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ON QUADRATIC INTEGRAL EQUATIONS OF URYSOHN
TYPE IN FRECHET SPACES

M. BENCHOHRA anp M. A. DARWISH

ABSTRACT. In this paper, we investigate the existence of a unique solution on a
semiinfinite interval for a quadratic integral equation of Urysohn type in Fréchet
spaces using a nonlinear alternative of Leray-Schauder type for contractive maps.

1. INTRODUCTION

In this paper, we establish the existence of the unique solution, defined on a
semi-infinite interval J = [0,+00) for a quadratic integral equation of Urysohn
type, namely

T
(1) a:(t)zf(t)+(Ax)(t)/O u(t,s,2(s)) ds, =10, +o0),

where f:J = R, u:J x[0,T] x R — R are given functions and A : C(J,R) —
C(J,R) is an appropriate operator. Here C(J,R) denotes the space of continuous
functions x : J — R.

Integral equations arise naturally from many applications in describing numer-
ous real world problems, see, for instance, books by Agarwal et al. [1], Agarwal
and O’Regan [2], Corduneanu [8], Deimling [13], O’'Regan and Meehan [18] and
the references therein. On the other hand, also quadratic integral equations have
many useful applications in describing numerous events and problems of the real
world. For example, quadratic integral equations are often applicable in the theory
of radiative transfer, kinetic theory of gases, in the theory of neutron transport
and in the traffic theory. Especially, the so-called quadratic integral equation of
Chandrasekher type can been countered very often in many applications; see for
instance the book by Chandrasekher [7] and the research papers by Banas et al.
[3, 4], Benchohra and Darwish [6], Darwish [9, 10, 11, 12], Hu et al. [15],
Kelly [16], Leggett [17], Stuart [19] and the references therein. In [3] Banas et
al. established the existence of monotonic solutions of a Volterra counter part of
equation (1) by means of a technique associated with measure of noncompactness.
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The same technique have been applied to a class of quadratic Urysohn integral
equation over an unbounded interval by Banas and Olszowy [5].

In this paper, we investigate the question of unique solvability of equation (1).
Motivated by the previous papers considered for integral equations on a bounded
interval, here we extend these results to semi-infinite intervals for a class of qua-
dratic integral equations. The method we are going to use is to reduce the existence
of the unique solution for the quadratic integral equation (1) to the search for the
existence of the unique fixed-point of an appropriate operator on the Fréchet space
C(J,R) by applying a nonlinear alternative of Leray-Schauder type for contraction
maps due to Frigon and Granas [14].

2. PRELIMINARIES

We introduce notations, definitions and theorems which are used throughout this
paper.

Let X be a Fréchet space with a family of semi-norms {|| - || }nen. Let Y C X,
we say that Y is bounded if for every n € N, there exists M,, > 0 such that

lylln <M, foralyey.

To X we associate a sequence of Banach spaces {(X™,| - ||»)} as follows : For
every n € N, we consider the equivalence relation ~,defined by : = ~,, y if and
only if ||z — y||l, = 0 for 2,y € X. We denote X" = (X|~,| - ||ln) the quotient
space, the completion of X™ with respect to || - ||,. To every Y C X, we associate
a sequence {Y"} of subsets Y C X" as follows: For every x € X, we denote [z],
the equivalence class of z of subset X™ and define Y = {[z],, : © € Y'}. We denote
Y™, int,(Y") and 9,Y™, respectively, the closure, the interior and the boundary
of Y™ with respect to || - ||, in X™. We assume that the family of semi-norms
{|| - |n} verifies:

)l < lzll2 < Jzllz < ... for every z € X.

Definition 2.1 ([14]). A function f: X — X is said to be a contraction if for
each n € N there exists k,, € (0,1) such that:
1f (@) = FW)lln < kn llz =yl forall z,y e X.

Theorem 2.2 ([14]). Let Q be a closed subset of a Fréchet space X such that
0€Q and F:Q — X a contraction such that F(Q) is bounded. Then either

(C1) F has a unique fized point or
(C2) there exist A € (0,1), n € N and u € O™ such that ||u — AF (u)||, = 0.

3. MAIN THEOREM

In this section, we will study equation (1) assuming that the following assumptions
are satisfied:

(a1) f:J — Ris a continuous function.



ON QUADRATIC INTEGRAL EQUATIONS IN FRECHET SPACES 107

(ag) For each n € N there exists L,, > 0 such that
|(Az)(t) — (AZ)(1)| < Ly [a(t) — Z(t)]
for each z, z € C(J,R) and t € [0, n].
(as) There exist nonnegative constants a and b such that
(Az) ()] < a + b | (t)|

for each x € C(J,R) and ¢ € J.
(ag) u:J xJ xR — Ris a continuous function and for each n € N there exists
a constant L;, > 0 such that
lu(t,s,x) —u(t,s,z)| < L} |z — |

for all (¢,s) € [0,n] x [0,T] and z, T € R.
(a5) There exists a continuous nondecreasing function ¢ : J — (0,00) and p €
C(J,R4) such that
u(t, s, )| < p(s) ¥(|=[)
for each (t,s) € J x [0,7] and « € R and moreover there exists a constant
M, n € N, such that
M,
(2) -
[flln +T(a+bMp) (My) p*
where p* = sup{p(s) : s € [0, T]}.

>1,

Theorem 3.1. Suppose that hypotheses (a1) — (as) are satisfied. If
(3) (a+0bMy) Ly, T+TLy (My,)p* <1,
then the equation (1) has a unique solution.

Proof. For every n € N, we define in C(J,R) the semi-norms by

[Ylln = sup {[y(£)] : t € [0,n] }.

Then C(J,R) is a Fréchet space with the family of semi-norms {|| - || } nen-
Transform the problem (1) into a fixed-point problem. Consider the operator
F :C(J,R) = C(J,R) defined by

(Fu)(t) = £(1) + (Ay)(2) / ult,s,y(s) ds,  te

Let y be a possible solution of the problem (1). Given n € N and ¢t < n, then
with the view of (a1), (as), (as) we have

T
ly®)] < 1F @) + \(Ay)(t)\/o |u(t, s,y(s))| ds

T
< £ (®)] + (a + bly(®)]) / p(s) (ly(s)]) ds
< Flln + Tla+ blylla) $(llyl)p"
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Then

Il ..
£l +T(a+bllylln) Y (llylln)p* ~
From (2) it follows that for each n € N

ylln # M.

Now, set
Q={y e C(J,R) : ||lylln < M, for all n € N}.
Clearly, €2 is a closed subset of C(J,R). We shall show that F : Q — C(J,R) is

a contraction operator. Indeed, consider y,7 € €2, for each t € [0,n] and n € N,
from (a2) — (as) we have

T T
(Fo)(t) — (FR(B)] < |(An)(t) / ult, 5,y(s)) ds — (A7)(t) / u(t, 5,5(s)) ds

IN

T T
(Ay) (1) / ult, 5,9(s)) ds — (Ay)(t) / ult, 5,5(s)) ds

T T
+ |y / u(t, 5,75(s)) ds — (A7) (1 / u(t, 5,7(s)) ds

IN

I(Ay)(b‘)l/0 ult, s,y(s)) — u(t, s,5(s))| ds
T
+(Ay) (1) — (A?)(lf)l/O |u(t, s,5(s))| ds

IA

(a+bly®)) L / ly(s) —7(s))| ds

0
+ L Jy(t) = 5(t)] /OTP(S) P([5(s)]) ds
< lla+b M) Ly, T+ TLy (Mn)p*] |y = lln-
Therefore,
1Fy = Fylln < [(a+bMy,) Ly, T+ T Ly (Mn)p*] [ly = Ylln-

F is a contraction for all n € N. From the choice of  there is no y € 92 such
that y = A F(y) for some A € (0,1). Then the statement (C2) in Theorem 2.2
does not hold. The nonlinear alternative of Leray-Schauder type [14] shows that
(C1) holds, and hence we deduce that the operator F has a unique fixed-point y
in Q which is a solution of Equation (1). This completes the proof. O

Example. Consider the quadratic integral equation of Urysohn type, namely

1 z@®)| [ 1 1 o
(4) x(t)_t+2+1+|x(t)|/0 t+2s+4x(s)ds, teJ:=10,+00).
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Set )
t) = t
O =0 €J,
1
t) = —— t
«(t) =5 €J,
1
= 1
p(s) ol s €10,1],
(Az)(t) = —=0) teJand ze€C(JR,)
- 1+x(t)) I’ +/»
Y(x) =z, for each = > 0,
1 1
= — f h 1 R.
u(t, s, ) t—|—2s—|—4x’ or each (t,s) € J x [0,1], and x €

It is clear that equation (4) can be written as equation (1). Let us show that
conditions (a1) — (as) hold. For each n € N, (¢,s) € [0,n] x [0,1] and z, T € R we
have - -
|u(t, s,x) —u(t, s, 7)| = [q(t)p(s)z — q(t)p(s)7|
1 1
< -
T t+2s54+4

1
|z —z| < §|x—£|

Hence (ay4) is satisfied with L}, = 1.
For each n € N, t € [0,n], and =, T € C([0,n],Ry) we have

| w0 | fa) ()] )
(An)(e) ~ (ADO|=| T2~ Ty o |~ o e s o <O -0

Hence (a2) is satisfied with L,, = 1.
For each n € N, ¢t € [0,n], and z € C([0,n],R) we have

x(t
(A0)(0)] = 1 fop < It
Hence (as3) holds with a =0 and b = 1.
A simple calculation shows that conditions (2) and (3) hold for M,, € (4’2 ,
4+T\/§

B

) and M, € (0, §), respectively.

Consequently from Theorem 3.1 Equation (4) has a unique solution.

Remark 3.2. Let us mention that our analysis is still applied to the following
quadratic integral equations which were widely considered in the literature on
bounded intervals and with the measure of noncompactness and appropriate fixed
point theorems

T
(5) x(t) = f(t) + x(t)/o u(t, s, z(s)) ds, t € J:=[0,+00),

(6) x(t)zf(t)+g(t,x(t))/0 u(t,s,a(s)) ds,  t €= [0,400).



110 M. BENCHOHRA aAND M. A. DARWISH

Acknowledgment. This work was completed while the authors were visiting

the ICTP in Trieste as Regular Associates. It is a pleasure for them to express
gratitude for financial support and the warm hospitality.

10.

11.

12.

13.
14.

15.

16.

17.

18.

19.

M.

REFERENCES

Agarwal R. P., O’'Regan D. and Wong P.J. Y., Positive Solutions of Differential, Difference
and Integral Equations. Kluwer Academic Publishers, Dordrecht, 1999.

Agarwal R.P. and O’Regan D., Infinite Interval Problems for Differential, Difference and
Integral Equations. Kluwer Academic Publishers, Dordrecht, 2001.

Banas J., Caballero J., Rocha J. and Sadarangani K., On solutions of a quadratic integral
equation of Hammerstein type, Comput. Math. Appl. 49(5—6) (2005), 943-952.

Banas$ J., Lecko M. and El-Sayed W.G., Existence theorems of some quadratic integral
equations, J. Math. Anal. Appl. 222 (1998), 276-285.

Banas$ J. and Olszowy L., On solutions of a quadratic Urysohn integral equation on an
unbounded interval, Dynam. Syst. Appl. 17(2) (2008), 255-269.

Benchohra M. and Darwish M. A., On monotonic solutions of a quadratic integral equation
of Hammerstein type, Intern. J. Appl. Math. Sci. (to appear).

Chandrasekher S., Radiative Transfer, Dover Publications, New York, 1960.

Corduneanu C., Integral Equations and Applications. Cambridge University Press, Cam-
bridge, 1991.

Darwish M. A.,; On quadratic integral equation of fractional orders, J. Math. Anal. Appl.
311 (2005), 112-119.

Darwish M. A.,; On solvability of some quadratic functional-integral equation in Banach
algebra, Commun. Appl. Anal. 11(3—4) (2007), 441-450.

Darwish M. A.; On monotonic solutions of a singular quadratic integral equation with supre-
mum, Dynam. Syst. Appl. 17 (2008), 539-550.

Darwish M. A.; On monotonic solutions of an integral equation of Abel type, Math. Bohem.
133(4) (2008), 407-420.

Deimling K., Nonlinear Functional Analysis, Springer-Verlag, Berlin, 1985.

Frigon M. and Granas A., Résultats de type Leray-Schauder pour des contractions sur des
espaces de Fréchet, Ann. Sci. Math. Québec 22(2) (1998), 161-168.

Hu S., Khavani M. and Zhuang W., Integral equations arising in the kinetic theory of gases,
Appl. Anal. 34 (1989), 261-266.

Kelly C.T., Approzimation of solutions of some quadratic integral equations in transport
theory, J. Integral Eq. 4 (1982), 221-237.

Leggett R.W., A new approach to the H-equation of Chandrasekher, STAM J. Math. 7
(1976), 542-550.

O’Regan D. and Meehan M. M., Ezistence Theory for Nonlinear Integral and Integrodiffer-
ential Eguations, Kluwer Academic Publishers, Dordrecht, 1998.

Stuart C. A., Existence theorems for a class of nonlinear integral equations, Math. Z. 137
(1974), 49-66.

Benchohra, Laboratoire de Mathématiques, Université de Sidi Bel-Abbes BP 89, 22000 Sidi

Bel-Abbes, Algérie,
e-mail: benchohra@univ-sba.dz

M.

A. Darwish, Alexandria University at Damanhour, 22511 Damanhour, Egypt,

e-mail: darwishma@yahoo.com, mdarwish@ictp.trieste.it



