, since f (g(y)) = (f ∘ g)(y) ≤ Δ_Y (y) = y, it is clear that f(x) ≤ y. Therefore, (1) also holds. □

Remark 4.14. This theorem shows that increasingly normal structures are also natural generalizations of residuated mappings [2, p. 11].

5. Characterizations of increasingly normal structures

Definition 5.1. For any structure f on one proset X to another Y , we define two relations Γ_f and g_f on Y to X such that

Γ_f (y) = {x ∈ X : f(x) ≤ y} and g_f (y) = max (Γ_f (y))

for all y ∈ Y .

Remark 5.2. Note that thus we have Γ_f (y) = f^{−1} [lb(y)] = ( f^{−1} ∘ lb ) (y) for all y ∈ Y . Moreover, note that if in particular X is a poset, then by Theorem 2.9 the relation g_f is already a function.

By Definition 3.5 and Theorem 4.10, the above definitions could only be naturally applied to increasing structures. Therefore, it is not surprising that most of the forthcoming statements need increasing structures.

GALOIS-TYPE CONNECTIONS 11

Theorem 5.3. If f is a structure on X to Y , then (1) Γ_f (y_1) ⊂ Γ_f (y_2) for all y_1, y_2 ∈ Y with y_1 ≤ y_2; (2) if f is increasing, then Γ_f (y) is descending in X for all y ∈ Y . Proof. To check (2), note that if y ∈ Y and x ∈ Γ_f (y), then by the defintion of Γ_f (y) we have f(x) ≤ y. Moreover, if u ∈ X such that u ≤ x, then by the increasingness of f we also have f(u) ≤ f(x). Hence, by the transitivity of Y , it follows that f(u) ≤ y. Therefore, u ∈ Γ_f (y), and thus the required assertion is also true. □ Theorem 5.4. If f is a structure on X to Y , then (1) g_f (y) = Γ_f (y) ∩ ub (Γ_f (y)) for all y ∈ Y ;

(2) if f is increasing, then g_f (y) = {x ∈ X : lb(x) = Γ_f (y)} for all y ∈ Y . Proof. To check (2), note that, by Definition 5.1 and Theorem 2.5, for any x ∈ X and y ∈ Y , we have

x ∈ g_f (y) ⇐⇒ x ∈ max (Γ_f (y)) ⇐⇒ x ∈ Γ_f (y) and Γ_f (y) ⊂ lb(x). Moreover, by Theorem 5.3, we have x ∈ Γ_f (y) if and only if lb(x) ⊂ Γ_f (y). □ Remark 5.5. Note that, in addition to the above assertions, by Theorem 2.8 we can also state that g_f (y) = Γ_f (y) ∩ sup (Γ_f (y)) for all y ∈ Y .

Now, as an extension of an observation of Pickert [22] and [2, Theorem 2.5], we can also prove the following

Theorem 5.6. For any structures f on X to Y and g on Y to X, the following assertions are equivalent:

(1) f is increasingly g-normal; (2) f is increasing and g ⊂ g_f ; (3) Γ_f (y) = lb (g(y)) for all y ∈ Y .

Proof. If (1) holds, then by Theorem 4.10 the structure f is increasing. Moreover, if y ∈ Y , then by the reflexivity of X we have g(y) ≤ g(y). Hence, by using (1), we can infer that f (g(y)) ≤ y. Therefore, by the definition of Γ_f , we have g(y) ∈ Γ_f (y).

Moreover, if x ∈ Γ_f (y), then f(x) ≤ y. Hence, by using (1), we can infer that x ≤ g(y). Therefore, g(y) ∈ ub (Γ_f (y)) is also true. Hence, by Theorem 5.4, it is clear that g(y) ∈ Γ_f (y) ∩ ub (Γ_f (y)) = g_f (y).

Therefore, (2) also holds.

While, if (2) holds, then g(y) ∈ g_f (y) for all y ∈ Y . Hence, by using Theorem 5.4, we can infer that Γ_f (y) = lb (g(y)) for all y ∈ Y . Therefore, (3) also holds. Finally, if (3) holds, then it is clear that, for any x ∈ X and y ∈ Y , we have f(x) ≤ y ⇐⇒ x ∈ Γ_f (y) ⇐⇒ x ∈ lb (g(y)) ⇐⇒ x ≤ g(y).

Therefore, (1) also holds. □

12^´ARP^´AD SZ^´AZ

From the above theorem, by the second part of Remark 5.2, we can immediately get Corollary 5.7. If f is an increasingly g-normal structure on a poset X to Y , then g = g_f .

Hence, it is clear that in particular we also have

Corollary 5.8. If f is a structure on a poset X to Y , then there exists at most one structure g on Y to X such that f is increasingly g-normal.

Moreover, by using Theorem 5.6, we can also easily establish the following

Theorem 5.9. If f is an increasing structure on X to Y such that g_f is a structure on Y , then f is increasingly g_f–normal.

Proof. In this case, g_f is already a selection of itself. Therefore, by Theorem 5.6, the required assertion is true. □

From the above theorem, by Corollary 4.11, we can also state

Corollary 5.10. If f is an increasing structure on X to Y such that g_f is a structure on Y , then g_f is also increasing.

Definition 5.11. For any structure f on X to Y , we define

Q_f = { g ∈ X^Y : f is increasingly g-normal } . Moreover, if in particular Q_f ≠ ∅, then we say that f is increasingly normal.

Now, by using Theorem 5.6, we can also easily prove the following two theorems.

Theorem 5.12. If f is a structure on X to Y , then the following assertions are equivalent:

(1) f is increasingly normal;

(2) f is increasing and Y is the domain of g_f ;

(3) for each y ∈ Y there exists x ∈ X such that Γ_f (y) = lb(x).

Proof. If (1) holds, then by Definition 5.11 there exists a structure g on Y to X such that f is increasingly g-normal. Hence, by Theorem 5.6, it follows that f is increasing and g(y) ∈ g_f (y) for all y ∈ Y . Therefore, g_f (y) ≠ ∅ for all y ∈ Y , and thus (2) also holds.

While, if (2) holds, then by the Axiom of Choice, there exists a function g of Y into X such that g ⊂ g_f . Hence, by Theorem 5.6, it is clear that Γ_f (y) = lb (g(y)) for all y ∈ Y . Therefore, (3) also holds.

Finally, if (3) holds, then by the Axiom of Choice there exists a function g of Y into X such that Γ_f (y) = lb (g(y)) for all y ∈ Y . Hence, by Theorem 5.6, it is clear that f is g-normal. Therefore, (1) also holds. □

Theorem 5.13. If f is an increasingly normal structure on X to Y , then g_f = ⋃ Q_f .

GALOIS-TYPE CONNECTIONS 13

Proof. If g ∈ Q_f , then by Theorem 5.6 we have g ⊂ g_f . Therefore, the inclusion ⋃ Q_f ⊂ g_f is true.

On the other hand, from Theorem 5.12 we can see that g_f (y) ≠ ∅ for all y ∈ Y . Therefore, if y ∈ Y and x ∈ g_f (y), then by the Axiom of Choice there exists a function g of Y to X such that x = g(y) and g(t) ∈ g_f (t) for all t ∈ Y \ {y}. Moreover, from Theorem 5.6, we can see that g ∈ Q_f . Hence, it is clear that x ∈ ⋃ g∈Q_f

{g(y)} = ( ⋃ g∈Q_f g ) (y) = (⋃ Q_f ) (y).

Therefore, g_f (y) ⊂ ( ⋃ Q_f ) (y), and thus the inclusion g_f ⊂ ⋃ Q_f is also true. □

Moreover, in addition to Theorem 5.9 and Corollary 5.10, we can also prove

Theorem 5.14. If f is an increasingly normal structure on poset X to Y , then g_f is an increasing structure on Y to X and Q_f = {g_f }.

Proof. In this case, by Definition 5.11, there exists g ∈ Q_f . Hence, by Corollary 5.7, it follows that g = g_f , and thus g_f ∈ Q_f . Hence, by Corollary 5.8, it is clear that Q_f = {g_f }. Moreover, from Corollary 5.10, we can see that g_f is also increasing. □

6. Characterizations of increasingly regular structures

Definition 6.1. For any structure f on a proset X, we define two relations Λ_f and φ_f on X such that

Λ_f (x) = {u ∈ X : f(u) ≤ f(x)} and φ_f (x) = max (Λ_f (x))

for all x ∈ X.

Remark 6.2. Note that thus we have Λ_f (x) = f^{−1}[lb (f(x))] = ( f^{−1} ∘ lb ∘f ) (x) for all x ∈ X.

Moreover, note that if in particular X is a poset, then by Theorem 2.9 the relation φ_f is already a function.

By Definition 3.3 and Theorem 4.5, the above definitions could only be naturally applied to increasing structures. Therefore, it is not surprising that most of our forthcoming theorems need increasing structures.

Theorem 6.3. If f is a structure on X, then Λ_f is preorder on X.

Proof. This is immediate from the reflexivity and transitivity of the range of f by the definition of Λ_f . □

Theorem 6.4. If f is a structure on X, then

Λ_f = Γ_f ∘ f and φ_f = g_f ∘ f.

Proof. If x ∈ X, then for any u ∈ X we have

u ∈ Λ_f (x) ⇐⇒ f(u) ≤ f(x) ⇐⇒ u ∈ Γ_f (f(x)) ⇐⇒ u ∈ (Γ_f ∘ f) (x).

14^´ARP^´AD SZ^´AZ

Therefore, Λ_f (x) = (Γ_f ∘ f) (x). Hence, it is clear

φ_f (x) = max (Λ_f (x)) = max ((Γ_f ∘ f) (x)) = max (Γ_f (f(x))) = g_f (f(x)) = (g_f ∘ f)(x).

Therefore, the required equalities are also true. □ Theorem 6.5. If f is a structure on X, then the following assertions are equivalent:

(1) f is increasing;

(2) Λ_f (x) is descending in X for all x ∈ X; (3) Λ_f (x_1) ⊂ Λ_f (x_2) for all x_1, x_2 ∈ X with x_1 ≤ x_2.

Proof. Suppose that (1) holds and x ∈ X. Then, by Theorem 6.4, we have Λ_f (x) = (Γ_f ∘ f) (x) = Γ_f (f(x)). Hence, by Theorem 5.3, we can see that Λ_f (x) is descending in X, and thus (2) also holds.

Suppose now that (2) holds and x_1, x_2 ∈ X such that x_1 ≤ x_2. Then, by Theorem 6.3, we have x_2 ∈ Λ_f (x_2). Hence, by (2) and the inequality x_1 ≤ x_2, we can see that x_1 ∈ Λ_f (x_2). Now, by Theorem 6.3, it is clear that Λ_f (x_1) ⊂ Λ_f (Λ_f (x_2)) = (Λ_f ∘ Λ_f ) (x_2) ⊂ Λ_f (x_2). Therefore, (3) also holds.

Finally, suppose that (3) holds and x_1, x_2 ∈ X such that x_1 ≤ x_2. Then, by Theorem 6.3 and assertion (3), we have x_1 ∈ Λ_f (x_1) ⊂ Λ_f (x_2). Hence, by the definition of Λ_f , it is clear that f(x_1) ≤ f(x_2). Therefore, (1) also holds. □ From Theorem 6.4, by Theorem 5.4, it is clear that we also have the following Theorem 6.6. If f is a structure on X, then (1) φ_f (x) = Λ_f (x) ∩ ub (Λ_f (x)) for all x ∈ X;

(2) if f is increasing, then φ_f (x) = {u ∈ X : lb(u) = Λ_f (x)} for all x ∈ X. Remark 6.7. Now, by Remark 5.5, we can also state that φ_f (x) = Λ_f (x) ∩ sup (Λ_f (x)) for all x ∈ X.

Moreover, we can also easily prove the following Theorem 6.8. If f is a structure on X, then (1) φ_f (x) ⊂ ub(x) for all x ∈ X;

(2) if f is increasing, then φ_f (x_1) ⊂ lb (φ_f (x_2)) for all x_1, x_2 ∈ X with x_1 ≤ x_2. Proof. If x ∈ X, then by Theorem 6.3 we have {x} ⊂ Λ_f (x). Hence, by Theorem 6.6, it is clear that φ_f (x) ⊂ ub (Λ_f (x)) ⊂ ub ({x}) = ub(x), and thus (1) is true.

To prove (2), suppose that x_1, x_2 ∈ X such that x_1 ≤ x_2, and moreover u ∈ φ_f (x_1) and v ∈ φ_f (x_2). Then, by Theorems 6.6 and 6.5, we have u ∈ φ_f (x_1) ⊂ Λ_f (x_1) ⊂ Λ_f (x_2) and v ∈ φ_f (x_2) ⊂ ub (Λ_f (x_2)) .

GALOIS-TYPE CONNECTIONS 15

Hence, it is clear that u ≤ v. Therefore, u ∈ lb (φ_f (x_2)), and thus (2) is also true. □ Remark 6.9. From the above theorem, we can at once see that if the structure f is increasing and φ_f is an operation on X, then φ_f is a preclosure operation.

However, this observation is of no particular importance for us since by using the following extension of [20, Theorem 1.12], we can prove a stronger statement.

Theorem 6.10. If φ is an operation and f is a structure on X, then the following assertions are equivalent:

(1) f is increasingly φ-regular; (2) f is increasing and φ ⊂ φ_f ; (3) Λ_f (x) = lb (φ(x)) for all x ∈ X.

Proof. If (1) holds, then by Theorem 4.5, the structure f is increasing. Moreover, if x ∈ X, then by Theorem 4.5 we have f (φ(x)) ≤ f(x). Hence, by the definition of Λ_f , it follows that φ(x) ∈ Λ_f (x).

Moreover, if u ∈ Λ_f (x), i.e., f(u) ≤ f(x), then by (1) we also have u ≤ φ(x). Therefore, φ(x) ∈ ub (Λ_f (x)) is also true. Hence, by Theorem 6.6, it is clear that φ(x) ∈ Λ_f (x) ∩ ub (Λ_f (x)) = φ_f (x).

Therefore, (2) also holds.

While, if (2) holds, then φ(x) ∈ φ_f (x) for all x ∈ X. Hence, by using Theorem 6.6, we can infer that Λ_f (x) = lb (φ(x)) for all x ∈ X. Therefore, (3) also holds. (Thus, by Remark 6.2, we can also state that f^{−1} ∘ lb ∘f = lb ∘φ.)

Finally, if (3) holds, then it is clear that, for any x_1, x_2 ∈ X, we have x_1 ≤ φ(x_2) ⇐⇒ x_1 ∈ lb (φ(x_2)) ⇐⇒ x_1 ∈ Λ_f (x_2) ⇐⇒ f(x_1) ≤ f(x_2).

Therefore, (1) also holds. □ Now, as an immediate consequence of Theorem 6.10 and the second part of Remark 6.2, we can also state

Corollary 6.11. If f is an increasingly φ-regular structure on a poset X, then φ = φ_f .

Hence, it is clear that in particular we also have Corollary 6.12. If f is a structure on a poset X, then there exists at most one operation φ on X such that f is increasingly φ-regular.

Moreover, by using Theorem 6.10, we can also easily establish the following Theorem 6.13. If f is an increasing structure on X such that φ_f is an operation on X, then f is φ_f -increasingly regular.

Hence, by Theorem 4.7, it is clear that in particular we also have Corollary 6.14. If f is an increasing structure on X such that φ_f is an operation on X, then φ_f is a closure operation.

16^´ARP^´AD SZ^´AZ

Definition 6.15. For any structure f on a proset X, we define O_f = { φ ∈ X^X : f is increasingly φ-regular } . Moreover, if in particular O_f ≠ ∅, then we say that f is increasingly regular.

By Corollary 3.8, we evidently have the following Theorem 6.16. If f is an increasingly normal structure on X to Y , then f is increasingly regular.

Moreover, analogously to the corresponding results of Section 5, we can also easily establish the following three theorems.

Theorem 6.17. If f is a structure on X, then the following assertions are equivalent:

(1) f is increasingly regular;

(2) f is increasing and X is the domain of φ_f ;

(3) for each x ∈ X there exists u ∈ X such that Λ_f (x) = lb(u). Theorem 6.18. If f is an increasingly regular structure on X, then φ_f = ⋃ O_f .

Theorem 6.19. If f is an increasingly regular structure on a poset X, then φ_f is a closure operation on X and O_f = {φ_f }.

7. Injective and surjective increasingly regular structures

In addition to Theorem 6.3, we can also prove the following

Theorem 7.1. If f is a structure on X onto Y , then the following assertions are equivalent:

(1) Λ_f is antisymmetric;

(2) f is injective and Y is antisymmetric.

Proof. Suppose that (1) holds and x_1, x_2 ∈ X such that f(x_1) ≤ f(x_2) and f(x_2) ≤ f(x_1). Then, by the definition of Λ_f , we have x_1 ∈ Λ_f (x_2) and x_2 ∈ Λ_f (x_1). Hence, by using (1), we can infer that x_1 = x_2, and thus f(x_1) = f(x_2). Hence, since Y = f[X], it is clear that the second part of (2) is true. Moreover, by the reflexivity of Y , it is clear that the first part of (2) is also true.

To prove the converse implication, suppose now that (2) holds and x_1 ∈ Λ_f (x_2) and x_2 ∈ Λ_f (x_1). Then, by the definition of Λ_f , we have f(x_1) ≤ f(x_2) and f(x_2) ≤ f(x_1). Hence, by the antisymmetry of Y , it follows that f(x_1) = f(x_2). Thus, by the injectivity of f, we also have x_1 = x_2. Therefore, (1) also holds. □ However, Theorem 7.1 is of no particular importance for us since we also have the following

Theorem 7.2. If f is an increasingly φ-regular structure on one poset X to another, then the following assertions are equivalent:

(1) f is injective; (2) φ is the identity function of X.

GALOIS-TYPE CONNECTIONS 17

Proof. Suppose that (1) holds and x ∈ X. Then, by Corollary 4.6, we have f (φ(x)) = f(x). Hence, by (1), it follows that φ(x) = x. Thus, (2) also holds.

Suppose now that (2) holds and x_1, x_2 ∈ X such that f(x_1) = f(x_2). Then, by the reflexivity of the range of f, we also have f(x_1) ≤ f(x_2) and f(x_2) ≤ f(x_1). Hence, by using (2) and the assumed regularity of f, we can infer that x_1 ≤ φ(x_2) = x_2 and x_2 ≤ φ(x_1) = x_1. Now, by the antisymmetry of X, it is clear that x_1 = x_2. Therefore, (1) also holds. □

In this respect, it is also worth mentioning that, according to [2, Theorem 2.6], we also have the following

Theorem 7.3. If f is an increasingly g-normal structure on one poset X to another Y and ψ = f ∘ g, then the following assertions are equivalent:

(1) f is onto Y ;

(2) g is an injection of Y ;

(3) ψ is the identity function of Y .

Proof. Define φ = g ∘ f. Then, by Corollary 3.8, f is increasingly φ-regular. Moreover, by Corollary 4.6, we have

f(x) = f (φ(x)) = f (g (f(x)))

for all x ∈ X. Hence, if (1) holds, we can infer that

y = f (g(y)) = ψ(y)

for all y ∈ Y . Therefore, (2) and (3) also hold.

On the other hand, from Theorem 3.13 we know that now g is an increasingly f–normal structure on Y^∗ to X^∗. Thus, by Corollary 3.8, the function g is an increasingly ψ-regular structure on Y^∗ to X^∗. Hence, by Theorem 7.2, it is clear that (2) and (3) are equivalent. Now, to complete the proof, it remains to note only that if (3) holds, then we have f (g(y)) = y for all y ∈ Y . Therefore, f[R_g ] = Y , and thus in particular (1) also holds. □

Now, as an useful consequence of Theorems 7.2 and 7.3, we can also state

Corollary 7.4. If f is an increasingly g-normal structure on one poset X to another Y such that f is injective and onto Y , then g = f^{−1}.

Proof. Namely, by Theorem 7.3, we have f ∘g = Δ_Y . Moreover, by Corollary 3.8 and Theorem 7.2, we also have g ∘ f = Δ_X . Therefore, g = f^{−1} also holds. □

Moreover, by using Theorems 5.12, 6.16 and 6.17, we can also prove the following

Theorem 7.5. If f is a structure on X onto Y , then the following assertions are equivalent:

(1) f is increasingly regular; (2) f is increasingly normal.

18^´ARP^´AD SZ^´AZ

Proof. If (1) holds, then by Theorems 6.17 and 6.4 we can see that f is increasing and g_f (f(x)) = φ_f (x) ≠ ∅ for all x ∈ X. Hence, by using that Y = f[X], we can infer that g_f (y) ≠ ∅ for all y ∈ Y . Therefore, by Theorem 5.12, assertion (1) also holds.

On the other hand, from from Theorem 6.16, we know that (2) implies (1) even if f is not onto Y . □

Remark 7.6. By Theorems 7.5 and 7.3, it is clear that, in the case of posets, the class of all increasingly regular structures coincides with the class of all increasingly injectively normal structures.

Therefore, the increasingly normal structures are more general objects, than the increasingly regular ones. However, despite this the latter ones are sometimes more natural and important means than the former ones.

8. A modification of the induced operation

By Theorem 4.5 and the results Section 6, we may also naturally introduce

Definition 8.1. For any structure f on a proset X, we define two relations Λ^∗_f and φ^∗_f on X such that

Λ^∗_f (x) = {u ∈ X : f(x) ≤ f(u) ≤ f(x)} and φ^∗_f (x) = max ( Λ^∗_f (x) ) for all x ∈ X.

Remark 8.2. Note that if X is a poset, then by Theorem 2.9 the relation φ^∗_f is already a function.

Moreover, note that if the range of f is a poset, then we simply have Λ^∗_f (x) = {u ∈ X : f(u) = f(x)} for all x ∈ X.

By using the corresponding definitions and Theorem 6.3, we can easily prove

Theorem 8.3. If f is a structure on X, then (1) Λ^∗_f = Λ_f ∩ Λ^{−1}_f ; (2) Λ^∗_f is an equivalence on X.

Proof. To prove (1), note that if x ∈ X and u ∈ Λ^∗_f (x), then by the definition of Λ^∗_f , we have f(x) ≤ f(u) ≤ f(x). Hence, by the definition of Λ_f , it follows that u ∈ Λ_f (x) and x ∈ Λ_f (u). Hence, we can already see that

u ∈ Λ_f (x) ∩ Λ^{−1}_f (x) = ( Λ_f ∩ Λ^{−1}_f ) (x).

Therefore, Λ^∗_f (x) ⊂ ( Λ_f ∩ Λ^{−1}_f ) (x), and thus Λ^∗_f ⊂ Λ_f ∩ Λ^{−1}_f . Moreover, by reversing the above argument, we can easily see that the converse inclusion is also true.

Now, to prove (2), it remains only to note that, by Theorem 6.3, Λ_f is a preorder on X. Hence, it is clear that Λ^{−1}_f , and thus Λ^∗_f = Λ_f ∩Λ^{−1}_f is also a preorder on X. Now, since the latter relation is obviously symmetric the proof is complete. □

GALOIS-TYPE CONNECTIONS 19

However, instead of an analogue of Theorem 6.6, we can only state the following

Theorem 8.4. If f is a structure on X, then

(1) φ^∗_f (x) = Λ^∗_f (x) ∩ ub ( Λ^∗_f (x) ) for all x ∈ X;

(2) if f is increasing, then φ^∗_f (x) = { u ∈ X : u ∈ Λ^∗_f (x) ⊂ lb(u) } for all x ∈ X.

Moreover, instead of an analogue of Theorem 6.10, we can only prove the following

Theorem 8.5. If f is an increasingly φ-regular structure on X, then φ ⊂ φ^∗_f .

Proof. If x ∈ X, then by Theorem 4.5, we have f(x) ≤ f (φ(x)) ≤ f(x). Hence, by the definition Λ^∗_f , it follows that φ(x) ∈ Λ^∗_f (x). Moreover, by Theorems 6.10 and 6.6, we have φ(x) ∈ φ_f (x) ⊂ ub (Λ_f (x)). Hence, by the inclusion Λ^∗_f (x) ⊂ Λ_f (x), it follows that φ(x) ∈ ub ( Λ^∗_f (x) ) is also true. Therefore, by Theorem 8.4, we also have φ(x) ∈ Λ^∗_f (x) ∩ ub ( Λ^∗_f (x) ) = φ^∗_f (x).

Thus, the required inclusion is also true. □

Remark 8.6. If φ is an operation and f is an increasing structure on X such that φ ⊂ φ^∗_f , then in contrast to Theorem 6.10 we can only prove that x_1 ≤ φ(x_2) implies f(x_1) ≤ f(x_2) for all x_1, x_2 ∈ X.

Now, as an immediate consequence of Theorems 8.5 and 6.18, we can also state the following

Theorem 8.7. If f is an increasingly regular structure on X, then φ_f ⊂ φ^∗_f .

Proof. Namely, if φ ∈ O_f , then by Theorem 8.5 we have φ ⊂ φ^∗_f . Hence, by Theorem 6.18, it is clear that φ_f = ⋃ O_f ⊂ φ^∗_f . □

From the above theorem, by Theorem 6.17 and Remark 8.2, it is clear that in particular we also have

Corollary 8.8. If f is an increasingly regular structure on a poset X, then φ_f = φ^∗_f .

Now, as an immediate consequence of this corollary and Theorem 6.19, we can also state the following

Theorem 8.9. If f is an increasingly regular structure on a poset X, then φ^∗_f is a closure operation on X and O_f = {φ^∗_f }.

Acknowledgement. The author is indebted to the referees and Pavol Zlatoš for their helpful suggestions which led to the present improved and shortened form of the manuscript.

20^´ARP^´AD SZ^´AZ

References

1. Birkhoff G., Lattice Theory, Amer. Math. Soc. Colloq. Publ. 25, Providence, Rhode Island, 1967.

2. Blyth T.S. and Janowitz M.F., Residuation Theory, Pergamon Press, Oxford, 1972. 3. Boros Z. and Száz Á., Finite and conditional completeness properties of generalized ordered sets, Rostock. Math. Kolloq. 59 (2005), 75–86.

4. Boros Z. and Száz Á., Infimum and supremum completeness properties of ordered sets without axioms, An. St., Univ. Ovidius Constanta 16 (2008), 1–7.

5. Buglyó S. and Száz A., A more important Galois connection between distance functions and inequality relations, Tech. Rep., Inst. Math., Univ. Debrecen 7 (2008), 1–21.

6. Davey B.A. and Priestley H.A., Introduction to Lattices and Order, Cambridge University Press, Cambridge, 2002.

7. Derdérian J.C., Residuated mappings, Pacific J. Math. 20 (1967), 35–43. 8. Erné M., Adjunctions and Galois connections: Origins, history and development, In: K.

Denecke, M. Erné and S.L. Wismath (Eds.), Galois Connections and Applications, Kluwer Academic Publishers, 2004, 1–138.

9. Everett C.J., Closure operators and Galois theory in lattices, Trans. Amer. Math. Soc. 55 (1944), 514–525.

10. Fletcher P. and Lindgren W.F. Quasi-Uniform Spaces, Marcel Dekker, New York, 1982. 11. Ganter B. and Wille R., Formal Concept Analysis, Springer-Verlag, Berlin, 1999. 12. Glavosits T., Generated preorders and equivalences, Acta Acad. Paed. Agriensis, Sect. Math.

29 (2002), 95–103.

13. Janowitz M.F., Baer semigroups, Duke Math. J. 32 (1965), 85–95.

14. Lambek J., Some Galois connections in elementary number theory, J. Number Theory 47 (1994), 371–377.

15. Mala J., Relators generating the same generalized topology, Acta Math. Hungar. 60 (1992), 291–297.

16. Mala J. and Száz Á., Modifications of relators, Acta Math. Hungar. 77 (1997), 69–81. 17. Meyer K. and Nieger M., Hüllenoperationen, Galoisverbindungen und Polaritäten, Boll. Un.

Mat. Ital. 14 (1977), 343–350.

18. O’Carroll L., A basis for the theory of residuated groupoids, J. London Math. Soc. 3 (1971), 7–20.

19. Ore O., Galois connexions, Trans. Amer. Math. Soc. 55 (1944), 493–513. 20. Pataki G., On the extensions, refinements and modifications of relators, Math. Balk. 15 (2001), 155–186.

21. Pataki G. and Száz Á., A unified treatment of well-chainedness and connectedness properties, Acta Math. Acad. Paedagog. Nyházi. (N.S.) 19 (2003), 101–165. (electronic) 22. Pickert G., Bemerkungen über Galois-Verbindungen, Arch. Math. 3(1952), 285–289. 23. Schmidt J., Beiträge zur Filtertheorie II, Math. Nachr. 10 (1953), 197–232. 24. Shmuely Z., Increasing and decreasing operators on complete lattices, J. Comb. Theory 21 (1976), 369–383.

25. Száz Á. Coherences instead of convergences, Proc. Conf., Convergence and Generalized Functions (Katowice, 1983), Inst. Math., Polish Acad. Sci. (Warsaw, 1984), 141–148.

26. , Basic tools and mild continuities in relator spaces, Acta Math. Hungar. 50 (1987), 177–201.

27. , Structures derivable from relators, Singularité 3 (1992), 14–30. 28. , Refinements of relators, Tech. Rep., Inst. Math., Univ. Debrecen 76 (1993), 1–19. 29. , Uniformly, proximally and topologically compact relators, Math. Pannon. 8 (1997), 103–116.

30. , Somewhat continuity in a unified framework for continuities of relations, Tatra Mt.

Math. Publ. 24 (2002), 41–56.

GALOIS-TYPE CONNECTIONS 21

31. , A Galois connection between distance functions and inequality relations, Math.

Bohem. 127 (2002), 437–448.

32. , Upper and lower bounds in relator spaces, Serdica Math. J. 29 (2003), 239–270. 33. , Lower and upper bounds in ordered sets without axioms, Tech. Rep., Inst. Math., Univ. Debrecen 1 (2004), 1–11.

34. , The importance of reflexivity, transitivity, antisymmetry and totality in generalized ordered sets, Tech. Rep., Inst. Math., Univ. Debrecen 2 (2004), 1–15.

35. , Galos–type connections on power sets and their applications to relators, Tech. Rep., Inst. Math., Univ. Debrecen 2 (2005), 1–38.

36. , Galos–type connections and continuities of pairs of relations, Tech. Rep., Inst.

Math., Univ. Debrecen 5 (2005), 1–27.

37. , Supremum properties of Galois–type connections, Comment. Math. Univ. Carolin.

47 (2006), 569–583.

38. , Lower semicontinuity properties of relations in relator spaces, Tech. Rep., Inst.

Math., Univ. Debrecen 4 (2006), 1–52.

39. , An instructive treatment of convergence, closure and orthogonality in semi-inner product spaces, Tech. Rep., Inst. Math., Univ. Debrecen 2 (2006), 1–29.

40. , Minimal structures, generalized topologies, and ascending systems should not be studied without generalized uniformities, Filomat 21 (2007), 87–97.

41. Túri J. and Száz Á., Comparisons and compositions of Galois–type connections, Miskolc Math. Notes 7 (2006), 189–203.

42. Xia W., Galois connections and formal concept analysis, Demostratio Math. 27 (1994), 751–767.

Árpád Száz, Institute of Mathematics, University of Debrecen, H–4010 Debrecen, Pf. 12,

Hungary, e-mail: szaz@math.klte.hu