Acta Math. Univ. Comenianae Vol. LXXIX, 1(2010), pp. 19–29 19

FOURIER COEFFICIENTS OF HILBERT CUSP FORMS ASSOCIATED WITH MIXED HILBERT CUSP FORMS

MIN HO LEE

Abstract. We express the Fourier coefficients of the Hilbert cusp form L^∗_hf associated with mixed Hilbert cusp forms f and h in terms of the Fourier coefficients of a certain periodic function determined by f and h. We also obtain an expression of each Fourier coefficient of L^∗_hf as an infinite series involving the Fourier coefficients of f and h.

1. Introduction

Mixed automorphic forms are automorphic forms defined by using an automorphy factor associated with an equivariant holomorphic map of Hermitian symmetric domains, and certain types of mixed automorphic forms occur as holomorphic forms of the highest degree on a family of Abelian varieties parametrized by a locally symmetric space (cf. [7]). When the Hermitian symmetric domains are Cartesian products of the Poincaré upper half plane H, we obtain mixed Hilbert modular forms which generalize the usual Hilbert modular forms (see [5]).

Let Γ be a discrete subgroup of SL(2, R)^n. Assume that there are a holomorphic map ω : H^n → H^n and a homomorphism χ : Γ → SL(2, R)^n such that ω is equivariant with respect to χ. If r = (r_1, . . . , r_n) ∈ Z^n with r_i ≥ 0 for each i, we denote by J^r : Γ × H^n → C the automorphy factor defining Hilbert modular forms for Γ of weight r. Then mixed Hilbert modular forms for Γ of type (r, r^′) are defined by using the automorphy factor J^r · (J^{r′} ∘ (χ, ω)). Hilbert cusp forms and mixed Hilbert cusp forms are defined with an additional condition on the cusps.

Let S_k(Γ) and S_{m,r}(Γ, ω, χ) be the spaces of Hilbert cusp forms of weight k and mixed Hilbert cusp forms of type (m, r), respectively, for Γ. Given an element h ∈ S_{m,r}(Γ, ω, χ), we consider the associated linear map

L_h : S_k(Γ) → S_{k+m,r}(Γ, ω, χ)

defined by L_h(g) = gh for all g ∈ S_k(Γ), and denoted by

L^∗_h : S_{k+m,r}(Γ, ω, χ) → S_k(Γ)

Received August 8, 2008.

2000 Mathematics Subject Classification. Primary 11F41.

This research was supported in part by a PDA award from the University of Northern Iowa.

20 MIN HO LEE

corresponding adjoint linear map with respect to the Petersson inner products. This map determines a Hilbert cusp form L^∗_hf ∈ S_k(Γ) associated with a mixed Hilbert cusp form f ∈ S_{k+m,r}(Γ, ω, χ).

In this paper we express the Fourier coefficients of the Hilbert cusp form L^∗_hf associated with mixed Hilbert cusp forms f ∈ S_{k+m,r}(Γ, ω, χ) and h ∈ S_{m,r}(Γ, ω, χ) in terms of the Fourier coefficients of some periodic function determined by f and h. We also obtain an expression of each Fourier coefficient of L^∗_hf as an infinite series involving the Fourier coefficients of f and h.

2. Mixed Hilbert modular forms

We fix a positive integer n and let H^n be the Cartesian product of n copies of the Poincaré upper half plane H. Then the usual operation of SL(2, R) on H by linear fractional transformations induces an action of the n-fold product SL(2, R)^n of SL(2, R) on H^n. Let F be a totally real number field with [F : Q] = n, so that there are n embeddings

(2.1) a → a^{(j)}, F → R

for 1 ≤ j ≤ n. These embeddings induce the injective homomorphism

(2.2) ι : SL(2, F ) → SL(2, R)^n

defined by

(2.3) ι � a b c d � = � a^{(1)} b^{(1)} c^{(1)} d^{(1)} � , . . . , � a^{(n)} b^{(n)} c^{(n)} d^{(n)} �

for all

�_{a b} c d � ∈ SL(2, F ). Throughout this paper we shall often identify an element γ of SL(2, F ) with its image ι(γ) in SL(2, R)^n under the injection ι in (2.2). Given z = (z_1, . . . , z_n) ∈ H^n and γ =

�_{a b} c d � ∈ SL(2, F ) with ι(γ) as in (2.3), we set

γz = � a^{(1)}z_1 + b^{(1)} c^{(1)}z_1 + d^{(1)}

, . . . , a^{(n)}z_n + b^{(n)} c^{(n)}z_n + d^{(n)} � . Then the map (γ, z) → γz determines an action of SL(2, F ) on H^n. For the same z ∈ H^n, γ ∈ SL(2, F ), we set

(2.4) J(γ, z) = J(γ, z)^1 = n� j=1 � c^{(j)}z_j + d^{(j)} � , J(γ, z)^r = n� j=1 � c^{(j)}z_j + d^{(j)}

�_{rj} , where 1 = (1, . . . , 1) ∈ Z^n and r = (r_1, . . . , r_n) ∈ Z^n. Then for each r ∈ Z^n we see easily that the map

(γ, z) → J(γ, z)^r : SL(2, F ) × H^n → C

is an automorphy factor, meaning that it satisfies the cocycle condition

(2.5) J(γγ^′, z)^r = J(γ, γ^′z)^rJ(γ^′, z)^r

for all z ∈ H^n and γ, γ^′ ∈ SL(2, F ).

HILBERT CUSP FORMS 21

We now consider a discrete subgroup Γ ⊂ SL(2, F ) of SL(2, R)^n. Let χ : Γ → SL(2, F ) be a homomorphism and let ω : H^n → H^n be a holomorphic map that is equivariant with respect to χ, such that, ω(γz) = χ(γ)ω(z) for all γ ∈ Γ and z ∈ H^n. We assume that the image χ(Γ) of Γ under χ is also a discrete subgroup of SL(2, R)^n and the inverse image of the set of parabolic elements of χ(Γ) coincides with the set of parabolic elements of Γ, so there is a correspondence between parabolic elements of Γ and those of χ(Γ). Let k = (k_1, . . . , k_n) and m = (m_1, . . . , m_n) be elements of Z^n with k_i, m_i ≥ 0 for each i ∈ {1, . . . , n}. If γ ∈ Γ ⊂ SL(2, F ) and z ∈ H^n, we set J^{k,m}_{ω,χ} (γ, z) = J(γ, z)^kJ(χ(γ), ω(z))^m, where J(·, ·) is as in (2.4). Using the cocycle condition in (2.5), we see that the resulting map J^{k,m}_{ω,χ} : Γ × H^n → C is an automorphy factor satisfying the relation J^{k,m}_{ω,χ} (γγ^′, z) = J^{k,m}_{ω,χ} (γ, γ^′z) · J^{k,m}_{ω,χ} (γ^′, z) for all γ, γ^′ ∈ Γ and z ∈ H^n.

Let s be a cusp of Γ and σ an element of SL(2, F ) ⊂ SL(2, R)^n such that σ(∞) = s. If we set Γ^σ = σ^{−1}Γσ ⊂ SL(2, R), then ∞ is a cusp of Γ^σ . We extend the homomorphism χ : Γ → SL(2, F ) to a map χ : Γ^′ → SL(2, F ) where Γ^′ = Γ ∪ {α ∈ SL(2, F ) | α(∞) = s, s a cusp of Γ}.

We consider a holomorphic function f : H^n → C satisfying f(γz) = J^{k,m}_{ω,χ} (γ, z)f(z) for all γ ∈ Γ and z ∈ H^n and define the function f | σ : H^n → C by (f | σ)(z) = J^{k,m}_{ω,χ} (σ, z)^{−1}f(σz) for all z ∈ H^n. Then, we have (f | σ)(γz) = J^{k,m}_{ω,χ} (γ, z)(f | σ)(z) for all γ ∈ Γ^σ and z ∈ H^n. We set (2.6) Λ = Λ(Γ^σ) = {λ ∈ F | (^{1 λ}_{0 1} ) ∈ Γ} which we identify with a subgroup of R^n via the natural embedding F → R^n in (2.1) so that Λ is a lattice in R^n. Let Λ^∗ be the corresponding dual lattice given by Λ^∗ = {ξ ∈ F | Tr(ξλ) ∈ Z for all λ ∈ Λ}, where Tr(ξλ) =

�_n j=1 ξ_j λ_j . Using the fact that ∞ is a cusp of Γ^σ and noting that

22 MIN HO LEE

χ carries parabolic elements to parabolic elements, we see that the function f | σ has a Fourier expansion at ∞ of the form

(2.7) (f | σ)(z) = � ξ∈Λ^∗

A_ξ exp(2π i Tr(ξz)).

This series is the Fourier expansion of f at the cusp s and the coefficients A_ξ are the Fourier coefficients of f at s.

Definition 2.1. Let Γ ⊂ SL(2, F ) be a discrete subgroup SL(2, R)^n with cusp s and let f : H^n → C be a holomorphic function satisfying

f(γz) = J^{k,m}_{ω,χ} (γ, z)f(z) for all z ∈ H^n and γ ∈ Γ.

(i) The function f is regular at s if the Fourier coefficients of f at s satisfy the condition that ξ ≥ 0 whenever A_ξ ≠ 0.

(ii) The function f vanishes at s if the Fourier coefficients of f at s satisfy the condition that ξ > 0 whenever A_ξ ≠ 0.

Definition 2.2. Let Γ, χ and ω be as above and assume that the quotient space Γ\H^n ∪ {cusps} is compact. A mixed Hilbert modular form of type (k, m) associated with Γ, χ and ω is a holomorphic function f : H^n → C satisfying the following conditions

(i) f(γz) = J^{k,m}_{ω,χ} (γ, z)f(z) for all γ ∈ Γ. (ii) f is regular at the cusps of Γ.

The holomorphic function f is a mixed Hilbert cusp form of the same type if (ii) is replaced with the following condition:

(ii)^′ f vanishes at the cusps of Γ.

Remark 2.3. Mixed Hilbert modular forms of certain types occur naturally as holomorphic forms on a family of Abelian varieties parametrized by a Hilbert modular variety (see [5]). A special case of such a family and their connections with Hilbert modular forms were also investigated by Kifer and Skornyakov in [3].

3. Hilbert cusp forms associated with mixed Hilbert cusp forms

Let Γ ⊂ SL(2, R)^n, χ : Γ → SL(2, R)^n and ω : H^n → H^n be as in Section 2. Let S_{m,r}(Γ, ω, χ) for m, r ∈ Z^n with nonnegative components be the space mixed of Hilbert cusp forms of type (m, r) for Γ associated with ω and χ in the sense of Definition 2.2. Note that a mixed Hilbert cusp form of type (m, 0) with 0 = (0, . . . , 0) ∈ Z^n is simply a usual Hilbert cusp form of weight m. We denote by S_k(Γ) the space of Hilbert cusp forms of weight k for Γ.

We fix an element h ∈ S_{m,r}(Γ, ω, χ). Then for each g ∈ S_k(Γ), we see that the product gh is an element of S_{k+m,r}(Γ, ω, χ). Thus we obtain the linear map

L_h : S_k(Γ) → S_{k+m,r}(Γ, ω, χ)

defined by L_h(g) = gh

HILBERT CUSP FORMS 23

for all g ∈ S_k(Γ). As it is well-known, the complex vector space S_k(Γ) is equipped with the Petersson inner product given by (3.1) ⟨g_1, g_2⟩ = � Γ\H^n

g_1(z)g_2(z)(Im z)^kdμ(z)

for all g_1, g_2 ∈ S_k(Γ), where

(Im z)^k = (y_1, . . . , y_n)^k = n� j=1 y^{kj}_j , dμ(z) = n� j=1 y^{−2}_j dx_j dy_j

for k = (k_1, . . . , k_n) and z = x + i y ∈ H^n with x = (x_1, . . . , x_n), y = (y_1, . . . , y_n) ∈ R^n. We can also define the Petersson inner product on S_{k+m,r}(Γ, ω, χ) by (3.2) ⟨⟨f_1, f_2⟩⟩ = � Γ\H^n

f_1(z)f_2(z)(Im z)^{k+m}(Im ω(z))^rdμ(z)

for all f_1, f_2 ∈ S_{k+m,r}(Γ, ω, χ). We denote by (3.3) L^∗_h : S_{k+m,r}(Γ, ω, χ) → S_k(Γ) the adjoint linear map of L_h with respect to the Petersson inner products in (3.1) and (3.2), so that (3.4) ⟨L^∗_hf, g⟩ = ⟨⟨f, L_hg⟩⟩ for all f ∈ S_{k+m,r}(Γ, ω, χ) and g ∈ S_k(Γ).

Let o be the ring of integers in the totally real number field F with [F : Q] = n considered in Section 2 and let n be a nonzero ideal of o. Then the principal congruence subgroup of level n is the subgroup of SL(2, o) given by Γ(n) = {γ ∈ SL(2, o) | γ ≡ 1 (mod n)}, which is regarded as a discrete subgroup of SL(2, R)^n as usual. We set n^∗ = {r ∈ F | Tr(rn) ⊂ o}, and consider a totally positive element ν of n^∗. Then the ν-th Poincaré series of weight k with respect to Γ is given by (3.5) P_{k,ν} (z) = � γ∈Γ_∞\Γ

J(γ, z)^{−k} exp(2π i Tr(ν(γz)))

where J(γ, z) is as in (2.4) and Γ_∞ is the subgroup of Γ consisting of the elements of the form (^{1 ∗}_{0 1} ) (see [2, Section 1.13]).

We consider an element ϕ ∈ S_k(Γ) and write its Fourier expansion at ∞ considered in (2.7) in the form ϕ(z) = � ξ∈Λ^∗

A_ξ(ϕ) exp(2π i Tr(ξz))

for all z ∈ H^n. Then we have (3.6) ⟨ϕ, P_{k,ν} ⟩ = A_ν (ϕ) · vol(R^n/Λ) · n� j=1 Γ(k_j − 1) (4πν_j )^{kj −1} ,

24 MIN HO LEE where Γ is the Gamma-function and Λ is as in (2.6) (cf. [2]). In particular, the Fourier expansion of the image L^∗_hf of an element f ∈ S_{k+m,r}(Γ, ω, χ) under the map L^∗_h in (3.3) associated with h ∈ S_{m,r}(Γ, ω, χ) can be written in the form (3.7) L^∗_hf(z) = � ξ∈Λ^∗

A_ξ (L^∗_hf) exp(2π i Tr(ξz)).

For the same f and h we also set (3.8) Φ^{m,r}_{f,h} (z) = f(z)h(z)(Im z)^m(Im ω(z))^r for all z ∈ H^n.

Lemma 3.1. If f ∈ S_{k+m,r}(Γ, ω, χ) and h ∈ S_{m,r}(Γ, ω, χ), the Fourier coefficient A_ξ(L^∗_hf) of L^∗_hf ∈ S_k(Γ) in (3.7) for ξ ∈ Λ^∗ is given by (3.9)

A_ξ(L^∗_hf) = 1 vol(R^n/Λ) n� j=1 (4πξ_j )^{kj −1} Γ(k_j − 1) � Γ\H^n

Φ^{m,r}_{f,h} (z)P_{k,ξ}(z)(Im z)^kdμ(z),

where Φ^{m,r}_{f,h} (z) is as in (3.8) and P_{k,ξ}(z) is the Poincaré series in (3.5).

Proof. Using (3.2), (3.4), (3.6) and (3.8), we see that

A_ξ (L^∗_hf) · vol(R^n/Λ) · n� j=1 Γ(k_j − 1) (4πξ_j )^{kj −1} = ⟨L^∗_hf, P_{k,ξ}⟩ = ⟨⟨f, L_hP_{k,ξ}⟩⟩ = ⟨⟨f, hP_{k,ξ}⟩⟩ = � Γ\H^n

f(z)h(z)P_{k,ξ}(z)(Im z)^{k+m}(Im ω(z))^rdμ(z) = � Γ\H^n

Φ^{m,r}_{f,h} (z)P_{k,ξ}(z)(Im z)^kdμ(z);

hence the lemma follows. □ 4. Fourier coefficients Let the mixed Hilbert cusp forms h ∈ S_{m,r}(Γ, ω, χ), f ∈ S_{k+m,r}(Γ, ω, χ) and the associated functions L^∗_hf, Φ^{m,r}_{f,h} be as in Section 3. In this section we express the Fourier coefficients of L^∗_hf in terms of those of Φ^{m,r}_{f,h} . We also obtain an expression of each Fourier coefficient of L^∗_hf as an infinite series involving the Fourier coefficient of f and h.

Lemma 4.1. The function Φ^{m,r}_{f,h} in (3.8) satisfies the relation (4.1) Φ^{m,r}_{f,h} (γz) = J(γ, z)^kΦ^{m,r}_{f,h} (z) for all z ∈ H^n and γ ∈ Γ.

HILBERT CUSP FORMS 25

Proof. Since f ∈ S_{k+m,r}(Γ, ω, χ), h ∈ S_{m,r}(Γ, ω, χ), given z ∈ H^n and γ ∈ Γ, we see that

Φ^{m,r}_{f,h} (γz) = f(γz)h(γz)(Im γz)^m(Im χ(γ)ω(z))^r = J(γ, z)^{k+m}J(χ(γ), ω(z))^rf(z)J(γ, z)^mJ(χ(γ), ω(z))^rh(z) × |J(γ, z)|^{−2m}(Im z)^m|J(χ(γ), ω(z))|^{−2r}(Im ω(z))^r = J(γ, z)^kf(z)h(z)(Im z)^m(Im ω(z))^r = J(γ, z)^kΦ^{m,r}_{f,h} (z), which proves the lemma. □ By Lemma 4.1 the function Φ^{m,r}_{f,h} satisfies Φ^{m,r}_{f,h} (z + λ) = J((^{1 λ}_{0 1} ) , z)^kΦ_{f,h}(z) = Φ_{f,h}(z) for all z ∈ H^n and λ ∈ Λ, where Λ is as in (2.6). Thus Φ^{m,r}_{f,h} has a Fourier expansion of the form (4.2) Φ^{m,r}_{f,h} (z) = � ξ∈Λ^∗

A^{m,r}_{f,h,ξ}(y) exp(2π i Tr(ξx)).

Theorem 4.2. Setting f ∈ S_{k+m,r}(Γ, ω, χ), the ξ-th Fourier coefficient of the Hilbert cusp form L^∗_hf in the expansion (3.7) is given by

(4.3) A_ξ(L^∗_hf) = n� j=1 (4πξ_j )^{kj −1} Γ(k_j − 1) � R^n_+

A^{m,r}_{f,h,ξ}(y) exp(−2π Tr(ξy))y^{k−2}dy,

where A^{m,r}_{f,h,ξ} (y) is as in (4.2).

Proof. Using (3.5) and the relation dμ(z) = (Im z)^{−2}(i /2)^ndz ∧ dz with 2 = (2, . . . , 2) ∈ Z^n, the integral on the right hand side of (3.9) can be written as

(4.4)

� F Φ^{m,r}_{f,h} (z)P_{k,ξ}(z)(Im z)^kdμ(z) = � γ∈Γ_∞\Γ � F Φ^{m,r}_{f,h} (z) exp(−2π i Tr(ξ(γz)))

× J(γ, z)^{−k}(Im z)^{k−2}(i /2)^ndz ∧ dz, where F is a fundamental domain of Γ. Given γ ∈ Γ, if we use the new variable w = u + i v = γz, the integral on the right-hand side of (4.4) is equal to

(4.5) � γF Φ^{m,r}_{f,h} (γ^{−1}w) exp(−2π i Tr(ξ(w)))J(γ, γ^{−1}w)^{−k} × (Im γ^{−1}w)^{k−2}(i /2)^nd(γ^{−1}w) ∧ d(γ^{−1}w).

26 MIN HO LEE However, by using the cocycle condition (2.5), we have J(γ, γ^{−1}w)^{−k} = J(γ^{−1}, w)^k,

(Im γ^{−1}w)^{k−2} = |J(γ^{−1}, w)|^{−2(k−2)}(Im w)^{k−2} = J(γ^{−1}, w)^{−k+2}J(γ^{−1}, w)^{−k+2}(Im w)^{k−2}, (i /2)^nd(γ^{−1}w) ∧ d(γ^{−1}w) = (i /2)^nJ(γ^{−1}, w)^{−2}dw ∧ J(γ^{−1}, w)^{−2}dw = J(γ^{−1}, w)^{−2}J(γ^{−1}, w)^{−2}du ∧ dv;

Hence (4.5) can be written in the form � γF J(γ^{−1}, w)^{−k}Φ^{m,r}_{f,h} (γ^{−1}w) exp(−2π i Tr(ξ(w)))(Im w)^kdμ(w) = � γF Φ^{m,r}_{f,h} (w) exp(−2π i Tr(ξ(w)))(Im w)^kdμ(w), where we used (4.1). By taking the summation of this over γ ∈ Γ_∞\Γ, we see that the integral on the left-hand side of (4.4) is equal to (4.6) � eF Φ^{m,r}_{f,h} (z) exp(−2π i Tr(ξ(z)))(Im z)^kdμ(z), where ~F is the subset of H^n given by (4.7) ~F = � γ∈Γ_∞\Γ γF. From (4.7) we see that ~F is a fundamental domain of Γ_∞ and therefore we have ~F = R^n_+ × [0, λ_0] = R^n_+ ×^n � j=1 [0, λ_{0,j} ], where λ_{0,j} ∈ R_+ is the generator of the j-th component of the lattice Λ in R^n for each j ∈ {1, . . . , n}. Thus, using this and (4.2), the integral (4.6) can now be written as

(4.8)

� ν∈Λ^∗ � R^n_+ � [0,λ_0]

A^{m,r}_{f,h,ν} (y) exp(2π i Tr(νx)) × Φ^{m,r}_{f,h} (z) exp(−2π i Tr(ξ(x − iy))y^{k−2}dxdy = � ν∈Λ^∗ � [0,λ_0]

exp(2π i Tr((ν − ξ)x))dx × � R^n_+

A^{m,r}_{f,h,ν} (y) exp(−2π Tr(ξy))y^{k−2}dy = vol(R^n/Λ) � R^n_+

A^{m,r}_{f,h,ξ}(y) exp(−2π Tr(ξy))y^{k−2}dy.

HILBERT CUSP FORMS 27

Thus we obtain (4.3) by replacing the integral on the right-hand side of (3.9) with (4.8); hence the proof of the theorem is complete. □ We now assume that the Fourier expansions of the mixed automorphic forms f ∈ S_{k+m,r}(Γ, ω, χ) and h ∈ S_{m,r}(Γ, ω, χ) can be written in the forms f(z) = � ξ∈Λ^∗

B_ξ exp(2π i Tr(ξz)),

(4.9)

h(z) = � η∈Λ^∗

C_η exp(2π i Tr(ηz)).

(4.10)

Since χ carries parabolic elements to parabolic elements, we have Im ω(z + λ) = Im ω(z) for all λ ∈ Λ. Thus (Im ω(z))^r has a Fourier expansion as a function of x ∈ Re z of the form (4.11) (Im ω(z))^r = � ν∈Λ^∗

W_ν (y) exp(2π i Tr(νx))

for some functions W_ν (y) of y = Im z.

Theorem 4.3. Assume that the Fourier expansions of f ∈ S_{k+m,r}(Γ, ω, χ) and h ∈ S_{m,r}(Γ, ω, χ) are as in (4.9) and (4.10), respectively. Then the α-th Fourier coefficient of the Hilbert cusp form L^∗_hf in (3.7) is given by (4.12)

A_α(L^∗_hf) = n� j=1 (α_j )^{kj −1} Γ(k_j − 1)(4π)^{mj} × � η,ν B_{α+η−ν} C_η (α + η − ν/2)^{m+k−1} � R^n_+

W_ν (~t)t^{m+k−2} exp(−|t|)dt,

where ~t = (~t_1, . . . , ~t_n) with ~t_j = (4π(α_j + η_j − ν_j /2))^{−1}t_j for 1 ≤ j ≤ n and |t| denotes the sum of the components of t ∈ R^n_+.

Proof. Using (4.9), (4.10) and (4.11), the function in (3.8) Φ^{m,r}_{f,h} can be written in the form

Φ^{m,r}_{f,h} (z) = y^m � ξ,η,ν

B_ξ C_ηW_ν (y) exp(2π i Tr((ξ + ν − η)x))

× exp(−2π Tr((ξ + η)y)) = y^m � α,η,ν

B_{α+η−ν} C_η W_ν (y) exp(−2π Tr((α + 2η − ν)y))

× exp(2π i Tr(αx)), where we have introduced a new index α = ξ + ν − η so that ξ = α + η − ν. By comparing this with the Fourier expansion of Φ^{m,r}_{f,h} (z) in (4.2), we obtain A^{m,r}_{f,h,α}(y) = y^m � η,ν B_{α+η−ν} C_ηW_ν (y) exp(−2π Tr((α + 2η − ν)y))

28 MIN HO LEE

for each α ∈ Λ^∗. Substituting this into (4.3), we have

(4.13)

A_α(L^∗_hf) = n� j=1 (4πα_j )^{kj −1} Γ(k_j − 1) � η,ν B_{α+η−ν} C_η × � R^n_+

W_ν (y)y^{m+k−2} exp(−2π Tr((2α + 2η − ν)y))dy,

= n� j=1 (4πα_j )^{kj −1} Γ(k_j − 1) � η,ν B_{α+η−ν} C_η � y_1,...,y_n≥0

W_ν (y) n� j=1 y^{mj +kj −2} j × exp(−2π(2α_j + 2η_j − ν_j )y_j )dy_j .

For 1 ≤ j ≤ n, using the new variable t_j = (4π(α_j + η_j − ν_j /2))y_j , we see that � y_j ≥0

W_ν (y)y^{mj +kj −2} j exp(−2π(2α_j + 2η_j − ν_j )y_j )dy_j = 1 (4π(α_j + η_j − ν_j /2))^{mj +kj −1} � t_j ≥0

W_ν (y^∗)t^{mj +kj −2} j exp(−t_j )dy_j ,

where y^∗ is y = (y_1, . . . , y_n) with y_j replaced with (4π(α_j + η_j − ν_j /2))^{−1}t_j . Substituting this into (4.13), we obtain (4.12); hence the proof of the theorem is complete. □

Example 4.4. We consider the result of the previous theorem in the special case for r = 0. Then the functions f, h, and L^∗_hf in Theorem 4.3 are simply usual Hilbert modular forms of weights k + m, m, and k, respectively. In this case we can consider an analog of the Dirichlet series of Rankin type L^ξ_{f,h}(s) defined by

L^ξ_{f,h}(s) = � η∈Λ^∗

A_{ξ+η} B_η (ξ + η)^s

for ξ ∈ Λ^∗ and s ∈ C^n. When r = 0, we may set W_0(y) = 1 and W_ν (y) = 0 for ν ≠ 0 in the series on the right hand side of (4.11); hence (4.12) can be written as

A_α(L^∗_hf) = n� j=1 (α_j )^{kj −1} Γ(k_j − 1)(4π)^{mj} × � η∈Λ^∗

B_{α+η} C_η (α + η)^{m+k−1} � R^n_+

t^{m+k−2} exp(−|t|)dt.

However, we see that � R^n_+

t^{m+k−2} exp(−|t|)dt = n� j=1 Γ(m_j + k_j − 1).

Thus the Fourier coefficient of L^∗_hf in (4.12) can be written in the form

A_α(L^∗_hf) =

�_n� j=1 Γ(m_j + k_j − 1)(α_j )^{kj −1} Γ(k_j − 1)(4π)^{mj} � L^ξ_{f,h}(m + k − 1)

for each α ∈ Λ^∗.

HILBERT CUSP FORMS 29

Remark 4.5. The method used in the proof of Theorem 4.3 was developed by Kohnen [4]. Results similar to those described in this section were obtained in [8] for modular forms of one variable and in [6] for Hilbert modular forms. The case of Siegel modular forms was considered in [1].

References

1. Choie Y. and Lee M. H., Mixed Siegel modular forms and special values of certain Dirichlet series, Monatsh. Math. 131 (2000), 109–122.

2. Garrett P., Holomorphic Hilbert modular forms, Wadsworth, Belmont, 1990. 3. Kifer M. and Skornyakov I., Hilbert-Kuga-Sato varieties and parabolic differentials, Zap.

Naučn. Sem. Leningrad. Otdel. Mat. Inst. Steklov. (LOMI) 86 (1979), 94–113. 4. Kohnen W., Cusp forms and special values of certain Dirichlet series, Math. Z. 207 (1991), 657–660.

5. Lee M. H., Mixed Hilbert modular forms and families of abelian varieties, Glasgow Math. J.

39 (1997), 131–140.

6. , Hilbert cusp forms and special values of Dirichlet series of Rankin type, Glasgow Math. J. 40 (1998), 71–78.

7. , Mixed automorphic forms, torus bundles, and Jacobi forms, Lecture Notes in Math., vol. 1845, Springer-Verlag, Berlin, 2004.

8. Lee M. H. and Suh D. Y., Fourier coefficients of cusp forms associated to mixed cusp forms, Panamer. Math. J. 4(1) (1994), 31–38.

Min Ho Lee, Department of Mathematics, University of Northern Iowa, Cedar Falls, IA 50614, U.S.A., e-mail: lee@math.uni.edu