Acta Math. Univ. Comenianae Vol. LXXIX, 2(2010), pp. 231–244 231

REGULARITY AND A PRIORI ESTIMATES OF SOLUTIONS FOR SEMILINEAR ELLIPTIC SYSTEMS

I. KOSÍROVÁ

Abstract. We improve recent results of Li [11] on L^∞-regularity and a priori estimates for non-negative very weak solutions of elliptic systems in bounded domains. The proof is based on an alternate-bootstrap procedure in the scale of weighted Lebesgue spaces.

1. Introduction

The aim of this paper is to extend some recent results of Li [11] on L^∞-regularity and a priori estimates for solutions of elliptic systems of the form

−Δu = f(· , u, v) −Δv = g(· , u, v) u = 0 v = 0

} in Ω, } on ∂Ω. (1)

Throughout this paper we will assume that Ω is a bounded domain in R^N , with a smooth boundary ∂Ω and f, g are non-negative Carathéodory functions. We are mainly interested in very weak solutions (u, v) of problem (1).

Let us first consider the corresponding scalar problem (2) −Δu = f(x , u) u = 0 in Ω, on ∂Ω, }

where f satisfies the growth assumption

0 ≤ f(x, u) ≤ C(1 + |u|^p), p > 0. (3) Let us denote by L^k_δ (Ω) the weighted Lebesgue space L^k(Ω, δ(x)dx) where δ(x) = dist(x, ∂Ω). We call u an L^1_δ -solution (or a very weak solution) of (2) if u ∈ L^1(Ω), f(·, u(·)) ∈ L^1_δ (Ω) and ∫ Ω (u(x)Δφ(x) − f(x , u)φ(x))dx = 0 for all φ ∈ C^2(Ω), φ|_{∂Ω} = 0. (4)

Received October 1, 2009; revised October 21, 2009.

2000 Mathematics Subject Classification. Primary 35J55, 35J65; Secondary 35B33, 35B45, 35B65.

Key words and phrases. very weak solutions; elliptic system; a priori estimates; regularity.

232 I. KOS^´IROV^´A

It is known, see [4] and [17], that all very weak solutions of (2) belong to L^∞(Ω) provided p < p_c, where p_c is defined by

p_c :=

∞, if N < 2, N + 1 N − 1

, if N ≥ 2. (5) On the other hand, unbounded very weak solutions of (2) were constructed for p ≥ p_c in [7], [19], see also [2], [3]. If Ω is not smooth, then the critical exponent p_c depends also on Ω, see [9], [13]. The critical exponent will also change if we replace the homogeneous Dirichlet boundary condition with homogeneous Neumann or Newton boundary condition, see [17]. The critical exponent for scalar problems with nonlinear boundary conditions in smooth domains was established in [16].

In the case of systems, very weak solutions of (1) are defined analogously to the scalar case, see [11, Definition 2.1] for details. The boundedness of very weak solutions of systems and their a priori estimates were studied in [5], [10], [11], [12], [17] and [19]. Let us mention some related results from [11], [17] and [19].

In 2004, P. Quittner and Ph. Souplet [17] showed that any non-negative L^1_δ -solution (u, v) of system (1) belongs to L^∞(Ω) and has the a priori bound ‖u‖_∞ + ‖v‖_∞ ≤ C(Ω, p, q, γ, σ, N, C_1, M) (6) provided ‖u‖_L1_δ + ‖v‖_L1_δ ≤ M,

0 ≤f(x, u, v) ≤ C_1(1 + |v|^p + |u|^γ ),

0 ≤g(x, u, v) ≤ C_1(1 + |u|^q + |v|^σ ), (7)

where

max {p + 1, q + 1} > pq − 1 p_c − 1 , (8) 1 ≤ γ, σ < p_c (9) and p, q > 0. Their proof was based on a bootstrap argument using L^p_δ -regularity of the Dirichlet Laplacian, see [8] and Lemma 2.1 below. They also found sufficient conditions on f, g guaranteeing the estimate (7).

In 2005, Ph. Souplet [19] showed that the exponent p_c appearing in (8), (9) is optimal. Assuming

max {p + 1, q + 1} < pq − 1 p_c − 1 , (10)

he constructed functions a, b ∈ L^∞(Ω) , a, b ≥ 0 such that the problem −Δu = av^p −Δv = bu^q

u = 0 v = 0

} in Ω, } on ∂Ω,

(11)

ESTIMATES OF SOLUTIONS FOR SEMILINEAR ELLIPTIC SYSTEMS 233

admits a positive very weak solution (u, v) /∈ L^∞(Ω) × L^∞(Ω).

Recently, Y.-X. Li [11] improved the results in [17]. He proved that (7) implies (6) under more general assumptions on f, g: 0 ≤ f(x, u, v) ≤ C_1(1 + |u|^r|v|^p + |u|^γ ), 0 ≤ g(x, u, v) ≤ C_1(1 + |u|^q|v|^s + |v|^σ ), } (12)

where r, s, min{p + r, q + s} ∈ [0, p_c) ,

(13)

max{p + 1 − s, q + 1 − r} > pq − (1 − r)(1 − s) p_c − 1 , (14) p, q > 0 and (9) is true. Notice that if r = s = 0, then the assumptions (13), (14) are equivalent to (8) (since (8) guarantees that min{p, q} < p_c). Similarly to [19], Li also constructed an example showing that his results are optimal in some sense. In this paper, we obtain the following improvement of his results.

Theorem 1.1. Let f, g : Ω × R^2 → [0, ∞) satisfy

f(x, u, v) ≤ C_1(1 + |u|^{r1} |v|^{p1} + |u|^{r2} |v|^{p2} + |u|^γ ), g(x, u, v) ≤ C_1(1 + |u|^{q1} |v|^{s1} + |u|^{q2} |v|^{s2} + |v|^σ ), } (15)

where p_i, q_i, r_i, s_i ≥ 0 for i = 1, 2, max{p_1, p_2}, max{q_1, q_2} > 0 and (9) is true. Assume also that

min{max{p_1 + r_1, p_2 + r_2}, max{q_1 + s_1, q_2 + s_2}} < p_c, r_i, s_i < p_c, i = 1, 2,

(16)

max{p_i + 1 − s_j , q_j + 1 − r_i} > p_iq_j − (1 − r_i)(1 − s_j ) p_c − 1 , i, j = 1, 2,

(17)

and (u, v) is a non-negative very weak solution of (1) satisfying ‖u‖_L1_δ + ‖v‖_L1_δ ≤ M.

(18) Then (u, v) belongs to L^∞(Ω) × L^∞(Ω) and

‖u‖_L∞ + ‖v‖_L∞ ≤ C(Ω, p_1, q_1, r_1, s_1, p_2, q_2, r_2, s_2, γ, σ, N, C_1, M).

(19)

Remark 1.2. Actually, if we replace growth assumption (15) by f(x, u, v) ≤ C_1(1 + (1 + |u|)^{r1} (1 + |v|)^{p1} +(1 + |u|)^{r2} (1 + |v|)^{p2} + |u|^γ ), g(x, u, v) ≤ C_1(1 + (1 + |u|)^{q1} (1 + |v|)^{s1} +(1 + |u|)^{q2} (1 + |v|)^{s2} + |v|^σ ),

(20)

the results in Theorem 1.1 remain valid.

234 I. KOS^´IROV^´A

Remark 1.3. If we set p_2 = q_2 = r_2 = s_2 = 0, Theorem 1.1 recovers Li’s result [11] since (16), (17) are equivalent to (13), (14) in this case. In Section 3 below, we show that all assumptions of Theorem 1.1 are satisfied for N = 3 and

f(x, u, v) = u^{1−ε}v + v^{54 −ε}

g(x, u, v) = u^4v

(21)

where ε ∈ ( 0,^1_7 ) , but f, g do not satisfy Li’s assumptions (9), (12), (13) and (14).

Remark 1.4. Similarly to Li [11], the same argument as in the proof of Theorem 1.1 can be used in order to get L^∞ regularity of H^1_0 - or L^1-solutions of (1) (see [11, Definition 2.1] for precise definitions of such solutions). In the case of H^1_0 -solutions, p_c has to be replaced by the Sobolev exponent p_S

p_S :=

∞, if N < 3, N + 2 N − 2

, if N ≥ 3

(22)

and in the case of L^1-solutions p_c has to be replaced by the singular exponent p_{sg} defined by

p_{sg} :=

∞, if N < 3, N N − 2

, if N ≥ 3.

(23)

Notice that in the case of H^1_0 -solutions, the L^∞ a priori bound (19) requires the estimate

‖u‖_H1_0 + ‖v‖_H1_0 ≤ M

instead of (18) and obtaining this estimate (unlike estimate (18) in the case of L^1_δ -solutions) is far from easy, see [17], [18] and the references therein, for example. L^1-solutions are in particular important in the case of Neumann or Newton boundary conditions where the bootstrap argument works as well and, in addition, one can easily find conditions on f, g guaranteeing the necessary initial bound

‖u‖_L1 + ‖v‖_L1 ≤ M,

see [17].

A significant difference between H^1_0 -solutions and L^1- (or L^1_δ -) solutions can be observed in the critical case: While H^1_0 -solutions of the scalar problem (2) are regular in the critical case p = p_S , see [6] or [18, Corollary 3.4], singular L^1- or L^1_δ -solutions of (2) exist if p = p_{sg} or p = p_c respectively, see [1], [14], [15] and [7].

This paper is organized as follows. Section 2 is devoted to the proof of Theorem 1.1. In Section 3, we construct an example of system (1) which satisfies the assumptions of Theorem 1.1 but not assumptions in [11].

ESTIMATES OF SOLUTIONS FOR SEMILINEAR ELLIPTIC SYSTEMS 235

2. Proof of Theorem 1.1 In order to give a complete proof of Theorem 1.1, we will need the following regularity results for very weak solutions of the scalar problem −Δu = ϕ

u = 0 in Ω, on ∂Ω, } (24)

see [17] and [8].

Lemma 2.1. Let 1 ≤ m ≤ k ≤ ∞ satisfy 1 m − 1 k < 1 p^′_c , where p^′_c satisfies^1_{pc} +^1_{p′c} = 1. Let u ∈ L^1_δ (Ω) be the unique L^1_δ -solution of (24). If ϕ ∈ L^m_δ (Ω), then u ∈ L^k_δ (Ω) and u satisfies the estimate ‖u‖_Lk_δ ≤ C(Ω, m, k)‖ϕ‖_Lm_δ .

Now, we can give the proof of Theorem 1.1: Proof. Without loss of generality we can assume p_2 + r_2 ≤ p_1 + r_1, q_2 + s_2 ≤ q_1 + s_1

(25) and p_1 + r_1 ≤ q_1 + s_1,

(26) which together with (16) imply p_1 + r_1 < p_c.

(27) Moreover, we can assume p_1 ≠ p_c − 1, p_2 ≠ p_c − 1, otherwise we can increase the values of exponents p_1 and/or p_2 (and q_1 if necessary) in such a way that (16), (17), (25) and (26) remain true.

We will denote by C a constant, which may vary from line to line, but is independent of (u, v). For simplicity, we denote by | · |_k the norm ‖ · ‖_Lk_δ . Let φ_1 > 0 be the first eigenfunction of the negative Dirichlet Laplacian (normalized in L^∞, for example). Notice that there exist c_1, c_2 > 0 such that c_1δ ≤ φ_1 ≤ c_2δ.

(28) Testing both equations of (1) with φ_1, using Green’s Theorem, (28) and the nonnegativity of f, g, u, v yield |f|_1 ≤ C|u|_1 and |g|_1 ≤ C|v|_1.

Then, application of Lemma 2.1 and (18) imply |u|_k + |v|_k ≤ C, for all k ∈ [1, p_c).

We distinguish several cases:

236 I. KOS^´IROV^´A

Case 1: r_2 ≤ r_1 and p_2 ≥ p_1.

1a. If p_2 < p_c − 1, using bootstrap on the first equation of (1), we will obtain |u|_∞ ≤ C.

(i) First assume r_1 < 1. (9), (25) and (27) imply that there exists k such that

max{γ, p_1 + r_1} < k < p_c, p_2 k < 1 p^′_c . (29)

For such a fixed k, we can find ε small enough to satisfy γ k + mε − 1 k + (m + 1)ε < 1 p^′_c , for any m ∈ N_0 = {0, 1, 2, . . .} , r_i k + mε + p_i k − 1 k + (m + 1)ε < 1 p^′_c , for i = 1, 2 and any m ∈ N_0.

(30)

For m ∈ N_0, set 1 ρ_m = r_1 k + mε + p_1 k , 1 ν_m = r_2 k + mε + p_2 k , 1 ϱ_m = γ k + mε . Using (25) and (29), we obtain that ρ_m, ν_m, ϱ_m > 1. Denote m_0 = min{m : min{ρ_m, ν_m, ϱ_m} > p^′_c}. We claim that after m_0-th bootstrap on the first equation, we arrive at the desired result.

Assume the estimate |u|_{k+mε} ≤ C holds for some m ∈ [0, m_0]∩N_0 (which is true for m = 0). Then (30) implies 1 min{ρ_m, ν_m, ϱ_m} − 1 k + (m + 1)ε < 1 p^′_c , hence Lemma 2.1 together with (15) and the Hölder inequality imply

|u|_{k+(m+1)ε} ≤ C|f|_{min{ρm ,ϱm,νm}}

≤ C(‖u|^{r1} |v|^{p1} |_{ρm} + ‖u|^{r2} |v|^{p2} |_{νm} + ‖u|^γ |_{ϱm} + 1)

≤ C(|u|^{r1}_{k+mε}|v|^{p1}_k + |u|^{r2}_{k+mε}|v|^{p2}_k + |u|^γ_{k+mε} + 1) ≤ C So |u|_{k+(m0 +1)ε} ≤ C and another application of Lemma 2.1 yields |u|_∞ ≤ C.

(ii) If r_1 ≥ 1, (9), (25) and (27) imply that there exist k and η,

max{γ, p_1 + r_1} < k < p_c, p_2 k < 1 p^′_c

, k close enough to p_c,

1 < η, η close enough to 1,

ESTIMATES OF SOLUTIONS FOR SEMILINEAR ELLIPTIC SYSTEMS 237

such that γ η^mk − 1 η^{m+1}k < 1 p^′_c , r_i η^mk + p_i k − 1 η^{m+1}k < 1 p^′_c

, i = 1, 2,

(31)

for any m ∈ N_0. Similarly to the case 1a(i), we obtain |u|_∞ ≤ C. Now, we can carry on the bootstrap on the second equation of (1). From (9), (16), there exist l close enough to p_c and η > 1 such that

α := max{σ, s_1, s_2} < l < p_c and α l − 1 ηl < 1 p^′_c . Applying Lemma 2.1 we conclude after finitely many steps

|v|_∞ ≤ C.

1b. In case p_c − 1 < p_1 ≤ p_2, let us denote by k^∗_1 and k^∗_2 the solutions of r_i k^∗_i + p_i p_c − 1 k^∗_i = 1 p^′_c

, i = 1, 2.

(32)

We claim that |u|_k′ ≤ C, k^′ ∈ [1, k^∗) where k^∗ = min{k^∗_1 , k^∗_2 }. Inequality p_c − 1 < p_1 ≤ p_2 and (25), (27) imply r_2 ≤ r_1 < 1. Remark that

k^∗ > p_c

(33)

since p_i + r_i < p_c for i = 1, 2 due to (25) and (27). As in [11], let us denote k_ε := k^∗ − ε for any 0 < ε ≪ 1 and k^{τ m}_ε := k_ε − τ^m(k_ε − k) for m ∈ N_0. Thanks to (9), (25), (32) and (27), we can find k = k(ε) and τ = τ(ε) such that

max{γ, p_1 + r_1} < k < p_c, k close enough to p_c,

r_2 ≤ r_1 < τ < 1, τ close enough to 1, r_2k^τ_ε ≤ r_1k^τ_ε < τk, and γ k − 1 k^τ_ε < 1 p^′_c , r_i k_ε + p_i k − 1 k_ε < 1 p^′_c

, i = 1, 2.

(34)

Using r_2k^τ_ε ≤ r_1k^τ_ε < τk and γ ≥ 1 we get γ k^{τ m}_ε − 1 k^{τ (m+1)} ε ≤ γ k − 1 k^τ_ε , r_i k^{τ m}_ε − 1 k^{τ (m+1)} ε < r_i k_ε − 1 k_ε

, i = 1, 2,

(35)

238 I. KOS^´IROV^´A

for all m ∈ N_0. Now setting 1 ρ_m = r_1 k^{τ m}_ε + p_1 k , 1 ν_m = r_2 k^{τ m}_ε + p_2 k , 1 ϱ_m = γ k^{τ m}_ε , and using similar bootstrap argument to the case 1a lead to |u|_{kτ} (m+1) ε ≤ C, m ∈ N_0.

As k^{τ m}_ε tends to k_ε with m going to infinity, we obtain |u|_k′ ≤ C, k^′ ∈ [1, k^∗).

To continue the bootstrap on the second equation of (1), we first show that q_i k^∗ + s_i p_c

< 1, i = 1, 2.

(36)

Inequality (36) is true for i = 1 thanks to (17) and (26). Let j ∈ {1, 2} be such that k^∗ = k^∗_j . If i = 2, then (36) follows from (17) if p_j + r_j ≤ q_2 + s_2 and from inequality (q_2 + 1 − r_j )(p_c − p_j − r_j ) > 0 otherwise.

From the definition of k^∗, it is easy to see that r_i k^∗ + p_i p_c − 1 k^∗ ≤ 1 p^′_c . (37)

Thanks to (9), (16), (25), (27), (33), (36) and (37) we can choose l, k_1 and η satisfying

max{p_1 + r_1, σ, s_1, s_2} < l < p_c, l close enough to p_c, p_c < k_1 < k^∗, k_1 close enough to k^∗, 1 < η, η close enough to 1,

(38)

such that q_i k_1 + s_i l < 1, i = 1, 2, σ l − 1 ηl < 1 p^′_c , γ k_1 − 1 ηk_1 < 1 p^′_c , q_i k_1 + s_i l − 1 ηl < 1 p^′_c

, i = 1, 2,

r_i k_1 + p_i ηl − 1 ηk_1 < 1 p^′_c

, i = 1, 2.

ESTIMATES OF SOLUTIONS FOR SEMILINEAR ELLIPTIC SYSTEMS 239

Multiplying the LHS of the inequalities above by 1/η^m, we get q_i η^mk_1 + s_i η^ml

< 1, i = 1, 2, σ η^ml − 1 η^{m+1}l < 1 p^′_c , γ η^mk_1 − 1 η^{m+1}k_1 < 1 p^′_c , q_i η^mk_1 + s_i η^ml − 1 η^{m+1}l < 1 p^′_c

, i = 1, 2,

r_i η^mk_1 + p_i η^{m+1}l − 1 η^{m+1}k_1 < 1 p^′_c

, i = 1, 2,

(39)

for all m ∈ N_0. Set 1 μ_m = q_1 η^mk_1 + s_1 η^ml , 1 ς_m = q_2 η^mk_1 + s_2 η^ml , 1 σ_m = σ η^ml , 1 ρ_m = r_1 η^mk_1 + p_1 η^{m+1}l , 1 ν_m = r_2 η^mk_1 + p_2 η^{m+1}l , 1 ϱ_m = γ η^mk_1 . It is easy to see that μ_m, ς_m, σ_m, ρ_m, ν_m, ϱ_m > 1 thanks to (9), (25), (27), (38) and (39). Assume the estimate |u|_ηm_{k1} + |v|_ηm_l ≤ C holds for some m ∈ N_0 (which is true for m = 0). Then the inequalities above imply 1 min{μ_m, ς_m, σ_m} − 1 η^{m+1}l < 1 p^′_c , 1 min{ρ_m, ν_m, ϱ_m} − 1 η^{m+1}k_1 < 1 p^′_c . Hence Lemma 2.1 together with (15) and the Hölder inequality imply |v|_ηm+1_l ≤ C|g|_{min{μm ,ςm,σm}}

≤ C(‖u|^{q1} |v|^{s1} |_{μm} + ‖u|^{q2} |v|^{s2} |_{ςm} + ‖v|^σ|_{σm} + 1)

≤ C(|u|^{q1}_ηm_{k1} |v|^{s1}_ηm_l + |u|^{q2}_ηm_{k1} |v|^{s2}_ηm_l + |v|^σ_ηm_l + 1) ≤ C |u|_ηm+1_{k1} ≤ C|f|_{min{ρm ,ϱm,νm}}

≤ C(‖u|^{r1} |v|^{p1} |_{ρm} + ‖u|^{r2} |v|^{p2} |_{νm} + ‖u|^γ |_{ϱm} + 1)

≤ C(|u|^{r1}_ηm_{k1} |v|^{p1}_{ηm+1l} + |u|^{r2}_ηm_{k1} |v|^{p2}_{ηm+1 l} + |u|^γ_ηm_{k1} + 1)

≤ C.

Denote m_0 := min {m ∈ N_0 : max{min{ρ_m, ϱ_m, ν_m}, min{μ_m, ς_m, σ_m}} > p^′_c}. As in [11, Case III in the proof of Theorem 2.4] after m_0-th alternate bootstrap on system (1), we arrive at the desired result |v|_∞ ≤ C. So we also have |u|_∞ ≤ C thanks to (9), (16) and Lemma 2.1.

240 I. KOS^´IROV^´A

1c. In case p_1 < p_c − 1 < p_2, we have r_2 < 1 from (25) and (27). Let us denote

k^∗ := k^∗_2 = p_c(1 − r_2) p_2 − (p_c − 1) , we claim that |u|_k′ ≤ C k^′ ∈ [1, k^∗).

(i) If r_1 < 1, similarly to case 1b, due to (9), (25) and (27), there exist k and τ such that

max{γ, p_1 + r_1} < k < p_c, p_1 k < 1 p^′_c

, k close enough to p_c, r_2 ≤ r_1 < τ < 1, τ close enough to 1, r_2k^τ_ε ≤ r_1k^τ_ε < τk, where k_ε = k^∗ − ε and (34), (35) are satisfied. By the same bootstrap on the first equation as in case 1b, we obtain |u|_k′ ≤ C, k^′ ∈ [1, k^∗).

(ii) If r_1 ≥ 1, due to (9), (25) and (27), there exist k and η such that

max{γ, p_1 + r_1} < k < p_c, p_1 k < 1 p^′_c

, k close enough to p_c, 1 < η, ηr_2 < 1, η close enough to 1, and inequalities γ η^mk − 1 η^{m+1}k < 1 p^′_c , r_i η^mk + p_i k − 1 η^{m+1}k < 1 p^′_c

, i = 1, 2,

(40)

are satisfied for all m ∈ N_0 such that

k^′ := η^{m+1}k < p_ck(1 − ηr_2) p_2p_c − k(p_c − 1) . As the expression on the right-hand side of the last inequality goes to

(1−ηr_2 )k^∗ 1−r_2 when k approaches pc, by the bootstrap on the first equation

of (1) we obtain |u|_k′ ≤ C k^′ ∈ [1, k^∗), because we can make^{(1−ηr2)k∗}_{1−r2} arbitrarily close to k^∗ by the choice of η.

Now, we can carry on the alternate bootstrap procedure just like in the case 1b to obtain |u|_∞ + |v|_∞ ≤ C.

ESTIMATES OF SOLUTIONS FOR SEMILINEAR ELLIPTIC SYSTEMS 241

Case 2: r_2 ≥ r_1 and p_2 < p_1

Application of the Young inequality implies

|u|^{r2} |v|^{p2} ≤ C(|u|^{r1} |v|^{p1} + |u|^{r2p1−r1p2p}1^{−p}2 ). Then (16) and (25) imply 0 < r_2p_1 − r_1p_2

p_1 − p_2

< p_c,

so we can simply set new γ by

γ := max { γ, r_2p_1 − r_1p_2

p_1 − p_2 } . From in [11, Lemmas 2.5, 2.6], we get

|u|_∞ ≤ C, if p_1 < p_c − 1, |u|_{k1} ≤ C, for all k_1 ∈ [1, k^∗), if p_1 > p_c − 1, } (41)

where k^∗ is the solution of (32) with i = 1. Using the bootstrap on the second equation similarly to [11] leads to |v|_∞ ≤ C thanks to (16) and (17). In particular: 2a. If p_1 < p_c − 1 using (9), (16), similarly to the case 1a, we obtain |v|_∞ ≤ C. 2b. If p_1 > p_c − 1, we first show that q_i k^∗ + s_i p_c

< 1, i = 1, 2.

(42)

This inequality holds if i = 1 thanks to (17) and (26). If i = 2, then (42) is true if p_1 + r_1 ≤ q_2 + s_2 due to (17), otherwise it can be derived from the inequality (q_2 + 1 − r_1)(p_c − p_1 − r_1) > 0.

We can choose l, k_1 and η satisfying

max{p_1 + r_1, σ, s_1, s_2} < l < p_c, l close enough to p_c, p_c < k_1 < k^∗, k_1 close enough to k^∗, 1 < η , η close enough to 1, such that q_i k_1 + s_i l < 1, i = 1, 2, σ l − 1 ηl < 1 p^′_c , γ k_1 − 1 ηk_1 < 1 p^′_c , q_i k_1 + s_i l − 1 ηl < 1 p^′_c

, i = 1, 2,

r_1 k_1 + p_1 ηl − 1 ηk_1 < 1 p^′_c .

242 I. KOS^´IROV^´A

We can carry on the alternate bootstrap procedure to obtain |v|_∞ ≤ C, then we can use the bootstrap on the first equation again to obtain |u|_∞ ≤ C thanks to (9) and (16).

Case 3: r_2 < r_1 and p_2 < p_1

We recall Remark 1.2. As (1 + |u|)^{r2} (1 + |v|)^{p2} ≤ (1 + |u|)^{r1} (1 + |v|)^{p1} , we can replace r_2 and p_2 by r_1 and p_1, respectively. □

3. Example

As we have already mentioned in Remark 1.3, we consider system (1) with N = 3 and f(x, u, v) = u^{1−ε}v + v^{54 −ε}, g(x, u, v) = u^4v, } (43)

where ε ∈ ( 0, 1 7 ) . Notice that p_c = 2. It is easy to see that any non-negative very weak solution (u, v) of (43) belongs to L^∞(Ω) × L^∞(Ω) thanks to Theorem 1.1 with p_1 = 1 − ε, 4r_1 = 14, p_2 =^5_4 − ε, r_2 = 0, γ = 1, q_1 = 4, s_1 = 1, q_2 = s_2 = 0, σ = 1. Next, we will show that f, g do not satisfy Li’s assumptions (9), (12), (13) and (14). Assume for contradiction u^{1−ε}v + v^{54 −ε} ≤ C(u^rv^p + u^2 + 1)

(44)

u^4v ≤ C(u^q v^s + v^2 + 1)

(45) where p, r, s and q satisfy (13) and (14). If we take v = 1 in (45) and send u to infinity, we obtain q ≥ 4. Hence (13) guarantees p + r < 2. Setting v = u^{4−δ} with 0 < δ ≪ 1 in (45) yields 8 − δ ≤ q + (4 − δ)s, which (taking δ → 0) leads to 2 − q 4 ≤ s.

(46)

Since p + r < 2 < q + s, (14) implies q + 1 − r > pq − (1 − r)(1 − s). This is equivalent to

p < 1 +

(1 − r)(2 − s) q . (47)

Now, setting u = 1 in (44) and sending v to infinity lead to 5 4 − ε ≤ p.

(48)

Thus r < 1 due to p + r < 2. This with (46), (47) imply p < 5 4 − r 4 . (49)

ESTIMATES OF SOLUTIONS FOR SEMILINEAR ELLIPTIC SYSTEMS 243

Inequalities (48), (49) lead to r < 4ε. Now we choose α ∈ (1 + ε, 4 − 20ε). This choice of α implies 2 < 1 − ε + α, r + αp < 1 − ε + α.

Now, taking v = u^α in inequality (44) and sending u to infinity yield a contradiction.

Acknowledgement. The author was supported by the Slovak Research and Development Agency under the contract No. APVV-0414-07 and by VEGA Grant 1/0465/09.

References

1. Aviles P., On isolated singularities in some nonlinear partial differential equation, Indiana Univ. Math. J. 32 (1983), 773–791.

2. Bidaut-Véron M.-F., Ponce A. and Véron L., Boundary singularities of positive solutions of some nonlinear elliptic equations, C .R. Acad. Sci. Paris, Ser. I 344 (2007), 83–88.

3. , Boundary isolated singularities of positive solutions of some non-monotone semilinear elliptic equations, submitted, arXiv 0902.0449, (2009).

4. Bidaut-Véron M.-F. and Vivier, L., An elliptic semilinear equations with source term involving boundary measures: the subcritical case, Rev. Mat. Iberoamericana 16 (2000), 477–513.

5. Bidaut-Véron M.-F. and Yarur C., Semilinear elliptic equations and systems with measure data: existence and a priori estimates, Adv. Differential Equations 7 (2002), 257–296.

6. Brezis H. and Kato T., Remarks on the Schrödinger operator with singular complex potentials, J. Math. Pures Appl.(9) 58 (1979), 137–151.

7. del Pino M., Musso M. and Pacard M., Boundary singularities for weak solutions of semilinear elliptic problems, Journal of Functional Analysis 253 (2007), 241–272.

8. Fila M., Souplet Ph. and Weissler F. B., Linear and nonlinear heat equations in L^q_δ spaces and universal bounds for global solutions, Math. Ann. 320 (2001), 87–113.

9. Horák J., McKenna P. J. and Reichel W., Very weak solutions with boundary singularities for semilinear elliptic Dirichlet problems in domains with conical corners, J. Math. Anal. Appl. 352 (2009), 496–514.

10. Kelemen S. and Quittner P., Boundedness and a priori estimates of solutions to elliptic systems with Dirichlet-Neumann boundary conditions, Commun. Pure Appl. Analysis, to appear.

11. Li Y.-X., Optimal conditions for a priori estimates for semilinear elliptic systems with two components, Nonlinear Analysis, 72 (2010), 1850–1864.

12. , Optimal conditions for L^∞-regularity and a priori estimates for elliptic systems, II: n ≥ 3 components, J. Math. Anal. Appl. 351 (2009), 257–276.

13. McKenna P. J. and Reichel W., A priori bounds for semilinear domains, J. Funct. Anal.

244 (2007), 220–246.

14. Ni W.-M. and Sacks P., Singular behaviour in nonlinear parabolic equations, Trans. Amer.

Math. Soc. 287(2) (1985), 657–671.

15. Pacard F., Existence and convergence of positive weak solutions of −Δu = u^{nn−2} in bounded domains of R^n, n ≥ 3, Calculus of Variations and Partial Differential Equations, 1 (1993), 243–265.

16. Quittner P. and Reichel W., Very weak solutions to elliptic equations with nonlinear Neumann boundary conditions, Calc. Var. 32 (2008), 429–452.

244 I. KOS^´IROV^´A

17. Quittner P. and Souplet Ph., A priori estimates and existence for elliptic systems via bootstrap in weighted Lebesgue spaces, Archive Rational Mech. Anal. 174 (2004), 49–81.

18. , Superlinear parabolic problems:blow-up,global existence and steady states, Birkhäuser Advanced Texts, Basel, Boston, Berlin, 2007.

19. Souplet Ph., Optimal regularity conditions for elliptic problems via L^p_δ spaces, Duke Math.

J. 127 (2005), 175–192.

I. Kosírová, Department of Applied Mathematics and Statistics, Comenius University, Mlynská dolina, 842 48 Bratislava, Slovakia, e-mail: kosirova@pc2.iam.fmph.uniba.sk