Acta Math. Univ. Comenianae Vol. LXXIX, 1(2010), pp. 47–54 47

SOME SIMPLE EXTENSIONS OF EULERIAN LATTICES

A. VETHAMANICKAM and R. SUBBARAYAN

Abstract. Let L be a lattice. If K is a sublattice of L, then L is called an extension of K. Lattice extension concept was elaborately studied by G. Grätzer and E. T. Schmidt in their papers [6], [7], [9], [10]. A lattice L is said to be simple if it has no non-trivial congruences. A finite graded poset P is said to be Eulerian if its Möbius function assumes the value μ(x, y) = (−1)^{l(x,y)} for all x ≤ y in P , where l(x, y) = ρ(y) − ρ(x) and ρ is the rank function on P . In this paper, we exhibit various possible Eulerian extensions which are simple for any given Eulerian lattice L and we prove that there exists a congruence-preserving extension of an Eulerian lattice. The cubic extension of a lattice was defined by G. Grätzer and E. T. Schmidt in [11]. We show that the cubic extension becomes a congruence-preserving extension when the lattice is Eulerian.

1. Eulerian Lattices

Introduction

The subject of combinatorial theory has its origin in the work of G. C. Rota. In the 1960’s, G. C. Rota introduced the concept of posets and lattices within combinatorics in his seminal paper [17]. In G. C. Rota’s work one can find a connection between combinatorics and Möbius functions.

This led L. Solomon to introduce Möbius algebra of a poset [19] which, in turn, was studied by C. Greene [12] who showed that it could be used to derive many apparently unrelated properties of Möbius functions. Though, classically the origin of Eulerian posets could be found in the work of B. Grünbaum [13] and V. Klee [14] in 1964, it was first explicitly defined by R. P. Stanley in the paper [20] in 1982. In the book [21] by R. P. Stanley, we find many characterizations of Eulerian lattices.

Thereafter, several authors have made contributions to the field of Eulerian lattices, for example, Bayer and Billera [1], V. K. Santhi [18] and A. Vethamanickam [23].

In particular, a lot of basic results and properties of Eulerian posets were elaborately first studied by V. K. Santhi in her thesis [18]. Also, she dealt with the product of two Eulerian posets and construction of an Eulerian poset from Eulerian

Received October 30, 2008; revised August 4, 2009.

2000 Mathematics Subject Classification. Primary 06A06, 06A07, 06B10. Key words and phrases. lattices; simple lattices; Eulerian lattices; lattice extension;

congruence-preserving extension.

48 A. VETHAMANICKAM and R. SUBBARAYAN

posets of smaller ranks. In her thesis, we can find so many results in lower Eulerian and semi Eulerian posets. A. Vethamanickam’s subsequent work on Eulerian lattices which resulted in many findings inspired us for further study. His work on Eulerian lattices, strongly uniform Eulerian lattices and pleasant Eulerian posets are of great inspiration to us.

In this section, we give the basic definition and examples of Eulerian lattices.

Definition 1.1. A finite graded poset P is said to be Eulerian if its Möbius function assumes the value μ(x, y) = (−1)^{l(x,y)} for all x ≤ y in P , where l(x, y) = ρ(y) − ρ(x) and ρ is the rank function on P .

An equivalent definition for an Eulerian poset is as follows:

Lemma 1.2 ([15]). A finite graded poset P is Eulerian if and only if all intervals [x, y] of length l ≥ 1 in P contain an equal number of elements of odd and even rank.

Example. Every Boolean algebra of rank n is Eulerian and the lattice C_4 of Figure 1 is an example for a non-modular Eulerian lattice. Also, every C_n is Eulerian for n ≥ 4.

Figure 1

We note that any interval of an Eulerian lattice is Eulerian and an Eulerian lattice cannot contain a three element chain as an interval. We give the following basic definitions which are in [9] and [10].

Definition 1.3. An equivalence relation θ on a Lattice L is said to be a congruence relation on L if it is compatible with both meet and join, that is, if for all a, b, c, d ∈ L, a ≡ b (θ) and c ≡ d (θ) imply that a ∨ c ≡ b ∨ d (θ) and a ∧ c ≡ b ∧ d (θ).

Definition 1.4. A lattice L is said to be simple if it has no non-trivial congruences.

SOME SIMPLE EXTENSIONS OF EULERIAN LATTICES 49

Definition 1.5 ([9]). Let L be a lattice. If K is a sublattice of L, we call L an extension of K. If L is an extension of K, θ is a congruence of K and ϕ is a congruence of L, then ϕ is said to be an extension of θ to L if and only if the restriction of ϕ to K equals θ.

Definition 1.6. A sublattice K of L is said to have a congruence extension property if and only if every congruence of K has an extension to L and if K has zero and it is also the zero of L then L is called a 0-extension of K. If L properly contains K then L is called a proper-extension of K. That is, L \ K ≠ ϕ.

L is said to be a congruence-preserving extension of K if and only if every congruence of K has exactly one extension to L. In this case, the congruence lattice of K is isomorphic to the congruence lattice of L, that is, Con K ∼= Con L.

For the undefined terms in this section we refer to [5] and [21].

2. Simple extensions of Eulerian lattices

An algebra has a number of related structures, namely, the automorphism group, the congruence lattice, the subalgebra lattice, the endomorphism semigroups and so on. The congruence lattice and the automorphism group are two among the related structures of a finite lattice. We wish to state two famous characterization theorems. First one is due to R. P. Dilworth.

Theorem 2.1. [6] Let D be a finite distributive lattice. Then there exists a finite lattice K such that the congruence lattice of K is isomorphic to D.

The other result was due to G. Grätzer and E. T. Schmidt which is found in [6] and which is stronger than the result of R. P. Dilworth.

Theorem 2.2. Every finite distributive lattice D can be represented as the congruence lattice of a finite sectionally complemented lattice L.

For the finite groups, the characterization theorem was first published by G. Birkhoff [3] and R. Frucht [2]. It is: “Let G be a finite group. Then there exists a finite lattice K such that the automorphism group of K is isomorphic to G. The lattice K can be chosen as a simple, sectionally complemented lattice of length three.” Since 1990, the emphasis has shifted from representation theorems to extension theorems typified by the following important theorem of M. Tischendorf [22].

“Every finite lattice has congruence-preserving embedding into a finite atomistic lattice.”

Using the result of M. Tischendorf and their above-mentioned characterization theorems, G. Grätzer and E. T. Schmidt proved the following theorems which appeared in [9] and [10].

Theorem 2.3 ([9]). Every finite lattice K has a congruence-preserving embedding into a finite sectionally complemented lattice L.

Theorem 2.4 ([10]). Every lattice K has a congruence-preserving embedding into a regular lattice L.

50 A. VETHAMANICKAM and R. SUBBARAYAN

These results inspired us to work in the areas of lattice extension property and congruence-preserving extension property.

In this section, we exhibit various possible Eulerian extensions which are simple, for any given Eulerian lattice L.

The following two results are appeared in [21].

Lemma 2.5. Let P and Q be Eulerian posets. Then R = P × Q is also an Eulerian poset.

Lemma 2.6. Let P and Q be Eulerian posets and P = P \{1} and Q = Q\{1} and let R = P × Q. Then R = R ∪ {(1, 1)} is Eulerian.

2.1. The Simple Extension S_g (L_1, L_2)

Let L_1 and L_2 be two Eulerian lattices of ranks d_1 + 1 and d_2 + 1 respectively. We denote the least elements of both L_1 and L_2 by 0.

Define S_g (L_1, L_2) = (L_1 ×L_2)∪{(1, 1)}, where L_1 = L_1 \{1} and L_2 = L_2 \{1}. By Lemma 2.6, S_g(L_1, L_2) is Eulerian and of rank d_1 + d_2 + 2. We define meet and join in S_g (L_1, L_2) as follows:

(a_1, a_2) ∧ (b_1, b_2) = (a_1 ∧ b_1, a_2 ∧ b_2)

(a_1, a_2) ∨ (b_1, b_2) = { (a_1 ∨ b_1, a_2 ∨ b_2), if (a_1 ∨ b_1, a_2 ∨ b_2) exists (1, 1), if either a_1 ∨ b_1 = 1 or a_2 ∨ b_2 = 1

Let us define a mapping f : L_1 → S_g (L_1, L_2) by

f(x) = { (x, 0) if x ≠ 1 (1, 1) if x = 1

We can easily prove that f is a one-one homomorphism which implies that L_1 is isomorphic to a sublattice of S_g (L_1, L_2). Therefore, S_g (L_1, L_2) is an Eulerian extension of L_1.

Theorem 2.7. S_g (L_1, L_2) is simple.

Proof. Let θ ≠ ω be a congruence of S_g (L_1, L_2).

The atoms in S_g (L_1, L_2) are of the form either (0, x), where x is an atom in L_2 or of the form (a, 0), where a is an atom in L_1.

Since θ is a congruence of S_g (L_1, L_2), we can find an atom (0, a) in S_g (L_1, L_2) such that (0, 0) ≡ (0, a) (θ)

Since L_2 is co-atomic[21], we can find a co-atom e such that e ≱ a, for the atom a.

Suppose c_1, c_2, · · · c_i are the i (i ≥ d_1 + 1) distinct co-atoms in L_1 then (c_1, e), (c_2, e), (c_3, e), · · · , (c_i, e) are i co-atoms in S_g (L_1, L_2).

Now, (0, 0) ∨ (c_1, e) ≡ (0, a) ∨ (c_1, e)(θ) implies that (c_1, e) ≡ (1, 1)(θ).

SOME SIMPLE EXTENSIONS OF EULERIAN LATTICES 51

Similarly, (c_2, e) ≡ (1, 1)(θ) (c_3, e) ≡ (1, 1)(θ) · · · (c_i, e) ≡ (1, 1)(θ).

Since c_1, c_2, c_3, · · · , c_i are i co-atoms in L_1 and L_1 is atomic [21], we can find i distinct atoms b_1, b_2, b_3, · · · , b_i in L_1 which are respectively not comparable with these co-atoms.

Now, we have (c_1, e) ∧ (b_1, 0) ≡ (1, 1) ∧ (b_1, 0)(θ) which implies that (0, 0) ≡ (b_1, 0)(θ).

Similarly, we can find (0, 0) ≡ (b_2, 0)(θ) (0, 0) ≡ (b_3, 0)(θ) · · · (0, 0) ≡ (b_i, 0)(θ) Taking join of these equations, we get,

(0, 0) ≡ (1, 1)(θ)

Therefore, θ = S_g (L_1, L_2) × S_g (L_1, L_2).

Therefore, the only congruences of S_g (L_1, L_2) are the trivial ones. So, S_g (L_1, L_2) is simple. Hence, S_g (L_1, L_2) is a simple Eulerian extension of an Eulerian lattice L_1. □

In particular, if we take L_1 = B_n and L_2 = L then we have the following corollary.

Corollary 2.8. If L is an Eulerian lattice and B_n is a Boolean algebra of rank n then S_n(L) = (B_n × L) ∪ {(1, 1)} is a simple Eulerian extension of L.

2.2. The Extension D(L)

In this section, we give one more simple extension of a given Eulerian lattice.

Let L be an Eulerian lattice and let L = L \ {0, 1}. Define D(L) = (L ˙∪ L) ∪ {0, 1}, where the symbol ˙∪ stands for a disjoint union. Since L is Eulerian D(L) is Eulerian.

Define a mapping ψ : L → D(L) by ψ(a) = a, for any a ∈ L. This mapping is an one-one homomorphism and so is isomorphic to a sublattice of D(L).

Therefore, D(L) is an Eulerian extension of L.

Theorem 2.9. D(L) is simple.

Proof. Suppose θ is a proper congruence relation on D(L). Then we can find an atom a ∈ D(L) such that 0 ≡ a (θ). Suppose a is one of the atoms of one copy L in D(L), we can find two atoms b and c which are not comparable with a in the other copy L in D(L).

52 A. VETHAMANICKAM and R. SUBBARAYAN

Therefore, 0 ∨ b ≡ a ∨ b (θ) which implies that

b ≡ 1 (θ). (1) Similarly, 0 ∨ c ≡ a ∨ c (θ) which implies that

c ≡ 1 (θ). (2) From (1) and (2) we get, b ∧ c ≡ 1 ∧ 1 (θ). That is, 0 ≡ 1 (θ).

So θ = τ.

Therefore, D(L) is simple. Hence D(L) is a simple Eulerian extension of the Eulerian lattice L. □

We can extend the above theorem to the following lattice. Define D_n(L) = n ˙∪_{r=1} L_r ∪ {0, 1}, where each L_r is an Eulerian lattice of the same rank. By using the above theorem, we can easily prove the following corollary.

Corollary 2.10. D_n(L) is a simple Eulerian extension of each L_r, r = 1, 2, . . . . . . , n.

In fact, we even have the following lemma.

Lemma 2.11. A disjoint union of any two atomistic lattices is simple.

Remark 2.12. Lemma 2.11 shows that any atomistic lattice can be embedded into a simple atomistic lattice. Hence we conclude that any atomistic lattice has a simple extension which is also atomistic.

3. Congruence-Preserving Extension

In this section, we prove that every Eulerian lattice has a congruence-preserving Eulerian extension. To show the congruence-preserving Eulerian extension for any Eulerian lattice we follow the Cubic extension S which was defined in [11].

Let K be an Eulerian lattice. Define S = ∏( K/ϕ / ϕ ∈ M(Con K) ) , where M(Con K) is the set of all meet-irreducible elements of Con K.

For a ∈ K, D(a) = ⟨ a/ϕ / ϕ ∈ M(Con K) ⟩ . The mapping ψ : a → D(a) is an natural embedding from K to S. For a congruence θ of K, let θψ denote the corresponding congruence of Kψ. By identifying a with D(a), for a ∈ K, we can view S as an extension of K. S is called the Cubic extension of K.

Theorem 3.1. Let K be an Eulerian lattice and S be the cubic extension of K. Then S is a congruence-preserving Eulerian extension of K.

Proof. Every Eulerian lattice is either simple or a direct product of simple Eulerian lattices [23].

Since K is Eulerian, K ∼= K_1 × K_2 × · · · × K_n, where K_i’s are simple Eulerian lattices. Therefore, Con K ∼=

∏_n i=1 Con K_i [16].

Since K_i is simple, Con K is a direct product of two element chains and thus Con K is Boolean. Since Con K is Boolean, its meet irreducible elements are just

SOME SIMPLE EXTENSIONS OF EULERIAN LATTICES 53

the co-atoms of Con K. Since Con (K/ϕ) ∼= [ϕ, τ] [16], Con (K/ϕ) is a two element chain, when ϕ ∈ M(Con K).

Since S = ∏( K/ϕ / ϕ ∈ M(Con K) ) , Con S ∼= ∏ ϕ(Con (K/ϕ)). Since each Con (K/ϕ) is a two element chain, Con S is a product of two element chains. Therefore, Con S is Boolean.

We have to prove that every congruence of K has exactly one extension to S. That is, to prove that Con K ∼= Con S. Since Con K and Con S are Boolean, it is enough to prove that they have the same number of atoms (co-atoms). Since

Con S ∼= ∏ ϕ∈M(Con K)

Con (K/ϕ), Con S ∼= ∏ ϕ∈M(Con K)

[ϕ, τ].

A meet irreducible congruence in Con K contributes to a two element chain in the product defining Con S. The atoms of Con S are of the form (0, 0, , · · · , 1, 0, 0), where 1 comes in exactly one place. Therefore, there are as many atoms in Con S as there are co-atoms (meet-irreducible congruences) in Con K. Since both are Boolean, we get, Con K ∼= Con S. Thus, S is a congruence-preserving extension of the Eulerian lattice K.

Next we claim that S is Eulerian: Since a homomorphic image of an Eulerian lattice is Eulerian [23], K/ϕ being a homomorphic image of K, it is Eulerian for each ϕ ∈ M(Con K). Hence, S being a finite product of such Eulerian lattices is Eulerian. So, we conclude that S is a congruence-preserving Eulerian extension of the Eulerian lattice K. Hence the theorem. □

Acknowledgement. We are thankful to the refree for his helpful comments and suggestions while revising this paper.

References

1. Bayer M., Billera J., Counting chains and Faces in polytopes and posets, Contemporary Mathematics, 34 (1984), 207–252.

2. Frucht R., Herstellung von Graphen mit vorgegebener abstrakter Gruppe, Compos. Math, 6 (1938), 239–250.

3. Birkhoff G., On groups of automorphisms, Rev. Un. Math. Argentina, 11 (1946), 155–157. 4. , Lattice Theory, AMS Colloquim Publications, Vol XXV, 1961. 5. Grätzer, G., General Lattice Theory, Birkhauser Verlag, Basel, 1978. 6. Grätzer G. and Schmidt E. T., On congruence lattices of lattices, Acta Math. Acad. Sci.

Hungar. 13 (1962), 179–182.

7. , A lattice construction and congruence-preserving extensions, Acta Math. Hung.66 (1995), 275–288.

8. , The strong independece theorem for automorphism groups and congruence lattices of finite lattices, Beiträge Algebra Geom. 36 (1995), 97–108.

9. , Congruence-preserving extension of finite lattices to sectionally complemented lattices, Proc. Amer. Math. Soc 127(7) (1999), 1903–1915.

10. , Regular Congruence-preserving extension of Lattices, Algebra Univ., 46 (2001), 119–130.

11. Grätzer, G., Quackenbush, R.W., and Schmidt, E.T., Congruence-preserving extensions of finite Lattices to isoform lattices, Acta Sci. Math. (Szeged), 70 (2004), 473–494.

12. Greene C., On the Möbius algebra of a Partially ordered set, Advances in math. 10(1973), 177–187.

54 A. VETHAMANICKAM and R. SUBBARAYAN

13. Grünbaum B., Convex polytopes, John Wilely (Interscience), London/Newyork, 1967. 14. Klee, V., Combinatorics analogue of Poincare’s duality theorem, Canadian J. Math, 16 (1964), 517–531.

15. Paffenholz A., Constructions for Posets, Lattices and Polytopes, Doctoral Dissertation, School of Mathematics and Natural Sciences, Technical University of Berlin, 2005.

16. Mckenzie R. N., McNulty Q. E. and Tayler W. F., Algebras, Lattices, Varieties, Vol I, Wardswoth and Brooks/cole, Monterey, California, 1987.

17. Rota G. C., On the foundations of Combinatorial theory I, Theory of Möbius functions, Z. Wahrschainlichkeitstheorie, 2 (1964), 340–368.

18. Santhi V.K., Topics in Commutative Algebra, Ph.D thesis, Madurai Kamaraj University, 1992.

19. Solomon L., The Burnside algebra of a finite group, J. Combinatorial theory, 2 (1967), 603–615.

20. Stanley R. P., Some aspects of groups acting on finite posets, J. Combinatorial theory, A, 32 (1982), 131–161.

21. , Enumerative Combinatorics, Volume 1, Wordsworth and Brooks/Cole, 1986. 22. Tischendorf, The representation problem for algebraic distributive lattices, Ph.D thesis, Darmstadt, 1992.

23. Vethamanickam A., Topics in Universal Algebra, Ph.D thesis, Madurai Kamaraj University, 1994.

A. Vethamanickam, Department of Mathematics, H. H.The Rajah’s College, Pudukkottai-622 001, Tamilnadu, India, e-mail: dr vethamanickam@yahoo.co.in

R. Subbarayan, Department of Mathematics, Mount Zion College of Engineering and Tech, Pudukkottai-622 507, Tamilnadu, India, e-mail: aquarayan@rediffmail.com