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THE DUAL SPACE OF THE SEQUENCE SPACE by, (1 <p < o0)

M. IMANINEZHAD anDp M. MIRI

ABSTRACT. The sequence space buv, consists of all sequences (zx) such that
(zk — zk—1) belongs to the space lp. The continuous dual of the sequence space bup
has recently been introduced by Akhmedov and Basar [Acta Math. Sin. Eng. Ser.,
23(10), 2007, 1757-1768]. In this paper, we show a counterexample for case p = 1
and introduce a new sequence space doo instead of d; and show that bv1™ = deo.
Also we have modified the proof for case p > 1. Our notations improve the presen-
tation and are confirmed by last notations I1* =l and I,* = I,.

1. PRILIMINARIES, BACKGROUND AND NOTATION

Let w denote the space of all complex-valued sequences, i.e., w = CN where N =
{0,1,2,3,...}. Any vector subspace of w which contains ¢, the set of all finitely
non-zero sequences, is called a sequence space. The continuous dual of a sequence
space A which is denoted by A\* is the set of all bounded linear functionals on A.
The space bv,, is the set of all sequences of p-bounded variation and is defined by

1

p

oo
b, == (x) Ew: Z|xk—xk,1|p < o0 (1<p< o)
k=0

and
bve = {x = (z) € w:sup o — 21| < OO}
ken
where x_1 = 0.
Now, let

-

P

o0
||x||bvp = Z T ]
k=0

and
||5€||bv<,c = sup |zp — Tr_1].
keN

Then bv, and bv,, are Banach spaces with these norms and except the case p = 2,
the space bv, is not a Hilbert space for 1 < p < oo. If we define a sequence
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bk = (bsﬁ));’f’zo of elements of the space bu, for every fixed k € N by

b(k)* 0, ifn<k
nC T 1, ifn >k

then the sequence (b(k))zio is a Schauder basis for bv, and any = € bu, has a
unique representation of the form

z=Y Apb™®
k=0

where A\, = (x — x—1) for all k € N.
2. A COUNTEREXAMPLE
In [1, Theorem 2.3] for case p = 1 suppose f = (3,—1,0,0,0,...), i.e.,
fo=f() =3, fi=fle)=—-1, fe=f(e")=0 forall k>2.
Trivially f € bvj and

fl@)=f (Z (Ax)kb<k>> = 2(Axz)o — (Az);.

k=0
So

(1) Ifl = sup |f(x)]=__ sup  [2(Az)o — (Az)1| = 2.
[P T2, l(An)il=1

Now inequality (2.5) in [1, Theorem 2.3] asserts that || f|| > sup |37, f;| =3
k,neN
which is a contradiction.
3. THE SPACES do AND dg (1 < ¢ < 00)

In this section, we introduce two sequence spaces and show that they are Banach
spaces and then we give the main theorem of the paper. Let
< oo}
1

@=&=mmﬂawm%=6afﬁﬂY<w}(uw<m>

k=0 j=k

o0

P

Jj=k

= {a= (@) € fall, = sup
kEN

and

Theorem 3.1. d, is a sequence space with usual coordinatewise addition and
scalar multiplication and ||-||;_ is a norm on du.
oo
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Proof. We only show that [|-[|; is a norm on du.. Let

11111---
01111
p—| 00111
00011
Then
11111--- ao Dm0 4y
01111 ay >4y
Da = 0oo111--- a2 — 2%2%—
00011--- as Zj:3aj
So |alld,, = supk€N|Z;ikaj| = supgey |(Da)i| = HDaHlm. Now, if a € du
then ||Dall;, = |lalla,. < oo hence Da € lx. Also if Da € o, then |allq, =

[[Dall;,, < oo hence a € dos. So a € d if and only if Da € l,. Now since
(D) 0 < [|Dall; = llallg,, < oo
(I lla+0ll4, = [[Da+ Doll,  <|[Dall,  +[[Dbl|, = llalla, + bl
() [la-ally,, = lla- Dal,, = laf - [|Dall,, = |a] - [lallq,,

[ll4.. is a norm on de. O

Theorem 3.2. d., is a Banach space.

Proof. Let (a(™)2, is a Cauchy sequence in do. So for each € > 0 there exists

N € N, such that for all n,m > N
Ha(”) - a(m)”dm <e.

So
|Da™ — Dat™, = lla™ —a™], <e.

So the sequence (Da(™)% is Cauchy in lo. So there exists a € I, such that
Da™ — a in lo. So |[Da™ — DD al|, — 0 and |a" — D 'all, —0
Furthermore, D~'a € dy, since DD 'a =a € l. O

Theorem 3.3. bv] is isometrically isomorphic to d.
Proof. Define T : bv} — doo and T'f = (f(e(?), f(eM), f(e®),... ) where
e® =(0,...,0, ‘1 ,0,...).
~~

kthterm

Trivially, T is linear and injective since

Tf=0= f=0.
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T is surjective since if § = (go, g1, 92,93, - .) € doo then if we define f : bv; — C

by
flo)=> (Ax) Y g
k=0 j=k

Then f € bvj. Trivially, since f is linear and

@)1= YA, Zgj S INH)
k=0 k=0 j=k
< Z [(Az) klsup D9l =2 1(Az)el)|gllan.
j k k=0

= ||9||doo~||m|‘bv1

and Tf = g, so T is surjective. Now we show that T is norm preserving, we have
9l =[r(San e )| = [y s
k=0 j=k k=0
oo oo (oo}
< SIS | < sl S 1)
k=0 j=k =k

< llzllpor - TS llae

So

(%) [l
On the other hand, |Zj‘;k f(e(j))}

‘Z;o_k f(e(j))’< | f]] for all k € N.

IA

1T flla..
FO®)] < AL 18 o, = ] So

So
. (4)
Zlelglj_zkf(e )< 1,
ie.,
(1) 1T fllae < I£I
by (*) and (f) we are done. O

Theorem 3.4. d; (1 < g < 00) is a sequence space with usual coordinatewise
addition and scalar multiplication and |.||q, is a norm on dg.

Proof. With notations of Theorem 3.1, ||al|la, = ||Dal;, and a € dq < Da € 1.
The continuation of the proof is similar to Theorem 3.1. (|

Theorem 3.5. d;, (1 <gq < o) is a Banach space.

Proof. The proof is similar to proof of Theorem 3.2 and we omit it. U
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Theorem 3.6. Let 1 < p < oo and %—l—% = 1, then bu, is isometrically
isomorphic to d,.

Proof. Define A : bv — dg by f — Af = (f(el9), f(eM)), f(e®),...). Triv-
ially A is linear. Additionally, since Af = 0 = (0,0,0,...) implies f = 0, A is
injective. A is surjective since if a = (ay) € d, and define f on the space bv, such

that
f@) =S (aa)e S ay.
k=0 j=k

Then f is linear. Since

(Am)kZaJ
~ =
(oo} % o0 ] q a
S[ZMAW] DD al | =z, - llalla,
k=0 k=0'j=k

it yields to [|f]| < [lalla, < oc. So f € bv; and Af = a.
Now, we show that A is norm preserving. Let f € bv, and z = (k)72 € bup,
then

@) =[S (80 S ) \ > [(aen Y se)
k=0 j=k k=0 j=k
[z| wanl | SIS | = bl 1471,
k=0"j=k
So
(%) 1A < 1ASf]la,-
On the other hand, suppose f € bv, and z(M™ = (xén)):io are such that
q—1 00 )
sgn( f(e(J))>7 if (0<k<n)
(Azt™M), = ;c

We note that 3772, (D) = f(6*)). So 2™ € bu, since Az(™ € [,,.
Then it is clear that

Az™ =
00 — o] oo q—1 oo
() sgn(Zf 0) ) S TS SEE RN
7=0 7=0 j=n j=n
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So
o] — 00 o] q—1 00
0 = | |3 7 Sgn(zf W) ) bo+ > 7)) Sgn(zf(em)
=0 J=0 j=1 J=1
b() bl
) ) Zbk 7tat7ta
k=0
——
t=n-+1thterm
So if we let f, = f(e®), then
F@™) =bofo +
bo f1 + b1 f1+
bo fo + b1 fo + ba fot+
bo f3 4 b1 f3 + bafs + b3 fs+
bofn + bifn +bafn +b3fu+ ...+ byfat
bo frn+1 +b1fnt1 +bafnsr +03fnpr + .o F bp frpt
bo frnt2 + b1 frye +b2fng2 +b3fnpa + ...+ by frpot
bofn+3 + blfn+3 + bzfn+3 + b3fn+3 + .o+ bpfrist
Z >
k=0 "'j=k
So
n | oo n | oo q
> Z = [£@)] <A N2 b, = 1£1I - S f
k=0 j=k k=0 j=k
Since
l ron 1
12 o, = A2y, = Z Az ] -3 |Ax§:>|ﬂ
Lk=0

1
P

12 s (X0
| k=0 "1j=Fk j=k i
-2y
j=k

k=0
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So ) B
n | oo q n 0o P
i <NA- DD fl
k=0 !j=k k=0 j=k
So
(1) 1A= 1D = [|Aflla,-
k=0'j=k

Therefore, by combinig the results (*) and (f), A is norm preserving. Hence
bu, is isometrically isomorphic to dy. O
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