HOMOROOT INTEGER NUMBERS

M. H. HOOSHMAND

ABSTRACT. In this paper we first define homorooty between two integer numbers and study some of
their properties. Thereafter we state some applications of the homorooty in studying and solving some
Diophantine equations and systems, as an interesting and useful elementary method. Also by the
homorooty, we state and prove the necessary and sufficient conditions for existence of finite solutions
in a special case of the quartic equation and evaluate the bounds of its solutions.

1. PRELIMINARIES
We first introduce a new notation and definition.

Definition 1.1. We say that two integer numbers a,b are homoroot if there exist integer
numbers 71,79 (the root of a,b) such that a = 71 + ro and b = ryr5. Two homoroot integer
numbers a, b will be denoted by (a,b) — Z(ry,r3) or simply by (a,b) — Z.

By (a,b) — N we mean (a,b) — Z(ri,r3) and {a,b,r1,72} C N. Thus if a,b € N and (a,b) —
Z, then (a,b) — N. The following properties for homoroot integers hold. We need these basic
properties for studying the homorooty and solving some indeterminate equations.
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)
(a,a+b) > Z <= {(a—2,b+1) > Z,

(a,—a+b) > Z <+~ (a+2,b+1) — Z.

(IT) (The homorooty inequalities) Let b be a non-zero integer. Then
(a) (a,b) = Z = |a| < |b+1].
(b) If (a,b) — Z and |a| # |2 +i], fori=1,--- ,n < Vbl
then [a| < |2 +n].
(¢) moreover if a,b € N, then

(a,b) = N=2Vb<a<b+1.
(a,a+b) > N=a<b+4.
(a,—a+b) - Z = a<b.

(III) (The homorooty lemma) For all integers a,b with b # 0, the following statements are
equivalent:
(a) (a,b) — Z,
The equation x
(\a, A\?b) — Z for every integer \ # 0,

) 2
)

d) a=r+ g for an integer r such that r|b and 1 < |r| < +/|b],
)
)

— ax + b has an integer root,

(Xoa, \3b) — Z for an integer \g # 0,
a’? — 4b is a square integer,
(g) <_aa b) — Z.

(IV) We have (a,a — 1) — Z and {(a,0) — Z, (0,a?) — Z for every a.

To explicate some of the above properties, note that if a« = 7 + ro and
b=riro # 0, then a = 79 + % and 73|b. Putting » = 9 and considering a = r + g =b/r+ b/ir,




there exists an integer r[b such that 1 < |r| < \/[b] and @ = £ + r. Therefore if (a,b) — Z and
b # 0, then |a| = |2 + i| for an integer i such that 1 <4 < /[b| (because |a| = |2 + | = |—f| + |r|’)
On the other hand for all integers b # 0 and 1 < n < 1/|b| we have

b+ 1] >

b ‘ ‘ b
S+2(> > —+n
2 n

Therefore (II)-(a) and (II)-(b) are proved.
If (a,—a +b) — 7Z, then a = t; + t2, and —a + b = ¢yt for some integers t1,t3. So a + 2 =
(t14+1)+ (t2+1) and b+ 1 = (t1 + 1)(¢2 + 1) thus (a + 2,b + 1) — Z. Therefore if a,b € N, then
(a,—a+b) — Z implies (a +2,b+1) = Nsoa+2<(b+1)+1 (by (II)-(a)) and so a < b. Also
if a? — 4b = ¢? for an integer c, then 4b = (a + ¢)(a — ¢) so (2a,4b) — Z and so {(a,b) — Z.

Now we determine all homoroot symmetric integer pairs.

Lemma 1.2 (The homoroot symmetric numbers). All integer pairs that agree in relations
(a,b) — Z and (b,a) — Z are in the following forms

(a,b) € {(4,4),(6,5), (5,6), (r,—r — 1), (= — 1,7), (0, —r?), (7>, 0)},

where r € Z.

Proof. Let (a,b) — Z and (b,a) — Z. If ab # 0, then |a| < |b+ 1| and |b| < |a + 1| (by the
homorooty inequality). So |a] —1 < |b| < |a| + 1 and therefore b = £a £ 1 or b = +a. Now by the

elementary properties of the homorooty, it can be shown that (a,b) has one of the above forms (if
ab=0, then a = —r2 or b= —r?). O



2. APPLICATION OF THE HOMOROOTY IN SOLVING
SOME DIOPHANTINE EQUATIONS

In this section we introduce some applications of the homorooty for studying some quartic equations
and systems as a useful elementary method.

When we say (zo,y0) is a solution of the indeterminate equation f(x,y,z) = 0, it means that
there exists zg such that (zo, Yo, 20) is a solution of the equation. Sometimes by finding the values
x,y of this equation, the value z is easily gained by simple algebraic operations. Hence, in these
cases we refrain from finding the value z and write the solution by the form (zg,yo). We say that
the equation f(z,y, z) = 0 is symmetric relative to z, y if f(xo, Yo, 20) = 0 implies f(yo, o, 20) = 0,
in the symmetric equations, (g, yo) is a solution if and only if (yo,x) is so, thus we consider only
one of the cases. These notes are discussed in equations and systems with more variables similarly.

Lemma 2.1. (i) Let d be a positive integer constant. The general solution of the equation
2? — dy = 22 (The d-homorooty equation) is (z = “htdatz o — t1¢,) where d1,ds are all
positive integers such that dids = d and t1,ts are all integers for which dity + dsts is even.
Specially if d = p is an odd prime number, then the above form can be written as:

+1
(r1 + pro,4rira) , (?“1 + pra + pT,4T1T2 + 271 + 21 + 1) 5

where 11,79 Tun over all integers. Also if d = 4 (the homorooty equation), then (x =
r1 4 1o,y = r172), where ry, ro € Z.
(ii) The general solution of the system

z? — 4y = 22
y? —dz = w? ’



(The homorooty system) is

(.’L’, y) = (47 4)) (65 5)7 (Tv -r—= 1)7 (05 _,,,2)’
where r € Z (up to symmetry).
iii) The only nonzero solution (xy # 0) of the system
(iif) Y y y
z? — dy = 22
Y2 —de =w? ’
(The d-homorooty system) for d = £1,£2 is (z,y) = (d,d) and the general solution of the
system for d = —4 is
(m,y) = (_45 _4)7 (_6’ _5)5 (_Tv T+ ]-)7 (07 Tz)a
where r € 7.
iv) The general solution of the equation x2y? — 4x — 4y — 22 =0 is
(iv)

(x,y) = (2)2)7 (273)a (17 5)7 (T7 —T‘), (_1’ _Ir)a (07 _7,2),
where r € Z.

Proof. (i) It is clear, by (III)-(f) and this fact that 22 — dyo = 22 implies (2x¢, dyo) — Z.
(ii) Apply (IIT)-(f) and Lemma 1.2.
(iii) Multiplying the system by (4/d)? and putting X = 4x/d , Y = 4y/d the claim (by part (ii))
can be proved.
(iv) Put X = zy and Y = z + y, since always (Y, X) — Z the equation is equivalent to the
system
X% 4y = 22
{W—M:W’
then get the result, from part (ii).




O

The Diophantine equation in the following theorem is a special case of the quartic equation

2
ar sy’ =d 2
rsT Y Z.

r,s=0

There is no general solution for the quartic equation as you can see in [1]. Now as an application of
the homorooty, we state and prove the necessary and sufficient conditions for existence of finitely
many solutions in the indeterminate equation and evaluate the bounds of its solutions.

Theorem 2.2. The equation x?y* —ax — By = 2% where o, B are integer constants with o3 # 0
is given. If there is no integer v satisfying the conditions, a8 = 27> and 2v|8 or a8 = 2y and
2v|c, then the equation has finitely many nontrivial solutions (ax + By # 0,2y # 0). Moreover, if
(z0,Y0) s a nontrivial solution of the equation (in this case), then

2ol < 1/4(laplo® + 207 +2]al), if|a| #1,
lyol < 1/4(laB15* +26% +26]), i 18] # L.

In case |a] = 1 we have |zo| < |B| + 1, and if |B] = 1, we have |yo| < |a| + 1. The converse of the
theorem is also valid.

Proof. Suppose (zg,yo) to be a nontrivial solution of the equation. So  (2z0yo,
axg + Pyo) — Z. Hence applying the homorooty inequality we have

[220y0| < [axo + Byo + 1| < |af|zo| + [8]lyol + 1.

Therefore
(2lzo| — 18 2lyo| — |af) < |af] + 2.
Consider the following cases:



i)

ii)

|zo| > |81/2, lyo| > |er|/2. Considering the above inequality we have
2|zo| — 18] < lafl+2, 2lyol — o] < |af]+2.
Therefore
|zol <1/2(JB| +18) + 1, lyol <1/2(|af| + |af) + 1.
|zo| < |B]/2. We know that there exists zg such that
zoys — amo — Byo = 7,
so there is wg > 0 with
A = 32 + daxd + 42222 = wl.
Therefore
(wo — 22020) (wo + 2x020) = B2 + dax.

But 8% + 4axd # 0 (if it is not so, we have (3/2)? = (—axg)?3, thus there exists an integer
7 such that a3/2 = +3, i.e, aff = 272 so B = —2yx, i.e, 27|3, but it is a contradiction) so
we have

wo < max{wy — 22020, Wo + 22020} < |6* + dazd],

E=
on the other hand from yy = s Qx;ﬂ 0
0

2lyolz? = |8 £ wo| < |B] + wo| < |B] + B + 4]al(18]/2)°.

we get

Therefore
lyol < 1/4(|aB|B® + 26 + 2|8)).



iil) |yo| < |e/2|. This case is similar to the case (ii)
o248 £0,  |ao| < 1/4(laBla? + 207 + 2al).
But for |a| # 1 we have
18/2] <1/2(|ef] +|8]) + 1 < 1/4(|aflo® + 20” + 2]al),
and for |3] # 1 we have
/2] < 1/2(a8] + [al) + 1 < 1/4(aB]8 + 282 + 2/3)).
Therefore the theorem is proved.

Now suppose that there exists an integer v with a3 = 293 and that 2| or 2v|3. For r € Z at
2

least one of the couples (z, = ;—5 ==L,y =7)0r (T =79 = 7 = ;}), gives us infinitely
many nontrivial integer solutions, and hence the converse of the theorem is also proved. O

Note. From the proof of the above theorem it is concluded that the number of solutions of the
indeterminate equation zy? — ax — By = 22, such that

6% + 4az® #£ 0, o +46y> #£0
is finite.
The following results one obtained from Theorem 2.2 and the above note.

Corollary 2.3. If a and § are positive integer numbers (resp. negative integer numbers), then
the equation has finitely many positive integer solutions (resp. negative integer solutions).

Corollary 2.4. If af is odd, then the equation has finitely many nontrivial integer solutions.

Now we want to study a more general system of equations than the homorooty system (which
we call (a, §)-homorooty system).



Lemma 2.5. The pair (zo,yo) is a solution of the system

22— ay = 22
yz—,BJ::’LUQ )

(a, B are integer constants with af # 0) if and only if there exists a solution of the form (X =
2Xo,Y = 2Yy) for the equation

X2Y? 4B (X +Y) = 22 with 2z = Xo + Yo, ayo = XoYo.

Proof. Assume (z9,yo) to be a solution of the system. Then (2zg,ayy) — Z, i.e, there exist
X0, Yy such that 2xg = Xy + Yy and ayy = XoYy. Now replacing xg, yo in the system, it gives

2
(XZYO) -8 <¥> = wZ <= (2X0)2(2Y0)? — 4B02(2Xo + 2Y5) = (4awp)?.

Now, suppose (2Xy, 2Yp) to be a solution of the equation with 2| X + Yy, a|XoYo (Xo + Yo =
2x0, XoYo = ayp). So there exists zp such that
(2X0)%(2Y0)? — 48a%(2X, + 2Yp) = 22.

Therefore (4a)?|23 thus zg = 4awp (for some wp). So we have 23 — ayo = (£4522)? and y3 — Bz =

wi. O
Theorem 2.6. The system

z? —ay = 22
y2 _ ,BIL' — ,w2 )

where af # 0, has finitely many nonzero solutions (xoyo # 0) if and only if there is no integer

with

Ba? = (29)%, 4v]aB, ged(2y,a)|y?.
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Proof. Assume that the system has infinitely many nonzero solutions. Considering the
Lemma 2.5, the equation X2Y? —48a?(X +Y) = Z? has infinitely many nonzero solutions of the
form (2X,,2Y,), where 2| X, + Y, and a|X.Y.. Therefore there exists at least one integer couple
(2X.,2Y,) = (2Xy, 2Y)) such that

(4802)* + 4(4602)(2X0)> =0 or (4B8a%)? + 4(48a°)(2Yy)? = 0,
(by considering the previous note). So we have
i) (2X0)2(2Y0)? — 48a2(2Xo + 2Yy) = (4arg)?,

11) 2|X0 F YO and C)LIX()}/Q,

iii) Ba? = (—2Xp)? or Ba? = (—2Yp)3.

Now considering (ii) we infer that

Xo + Yo = 2vg;, XoYo = aug = aug — 2Xovg = —Xg,
SO
ged(a, —2X0)| X2.
If Ba? = (—2X)?, then according to (i), we get (4XoYp+8X2)2 = (4arg)?, hence 4a|4 XYy +8X2
2
and so (ii) guarantees that «|2Xg and so —4Xy|af (because, —?1?(0 = 2‘;{0)
v = —Xp, we get

. Therefore putting

Ba? = (27)%, 4rlaf, ged(2y,q)|y’.
In case Ba? = (—2Y()?, we can reach the above result likewise.
Conversely, suppose that there exists an integer v which satisfies the above conditions, therefore

2 2
we can see that the pairs (z, = %, Ys = Ty — %5 = . — 2—;{—), where 7, runs over the set of

all solutions of the linear indeterminate equation 2yt + ar = 4% (r = r,), give us infinitely many
nonzero solutions for the system. O



Note. According to the above theorem we have 3a? = (27)3, 4v|af and ged(2y, a)|y? if and
only if 32a = (2))3, 4\|aB and ged(2), 3)|A? (for some 7, \)

Corollary 2.7. If a and 3 are positive (negative) integer numbers, then the a/3-homorooty
system has finitely many integer solutions on N (negative integers).

Corollary 2.8. If 4 1 a3, then the af-homorooty system has finitely many nonzero integer
solutions.

Here we study another generalization of the homorooty system.
Theorem 2.9. The following system (d-homorooty n-cyclic system)

i) ford =1,2,4 has only finitely many positive integer solutions and does not have any negative
integer solution and (in this case) d < xj < %‘id for 1<k <n.

it) for d = —1,—2,—4 has only finitely many negative integer solutions and does not have any
positive integer solution and (in this case) ”T*ld <z, <dforl<k<n.

2 )
xy —dze = Y7
23 — dzz = y3
2 _ .2
n—1 dx’fl =Yn—1
2 —dzy =y2

Z

Let n > 2 and (aq,---

Proof. Suppose d = 4 (for d = 4 the system is called “homorooty n-cyclic system”), if n = 2,
then it is clear, by Lemma . ,an) be a positive integer solution of the
homorooty n-cyclic system, therefore (ax_1,ar) — N, {(an,a1) — N, for all 2 < k < n, thus
ax—1 <ap+1,a, <a;+1 and so

ag—k+1<ap,<ar+n—k+1,
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for all 2 < k < n, ie.,
ap—1<ay<a;+n-—1, ag—2<az3s<ar+n—2,---,

(%) ap—n+1<a, <a;+1.

By (*) we consider two cases:
Case 1. ag =a1 — 1. If ap, = a1y — k+ 1, for all 2 < k < n, then

(an,=a1—n+1,(a;—n+1)+n—-1) =N,

thus a; —n+1 < n+3 (by (II)-(c) of Section 1), i.e., a1 < 2n+4, and if there exist a (least) natural
ko such that ax, # a1 —ko+1 (clearly ko > 2), then (by (x)) there exist an ¢ such that 2 <i < n+1
and ax, = a1 — ko + 4. Since ag,—1 = a1 — ko + 2 we have (a1 — ko + 2,a1 — ko + i) — N, i.e.,
(a1 —ko+2,(a1 —ko+2)+i—2) > N,;soa; —ko+2<i+2<n+3thusa; <n-+ko+1<2n+1.

Case 2. az # a; — 1. By (%) we have as = a3 +¢ where 0 <i <n—1so < ay,a; +i >— N thus
ap <i+4<n+3.
On the other hand since a% — 4as > 0, a% —4a3 >0, --- , ai_l — 4a, > 0 and a% —4ay > 0,

then combining them we get
271.—1

2y/a1 < a, < 22,%2(11
So a; > 4. Therefore we have proved that 4 < a; < 2n + 2 but since this system is symmetric
(circle symmetric with respect to z1,- - ,x,), we have 4 < ap < 2n+2, for all 1 < k < n.

Now let (ay,- - ,a,) be a negative solution of the system so we have —ar_; < —a — 1 and
—a, < —a; — 1, forall 2 < k <n, thus —a; < —a, —n+1< —a; —nson < 0, that is a
contradiction.

For d = +1,42, —4, multiplying the system by (4/d)? and putting Xy = 4z /d, Yy = 4y /d,
prove the claims (by the previous part). O
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Note. Since (2n +2,2n+1,--- ,n+ 3) and (4,--- ,4) are positive solutions of the homorooty
n-cyclic system, then the bounds of the solutions in the above theorem are their best bounds.

Remark 2.1. We discussed a lot of equations. In case thet constant (d, n, a, 8, - - - ) are determined,
equations can be solvable very well by the procedure of the proofs of their related theorems. For
example, all solutions of the homorooty 3-cyclic system are

(4,4,4),(8,7,6), (4,-5,4),(3,-4,4), (0, —r{, —rar{ — 13),
and the general solution of the equation z2y?> —x —y — 22 =0 is
(1,2), (=r,7), (0, —r?).

It is worth noting that the Homorooty is conducive to study some indeterminate equations re-
formable into f? — 4g = p?, where f, g, p are polynomials.
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