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ON THE OSTROWSKI TYPE INTEGRAL INEQUALITY

M. Z. SARIKAYA

ABSTRACT. In this note, we establish an inequality of Ostrowski-type involving
functions of two independent variables newly by using certain integral inequalities.

1. INTRODUCTION

In [3], Ujevi¢ proved the following double integral inequality:

Theorem 1. Let f : [a,b]— R be a twice differentiable mapping on (a,b) and
suppose that v < f" (t) <T for allt € (a,b). Then we have the double inequality

b
) - < L0 L s < 22— oy

24 2 24

f'(b) = f'(a)
b—a
In a recent paper [2], Liu et al. have proved the following two sharp inequalities
of perturbed Ostrowski-type

where S =

Theorem 2. Under the assumptations of Theorem 1, we have

I[(z—a®—(b—2)% 1[b—a a+b[]?
12(b — a) +8{ 2 a ] (§-1)
b
1 (z —a)f(a) + (b—x)f(b) 1
(1.2) = 2 [f(x) + b—a ] b—a /f(t)dt
Y(@—a)P-0b-2)3 1[b—a a+b[]?
= 12(b — a) +8{ 2 +’ 2 ] (5=,
for all x € [a, b],
where S = W. If v, T are given by
v=min f7(8), = max f7(t)

then the inequality given by (2) is sharp in the usual sense.
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In [1], Cheng has proved the following integral inequality

Theorem 3. Let I C R be an open interval, a,b € I, a <b. f:I—-R isa
differentiable function such that there exist constants v, € R with v < f'(z) < T,
x € [a,b]. Then we have

1 (z=b)f(b) = (x—a)f(a) 1

5f(x) = - F(t)dt
(13) 2 2(b—a) b—aa/

(x—a)®+ (b—x)?

for all x € [a, b].

The main purpose of this paper is to establish new inequality similar to the
inequalities (1.1)—(1.3) involving functions of two independent variables.

2. MAIN RESULT

Theorem 4. Let f : [a,b] X [¢,d]— R be an absolutely continuous fuction such
that the partial derivative of order 2 exists and supposes that there exist constants

v, T € R with v < % <T for all (t,s) € [a,b] X [¢,d]. Then, we have

b d
e+ @y - g [ = 5o [ rw.sas
b
1
- s—a—g | = ora+ - prea
d
@1) __ r—a)f(a,s —x s)|ds
- s [ 1@ fas) + -2l

Cb d
faoaaa ) ] “‘”d““\

=0+ -2y — o) + (d—y)’]

= 32(b—a)(d—c) (=),

for all (z,y) € [a,b] x [c,d] where
H(z,y)
(z —a)[(y — o) f(a, ) +(d = y) f(a, )]+ (b — 2)[(y — ¢) f(b, ) +(d — y) (b, d)]
(b—a)(d—c)
(@ —a)f(ay) +(b-2)fby)  (y=of(z.c)+(d-y)f(x.d)
b—a d—c '

+
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Proof. We define the functions: p: [a,b] X [a,b] = R, ¢ : [¢,d] X [¢,d] — R given

by
a—+x

— =5 t € [a,z]
p(z,t) = )
- ;xa te (gjab]
and
- C—;yv ERS [C7y]
q(y,s) = .
s—%, s € (y,d].

By definitions of p(x,t) and ¢(y, s), we have

b d
82
/ / p(z, t)q(y, s) gt(;j) dsdt

a+zx c+y\ 0%f(t,s)
() (o) P
(t_a—;—x> (S_d+y)82f(t,s)dsdt

d
(2.2) + / > ) otos
a y
A 52 (t,5)
+x c+y t,s
S ) (o) P
[ b d 0% f(t,s)
btz _dty 8
+//(t— 5 >(s 5 ) 210 dsdt.
Ty

Integrating by parts twice, we can state:

x Y
a+wx c+y\ 0%f(t,s)
233 Pt

- Wb‘(%y) +fla,y) + flx,0) + fla,0)]

(2.3)

- % /[f(t,y) +f(to)dt - T ; - /[f(m,s) + f(a, s)]ds

+]/yf(t,s)dsdt.

c
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T

) (-t

:W[f(xy)+f(xd)+f(ay)+f( d)]
(2.4) f /
~4=Y [50a) 5 [t + slessid
z d y
+//f(t,s)dsdt.
by
b+a ct+y\ *f(ts)
6 ) 2t
_ W[ﬂx’y) + f(byy) + f(z,¢) + f(b,0)]
(2.5) e —a [
U5 o+ st - 25 [1rs) + 16, 9)ds
by
_|_//ftsdsdt
2 T T ) o &
:W[f(xy)+f(:cd)+f(by)+f( d)]
(2.6) oy v f
_% [f(td)+ftydt_b7/ $8+fb5

b d '
+I/y/f(t,s)dsdt.
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Adding (2.3)—(2.6) and rewriting, we easily deduce

b d
[ [ ptatn. =5 asa = 1o - aya- s

(@~ a)f(ay) + (b — @) (b, y)](d —
= O f@,0) + (d— ) f(z d))(b - a)
Ty — O f(ase) + (d— y)f(a,d)(@ - a)
Ly = 0 + (- p) fb, DO - o)}
b d
d—rc b
o) -5 =250 [ pes)as

We also have

b d
(2.8) //p(m,t)q(y,s)ds dt = 0.

Let M = T£2. From (2.7) and (2.8), it follows that

/b/dp(x,t)q(y,S) {825;(;;3) - M} ds dt

(2.9) ¢ b
z//p(x,t)q(y, 8)8 f<t’8)dsdt.

0tds

On the other hand, we get

[ fota0t0) [ 2222 ]
(2.10) * ¢

b d
2
% _M‘//|p($7t)Q(y,s)|dsdt.

< max
(t,s)€la,b] x[c,d]
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We also have

a2f(tvs) F_7
(2.11) (Lo)elabixicd | Otds M‘ =7
and
b d
— )2 b— )2 _o\2 d — )2
1z | / pla Dy, )| asae = (=== T+ (@2

From (2.10) to (2.12), we easily get

f(ts) ] ‘
z,t)q(y, s [ — M| dsdt
(2.13) ' // Otos

[(z —a)? + (b—2)°|[(y — ©)* + (d — y)?]

< I'—7).
< 9 =)
From (2.9) and (2.13), we see that (2.1) holds. O
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