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HOMOROOT INTEGER NUMBERS

M. H. HOOSHMAND

ABSTRACT. In this paper we first define homorooty between two integer numbers
and study some of their properties. Thereafter we state some applications of the
homorooty in studying and solving some Diophantine equations and systems, as an
interesting and useful elementary method. Also by the homorooty, we state and
prove the necessary and sufficient conditions for existence of finite solutions in a
special case of the quartic equation and evaluate the bounds of its solutions.

1. PRELIMINARIES

We first introduce a new notation and definition.

Definition 1.1. We say that two integer numbers a,b are homoroot if there
exist integer numbers r1,ry (the root of a,b) such that a = r1 + ro and b = ryrs.
Two homoroot integer numbers a, b will be denoted by (a,b) — Z(ry,rs) or simply
by {(a,b) — Z.

By {(a,b) — N we mean (a,b) — Z(r,r9) and {a,b,r1,r2} C N. Thus if a,b € N
and (a,b) — Z, then (a,b) — N. The following properties for homoroot integers
hold. We need these basic properties for studying the homorooty and solving some
indeterminate equations.

ey

(a,a+b) - Z <= (a—2,b+1) — Z,
(a,—a+b) > Z << (a+2,b+1) — Z.
(IT) (The homorooty inequalities) Let b be a non-zero integer. Then
(a) {a,b) > Z = |a| <|b+1].
(b) If (a,b) — Z and |a| # |2 +i], fori=1,--- ,n < \/Jb],
then |a| < |2 +nl.
(¢) moreover if a,b € N, then
(a,b) > N=2Vb<a<b+1.
(a,a4+b) = N=a <b+4.
(a,—a+b) = Z = a<b.
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(III) (The homorooty lemma) For all integers a,b with b # 0, the following
statements are equivalent:
(a) (a,b) — Z,

The equation z2

— ax + b has an integer root,

(Aoa, A3b) — Z for an integer \g # 0,

a? — 4b is a square integer,

(8) (—a,b) = Z.
(IV) We have (a,a — 1) — Z and {(a,0) — Z, (0,a?) — Z for every a.

To explicate some of the above properties, note that if a = r; + ro and
b = rirg # 0, then a = ro + % and rolb. Putting r = ro and considering
a=r+2=0b/r+ Vbr’ there exists an integer r|b such that 1 < |r| < /|b| and
a = %+ r. Therefore if (a,b) — Z and b # 0, then |a| = |% + i| for an integer i
such that 1 < < /[b] (because |a| = {79 +7| = % +|r||). On the other hand
for all integers b # 0 and 1 <n < \/m we have

)

(c)

(d) a=r+ % for an integer r such that r|b and 1 < |r| < +/]b],
)
)

b b
|b+1|>‘+2‘>--->‘+n.
2 n

Therefore (II)-(a) and (II)-(b) are proved.
If (a,—a+b) — Z, then a = t; + to, and —a + b = t1ts for some integers t1,t3. So
a+2 = (t1+1)+(t2+1) and b+1 = (t1+1)(t2+1) thus (a+2,b+1) — Z. Therefore
ifa,b € N, then (a, —a+b) — Z implies (a+2,b0+1) - Nsoa+2 < (b+1)+1 (by
(IT)-(a)) and so @ < b. Also if a® —4b = ¢? for an integer ¢, then 4b = (a+¢)(a —c)
so (2a,4b) — Z and so {(a,b) — Z.

Now we determine all homoroot symmetric integer pairs.

Lemma 1.2 (The homoroot symmetric numbers). All integer pairs that agree
in relations (a,b) — Z and (b,a) — Z are in the following forms

(a,b) € {(4,4),(6,5), (5,6), (r,—r — 1), (=r — 1,7), (0, =r%), (=r2,0)},
where r € 7.

Proof. Let {(a,b) — Z and (b, a) — Z. If ab # 0, then |a| < |b+1| and |b] < |a+1]
(by the homorooty inequality). So |a] —1 < |b| < |a| + 1 and therefore b = +a £+ 1
or b = +a. Now by the elementary properties of the homorooty, it can be shown
that (a,b) has one of the above forms (if ab = 0, then a = —r? or b = —?). [

2. APPLICATION OF THE HOMOROOTY IN SOLVING
SOME DIOPHANTINE EQUATIONS

In this section we introduce some applications of the homorooty for studying some
quartic equations and systems as a useful elementary method.
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When we say (20, yo) is a solution of the indeterminate equation f(z,y,z) = 0, it
means that there exists zp such that (xo, yo, 20) is a solution of the equation. Some-
times by finding the values z, y of this equation, the value z is easily gained by sim-
ple algebraic operations. Hence, in these cases we refrain from finding the value z
and write the solution by the form (zg, yo). We say that the equation f(z,y,2) =0
is symmetric relative to x, y if f(zo, Yo, 20) = 0 implies f(yo, Zo, 2z0) = 0, in the sym-
metric equations, (g, yo) is a solution if and only if (yo,xo) is so, thus we consider
only one of the cases. These notes are discussed in equations and systems with
more variables similarly.

Lemma 2.1. (i) Let d be a positive integer constant. The general solu-
tion of the equation x® — dy = z? (The d-homorooty equation) is (v =
%, y = tita), where dy,ds are all positive integers such that dids = d
and t1,ts are all integers for which dity + daots is even. Specially if d = p
is an odd prime number, then the above form can be written as:

+1
(r1 + pro,drira) | (Tl +P7”2+pz,47’17”2+27°1+27“2+1),

where 1,19 Tun over all integers. Also if d = 4 (the homorooty equation),
then (x =11 + ro,y = r172), Where r1, r9 € Z.
(ii) The general solution of the system

22 — 4y =22
y? —dx =w?
(The homorooty system) is
(l',y) = (474)7 (6a 5)7 (T7 -r—= 1)7 (Oa _T2)7

where r € Z (up to symmetry).
(iii) The only nonzero solution (xy # 0) of the system

{ 22 —dy =2

y? —dx = w?

(The d-homorooty system) for d = £1,+2 is (z,y) = (d,d) and the general

solution of the system for d = —4 is
('Ia y) = (_43 _4)7 (_67 _S)a (_T7 4+ 1)7 (07 T2)a
where r € Z.

(iv) The general solution of the equation x?y* — 4x — 4y — 22 =0 is

(x,y) = (27 2)’ (2a 3)7 (1’ 5)) (’I“, —7"), (_1’ _T)7 (O’ _T2)7
where r € Z.

Proof. (i) It is clear, by (III)-(f) and this fact that 2% — dyo = 22 implies
<21‘0, dy0> — 7.

(ii) Apply (II1)-(f) and Lemma 1.2.

(iii) Multiplying the system by (4/d)? and putting X = 4z/d , Y = 4y/d the
claim (by part (ii)) can be proved.
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(iv) Put X = a2y and Y = z + y, since always (Y, X) — Z the equation is
equivalent to the system
X2 -4y =22
V24X =uw?
then get the result, from part (ii).
U

The Diophantine equation in the following theorem is a special case of the
quartic equation

2

Z ar 3"y’ = dz?.

r,s=0
There is no general solution for the quartic equation as you can see in [1]. Now as
an application of the homorooty, we state and prove the necessary and sufficient

conditions for existence of finitely many solutions in the indeterminate equation
and evaluate the bounds of its solutions.

Theorem 2.2. The equation z?y?> — ax — By = 2% where a, 3 are integer
constants with af # 0 is given. If there is no integer v satisfying the conditions,
af = 273 and 27| or af3 = 2v* and 2v|a, then the equation has finitely many
nontrivial solutions (ax + By # 0,zy # 0). Moreover, if (xzo,y0) is a nontrivial
solution of the equation (in this case), then

lzo| < 1/4(Japla® + 202 +2|al), if |a| #1,
lyol < 1/4(laf|5* +26% +2|6]), if 18] # 1.
In case |a| = 1 we have |xo| < |B|+ 1, and if |8] = 1, we have |yo| < |a|+ 1. The

converse of the theorem is also valid.

Proof. Suppose (z9,yo) to be a nontrivial solution of the equation. So (2zoyo,
azo + Byo) — Z. Hence applying the homorooty inequality we have

2z0y0] < |awo + Byo + 1] < |ef[zo| + [B][yo| + 1.
Therefore
(2lzol = 18D (2lyol — le]) < [aB] 4 2.
Consider the following cases:
i) |xo| > 16]/2,|yo| > ||/2. Considering the above inequality we have
2[wo| — 8] < Bl + 2, 2|yo| — |a] < |aB] + 2.
Therefore
[wo| < 1/2(JaBl+(B]) + 1, |yo| < 1/2(|aB] +|af) + 1.

ii) |xo| < |B|/2. We know that there exists zy such that

2,2 .2
TolYy — Qo - Byo = 205

so there is wg > 0 with

A = % + dax} + Avdzs = wi.
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Therefore
(wo — 2x020) (wo + 2x020) = B2 + 4a:r8.

But 82 + daxd # 0 (if it is not so, we have (a/3/2)? = (—ax()?, thus there
exists an integer v such that a3/2 = 43, i.e, a8 = 27% so 8 = —2yxo, i.e,
27|43, but it is a contradiction) so we have

wo < max{wy — 27020, Wy + 2T020} < |B* + daxy),

on the other hand from yy = % we get

223
2lyolzg = |8 + wo| < [B] + [wo| < 18] + 8% + 4lal(18]/2)°.
Therefore

lyol < 1/4(lap|6? + 262 +2|3)).
iil) |yo| < |a/2|. This case is similar to the case (ii)

o +4By; #0,  |zo| < 1/4(laplo” + 207 + 2|a]).
But for |a| # 1 we have
18/2] < 1/2(a| +18]) +1 < 1/4(laBla? + 202 + 2la]),
and for |3] # 1 we have
/2] < 1/2(jaf) + al) + 1 < 1/4(aB|B2 + 262 + 2/3)).
Therefore the theorem is proved.

Now suppose that there exists an integer v with a3 = 293 and that 27|«

or 2v|8. For r € Z at least one of the couples (z, = ;—5 = _T'ﬂ,y* =r) or
2

Ty =1,y = 5= = =), gives us infinitely many nontrivial integer solutions, and
2y g

hence the converse of the theorem is also proved. O

Note. From the proof of the above theorem it is concluded that the number of
solutions of the indeterminate equation x2y? — ax — By = 22, such that

B2 4 4ax® # 0, o +48y3 #0
is finite.
The following results one obtained from Theorem 2.2 and the above note.

Corollary 2.3. If « and 3 are positive integer numbers (resp. negative integer
numbers), then the equation has finitely many positive integer solutions (resp.
negative integer solutions).

Corollary 2.4. If af is odd, then the equation has finitely many nontrivial
integer solutions.

Now we want to study a more general system of equations than the homorooty
system (which we call («, 8)-homorooty system).
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Lemma 2.5. The pair (xo,y0) is a solution of the system
22 —ay =22
y2 _ ﬁl‘ — w2 ’

(a, B are integer constants with af # 0) if and only if there exists a solution of
the form (X = 2X,,Y = 2Yy) for the equation
X2Y? —4B* (X +Y) = 2?2 with 2z = Xo + Yo, ayo = XoYo.

Proof. Assume (zg,%0) to be a solution of the system. Then (2z¢, ayy) — Z,
i.e, there exist Xg, Yy such that 2z = Xo + Yy and ayg = XoYy. Now replacing
To, Yo in the system, it gives

a 2

Now, suppose (2Xj, 2Yp) to be a solution of the equation with 2| Xo+Yp, | XoYs
(Xo + Yo = 2x0, XoYo = ayp). So there exists zg such that

(2X0)%(2Y0)? — 4Ba?(2X + 2Yp) = 22.

2
<X0Y0> -6 (M> = wpy <= (2X0)*(2Y0)” — 460’ (2Xo +2Yp) = (4awo)*.

Therefore (4a)?|22 thus zo = 4aw (for some wy). So we have 23 —ayy = (Fo320)?

and y3 — Bz = wa. O

Theorem 2.6. The system
22 —ay = 22
y2 _ 6$ — ,w2 )
where af # 0, has finitely many nonzero solutions (xoyo # 0) if and only if there
is no integer v with

Ba® = (27)%, 4v]aB, ged(2v,a)|y*.

Proof. Assume that the system has infinitely many nonzero solutions. Consid-
ering the Lemma 2.5, the equation X?Y?2—43a?(X +Y) = Z? has infinitely many
nonzero solutions of the form (2X,, 2Y;), where 2| X, 4+ Y, and «a|X.Y,. Therefore
there exists at least one integer couple (2X,,2Y,) = (2Xo, 2Yy) such that

(480%) + 4(450%)(2X0)° = 0 or (45a?)? + 4(4Ba?)(2Y0)° = 0,

(by considering the previous note). So we have
i) (2X0)%(2Y0)% — 4802 (2X, + 2Yy) = (4arg)?,
i) 2| X0 + Yo and o| XY,
iii) Ba? = (—2X)3 or Ba? = (-2Y)3.
Now considering (ii) we infer that

Xo+ Yy = 2vp; , XoYy = aug = aug — 2Xgvg = —Xg,

S0
ged(a, —2X0)| X5
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If Ba? = (—2X()3, then according to (i), we get (4XoYp +8X2)? = (4arp)?, hence

4al4XoYy + 8X2 and so (ii) guarantees that a|2X2 and so —4Xg|aB (because,
2

_2‘?{0 = 22(“ ). Therefore putting v = — X, we get

Ba? = (29)°, 4vlaf, ged(2y,a)ly’.
In case Ba? = (—2Y))3, we can reach the above result likewise.
Conversely, suppose that there exists an integer v which satisfies the above
conditions, therefore we can see that the pairs (z, = 72;”*, Yo = Ty — % =

2
Te — 2%)7 where r, runs over the set of all solutions of the linear indeterminate

equation 2yt + ar =42 (r = r,), give us infinitely many nonzero solutions for the
system. Il

Note. According to the above theorem we have Ba? = (27)3, 4v|aB and
ged(27y, a)|y? if and only if %o = (21)3, 4\|aB and ged(2), 3)|A\2 (for some 7, A).

Corollary 2.7. If « and § are positive (negative) integer numbers, then the
af-homorooty system has finitely many integer solutions on N (negative integers).

Corollary 2.8. If 4 1 a3, then the af-homorooty system has finitely many
nonzero integer solutions.

Here we study another generalization of the homorooty system.

Theorem 2.9. The following system (d-homorooty n-cyclic system)

i) for d =1,2,4 has only finitely many positive integer solutions and does not
have any negative integer solution and (in this case) d < xzy < "THd for

1<k <n.

it) for d = —1,—2,—4 has only finitely many negative integer solutions and
does not have any positive integer solution and (in this case) ”%rld <zp<d
for1 <k <n.

2 2
xy —dxe = yj
2 _ .9
T3 — dx3 = Y3

Proof. Suppose d = 4 (for d = 4 the system is called “homorooty n-cyclic sys-
tem”), if n = 2, then it is clear, by Lemma . Let n > 2 and (a1, - ,a,) be a pos-
itive integer solution of the homorooty n-cyclic system, therefore (ar_1,ar) — N,
(an,a1) — N, for all 2 < k < n, thus ax_1 < ag +1, a, < a; + 1 and so

ag—k+1<apr<ar+n—k+1,
for all 2 < k < n, i.e.,
a1 —1<az<ar+n-—1, a1 —2<az3<ar+n—2,---,

(*) ap—n+1<a, <ay+1.

By (*) we consider two cases:
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Casel. ag =a; — 1. If ap, = a1 — k+ 1, for all 2 < k < n, then
(an=a1 —n+1,(a;—n+1)+n—-1) =N,

thus a; —n+1 < n+3 (by (II)-(c) of Section 1), i.e., a; < 2n+4, and if there exist
a (least) natural kg such that ap, # a1 —ko+1 (clearly kg > 2), then (by (x)) there
exist an ¢ such that 2 <4¢ <n+1 and ax, = a; — ko + . Since ag,—1 = a1 —ko+2
we have (a1 —ko+2,a1 —ko+14) — N, ie., (a1 —ko+2,(a1 —ko+2)+i—2) = N,
soa; —ko+2<i+2<n+3thusa; <n+ky+1<2n-+1.

Case 2. as # a1 — 1. By (%) we have ay = a1 +i where 0 < i <n—1so
<ay,a;+i>—>Nthusa; <i+4<n+3.

On the other hand since a? — 4as > 0, a3 —4azg >0, --- , a2_; — 4a,, > 0 and
a2 — 4a; > 0, then combining them we get

1 s
2\/@1 < ap < 22n772a1

So a; > 4. Therefore we have proved that 4 < a; < 2n+ 2 but since this system is

symmetric (circle symmetric with respect to x1,- - , ), we have 4 < ap < 2n+2,
forall 1 <k <n.
Now let (aq,- -+ ,an) be a negative solution of the system so we have —ai_1 <

—ar—1and —a, < —ay;—1, forall2 <k <n, thus —a; < —a,—n+1<—-a;—n
so n < 0, that is a contradiction.

For d = +1,+2, —4, multiplying the system by (4/d)? and putting X = 4z} /d,
Yy = 4yg/d, prove the claims (by the previous part). O

Note. Since (2n+2,2n+1,--- ,n+3) and (4, --- ,4) are positive solutions of the
homorooty n-cyclic system, then the bounds of the solutions in the above theorem
are their best bounds.

Remark 2.1. We discussed a lot of equations. In case thet constant (d,n, «, 3, )
are determined, equations can be solvable very well by the procedure of the proofs
of their related theorems. For example, all solutions of the homorooty 3-cyclic
system are

(47 47 4)7 (87 7, 6)7 (4a _57 4)a (37 _47 4); (Ov _riv _T2T% - 7“3),
and the general solution of the equation z2y? —z —y — 2% = 0 is
(1,2), (—=r,7), (0, —1?).

It is worth noting that the Homorooty is conducive to study some indeterminate
equations reformable into f? — 4g = p?, where f, g, p are polynomials.
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