Acta Math. Univ. Comenianae Vol. LXXIX, 2(2010), pp. 175–180 175

CHARACTERIZATION OF SIMPLE ORBIT GRAPHS

A. BRETTO, A. FAISANT, C. JAULIN and J. TOMANOVÁ

Abstract. Let G be a (finite) group and let S be a non-empty subset of G. The vertex set of the orbit graph O(G, S) is the collection of orbits of left translations induced by s, over all s ∈ S. If u and v are distinct vertices (each representing an orbit of some s and t from S), then for any g ∈ G appearing in both orbits, there is an edge colored g in O(G, S) joining u and v. Orbit graphs are an important special case of “G-graphs” introduced by Bretto and Faisant in Math. Slovaca 55 (2005). In this paper we characterize simple orbit graphs and apply the result to show that a certain class of simple orbit graphs is closed under the construction of incidence graphs.

1. Introduction

Let G be a (finite) group and let S be a non-empty subset of G. For each s ∈ S, let λ_s be the left translation g → sg for all g ∈ G. The orbit graph O(G, S) associated with the pair (G, S) is defined as follows [13]. For each s ∈ S and each orbit ω of λ_s, there is a vertex corresponding to the pair (s, ω). For any unordered pair of distinct vertices (s, ω), (s^′, ω^′) and for any element h ∈ G such that h ∈ ω ∩ ω^′, there is an edge with colour h that joins (s, ω) and (s^′, ω^′).

For any given s ∈ S, the set of all orbits of λ_s forms a partition of G. It follows that the graph O(G, S) is |S|-partite and the valency of a vertex representing an orbit of λ_s is equal to |s|(|S| − 1) where |s| is the order of s. It is now easy to see that O(G, S) is a simple graph (that is, a graph with no multiple edges) if and only if ⟨s⟩ ∩ ⟨t⟩ = {1} for any two distinct elements s, t in S. Note that in this case for any two distinct elements s, t ∈ S, the set of all orbits of λ_s is disjoint from the set of all orbits of λ_t. We will therefore identify the vertex set of the simple orbit graph O(G, S) with the union of orbits of left translations λ_s induced by s, over all s ∈ S. We remark that the orbits of left translation λ_s for s ∈ S are the right cosets of the cyclic group ⟨s⟩ and thus, when dealing with simple orbit graphs, one can freely use the term “orbit” in place of “coset” and vice versa. We prefer using orbits in what follows.

Simple orbit graphs can be regarded as a subclass of G-graphs introduced as a potential tool for group isomorphism testing in [2]. They also appear useful

Received March 9, 2009; revised February 2, 2010. 2010 Mathematics Subject Classification. Primary 05C25. Key words and phrases. orbit graph, G-graph, automorphism group. The last author was supported in part by the Vega grant 1/0406/09.

176 A. BRETTO, A. FAISANT, C. JAULIN and J. TOMANOV^´A

for constructions of various interesting classes of graphs such as symmetric and semisymmetric graphs [3, 6], small graphs of given degree and girth [4], Hamming graphs and meshes of d-ary trees [5]. Further, simple orbit graphs are closely related to Cayley graphs [13] and to vertex-transitive non-Cayley graphs [14]. Also, simple orbit graphs can be understood as a generalization of double-coset graphs introduced in [9] and studied in connection with constructions of semisymmetric graphs [12, 10].

The objective of this note is to characterize simple orbit graphs in terms of their automorphism groups. With the help of our characterization we will prove that the incidence graph of a simple d-regular bipartite orbit graph (d ≥ 2) is a simple orbit graph provided that Aut G contains an involutory automorphism swappping the two elements contained in S.

2. Main result

We aim at characterizing simple orbit graphs O(G, S). We begin by collecting some simple, but relevant facts about simple orbit graphs. Since any orbit graph O(G, S) such that |S| = 1 consists of m copies of a one-vertex graph where m = [G : ⟨S⟩], we may assume that |S| ≥ 2. Further, for any given element g ∈ G, the graph O(G, S) contains a clique on |S| vertices induced by the set of all the edges coloured g. Finally, the complete graph K_2 cannot be a component of any simple O(G, S) graph. To see this it is sufficient to realize that if K_2 were a component of O(G, S) then the above gives |S| = 2, and the valency of any vertex v ∈ O(G, S) would be equal to |s| = 1 for all s ∈ S, a contradiction.

Thus, we may limit our attention to the class of k-partite graphs where k ≥ 2 such that any graph belonging to the class contains a clique on k vertices and has no component isomorphic to K_2.

Theorem 1. Let Γ be a k-partite graph, where k ≥ 2, and let Γ have no component isomorphic to K_2. Then Γ is a simple orbit graph if and only if

i) Aut Γ contains a subgroup H whose orbits are precisely the partition classes of Γ;

ii) Γ contains a clique K on k vertices such that for each vertex v ∈ K and any given u ≠ v, u ∈ K, the stabilizer H_v of the vertex v is a cyclic group which acts regularly on the set of all the vertices adjacent to v contained in the same partition class the vertex u belongs to.

Proof. We first consider the automorphism group Aut O(G, S) of a simple O(G, S) graph with |S| ≥ 2. Observe that for any given h ∈ G and each s ∈ S, the action of G by right multiplication on itself induces an action of G on the set of all orbits of λ_s given by {g, sg, . . . , s^{|s|−1}g} → {gh, sgh, . . . , s^{|s|−1}gh} for g ∈ G, which is transitive, but not regular in general, as was already noted in [13]; we denote the action r_h. As the adjacency relation in the graph O(G, S) is induced by the set intersection, R(G) = {r_h : h ∈ G} is the desired subgroup of Aut O(G, S), proving part i).

CHARACTERIZATION OF SIMPLE ORBIT GRAPHS 177

Combining |S| ≥ 2 with ⟨s⟩ ∩ ⟨t⟩ = {1} for any two distinct elements s, t in S, one can see that the mapping h → r_h for h ∈ G is an isomorphism from the group G onto R(G). From this we derive that for each s ∈ S, the stabilizer R(G)_v of the vertex v representing the orbit ⟨s⟩1 is the cyclic group ⟨r_s⟩ ∼= ⟨s⟩. Obviously, the subgraph induced by the set of all orbits containing the unit element of G is a clique on |S| vertices, completing the proof of part ii).

For the reverse direction, let Γ be a k-partite graph where k ≥ 2, and let Γ have no component isomorphic to K_2. Assume that there is a subgroup H ⊆ Aut Γ and a clique C on k vertices to which i) and ii) apply. We will show that Γ is a simple orbit graph O(H, S) for a suitable S ⊂ H.

Let u, v be two distinct vertices contained in the clique C. Then from ii) applied to the stabilizers of u and v together with our assumption K_2 ⊈ Γ we have H_u ∩ H_v = {1} and H_u ≠ H_v. Letting S = {f_v : v ∈ C} where ⟨f_v ⟩ = H_v, we conclude that O(H, S) is a simple orbit graph with |S| = k. We point out that for any two distinct vertices u, v ∈ C, the partition classes corresponding to λ_{fu} and λ_{fv} are disjoint.

We will now verify that Γ ∼= O(H, S). To do so, for any given vertex v ∈ C, we let C_v denote the partition class of Γ which contains v, and by F_v we mean the partition class of O(H, S) corresponding to λ_{fv} . Thus, ∪{C_v : v ∈ C} and ∪{F_v : v ∈ C} are partitions of the graphs Γ and O(H, S) into independent sets of vertices, respectively.

We define a 1-1 correspondence between the vertex set of the graph O(H, S) and Γ. Take an arbitrary, but fixed vertex v ∈ C. By i) the group H is transitive on the set C_v and so H_u and H_v are conjugate for all u ∈ C_v . This together with the fact that H fixes the class C_v set-wise ensures that |C_v | = [H : H_v ], that is, the sets C_v and F_v have the same cardinalities. Obviously, for any two elements g, h appearing in the same orbit of λ_{fv} , we have (v)g = (v)h. It follows that the mapping α_v : F_v → C_v given by ⟨f_v⟩h → (v)h for h ∈ H is bijective. Since any two distinct partition classes of the graph O(H, S) are disjoint, the natural extension α : {F_v : v ∈ C} → {C_v : v ∈ C}, α|_{Fv} = α_v for v ∈ C is bijective, too.

We wish to show that α preserves adjacencies. Let u, v ∈ O(H, S) be two adjacent vertices. Then the two orbits u^′ and v^′ they represent, say u^′ ∈ F_w and v^′ ∈ F_z , have a (unique) element h in common. Thereby α maps u to (w)h and v to (z)h. Note that the two images are adjacent as both w and z belong to the clique C.

Conversely, let u, v ∈ Γ be two adjacent vertices. Then there are two (uniquely determined) vertices w, z ∈ C such that u ∈ C_w and v ∈ C_z. Since C_w and C_z are orbits of H, there must be an element h ∈ H such that (w)h = u and (z)h ∈ C_z . Moreover, H_u and H_w are conjugate and so there is an element g ∈ H_u such that (z)hg = v. Let x, y be two (uniquely determined) orbits of λ_{fw} and λ_{fz} respectively, which share the element hg. Then the vertices x, y ∈ O(H, S) are joined by an edge coloured hg, and their images under the mapping α are (w)hg = u and (z)hg = v, respectively. We conclude that the graph Γ is isomorphic to O(H, S). □

178 A. BRETTO, A. FAISANT, C. JAULIN and J. TOMANOV^´A

For completeness we remark that a certain version of Theorem 1 was announced in [7].

Corollary 1. All components of a simple orbit graph O(G, S) are isomorphic to the simple orbit graph O(⟨S⟩, S).

Proof. In [2] it was proved that a simple orbit graph O(G, S) is connected if and only if S is a generating set for G. It follows that the restriction of the domain of λ_s onto ⟨S⟩ for all s ∈ S, gives rise to the connected graph O(⟨S⟩, S) which is clearly a component of O(G, S). Since the clique induced by the set of all orbits containing the unit element of G is a subgraph of O(⟨S⟩, S), the assertion follows from Theorem 1. □

3. Application

The incidence graph IΓ of a (simple) graph Γ = (V, E) is the graph with the vertex set V ∪ E in which two vertices v ∈ V and e ∈ E are joined by an edge if and only if v ∈ e.

In this section we consider the question whether the incidence graph of a simple orbit graph O(G, S) is also a simple orbit graph. We need the elementary fact that the automorphism group of the incidence graph of a simple graph Γ contains a subgroup isomorphic to Aut Γ. To see this it is sufficient to realize that IΓ is obtained from Γ by subdividing of each edge and thus, as the action of Aut Γ on the vertex set of Γ induces an action on the set of all its edges, the mapping α : Aut Γ → Aut IΓ given by h → h^′, where (v)h^′ = (v)h and ({u, w})h^′ = {(u)h, (w)h} for v ∈ V and {u, w} ∈ E, is an insertion of the group Aut Γ into Aut IΓ. For a subgroup H of the automorphism group of a simple graph Γ we will write H^′ to denote the image of H under the mapping α.

This observation together with Theorem 1 impose strong restrictions on the automorphism group of a simple orbit graph O(G, S) whose incidence graph is a simple orbit graph. Namely, if IO(G, S) ∼= O(H, T ), then as the graph O(H, T ) is bipartite, by Theorem 1 the orbits of the group R(H) are the bipartition sets of O(H, T ) and thus, by the above fact, O(G, S) is a vertex and edge-transitive graph. Moreover, the stabilizer argument gives that O(G, S) is in fact an arc-transitive graph.

The simplest way to produce an O(G, S) graph which meets the properties we have just described (that is a simple orbit graph whose incidence graph is at least potentially a simple orbit graph) is to make sure that S is an orbit of a subgroup of Aut(G); this guarantees that O(G, S) is a vertex-transitive graph [13]. Consequently, to end up with an arc-transitive graph it is sufficient to choose S = {s, t} and require that there is an involutory element in Aut G which swaps the two elements contained in S

Proposition 1. Let O(G, S) be d ≥ 2 regular bipartite simple orbit graph. Assume that Aut G contains an involutory element f which swaps the two elements contained in S. Then IO(G, S) ∼= O(G ⋊_ϕ Z_2, {(s, 0), (1, 1)}), where s ∈ S and (1)ϕ = f.

CHARACTERIZATION OF SIMPLE ORBIT GRAPHS 179

Proof. We begin by showing that IO(G, S) is a simple orbit graph. The mapping given by ⟨a⟩g → ⟨(a)f⟩(g)f for g ∈ G and a = s, t is an automorphism of O(G, S) [2]; we denote it by τ. Obviously, the order of τ is equal to 2 as f^2 = 1. Consider the group H ⊆ Aut O(G, S) generated by R(G) and ⟨τ⟩. By the observation at the beginning of this section, the group H^′ is a subgroup of Aut IO(G, S) isomorphic to H. We claim that H^′ fulfils both conditions i) and ii) stated in Theorem 1. Realizing that R(G) is transitive on each bipartition set and that τ swaps the bipartition sets we obtain that the group H is transitive. The graph O(G, S) is bipartite and in this case Theorem 1 says that R(G) acts regularly on the set of all its edges. Thus H^′ is the desired group, proving part i). To show ii), let u, v ∈ IO(G, S) be two vertices such that u = ⟨s⟩1 and v = ⟨t⟩1. Then the subgraph induced by the set {u, {u, v}} is a clique and obviously, H^′_u = ⟨r^′_s⟩ and H^′_{{u,v}} = ⟨τ^′⟩. We conclude that IO(G, S) is a simple orbit graph O(H^′, {r^′_s, τ^′}).

We now describe the structure of H^′. It is clear that R(G) ∩ ⟨τ⟩ = {1}, and it is easy to check that τr_g τ = r_{(g)f} for g ∈ G. This is equivalent to saying that H = R(G) ⋊_ψ ⟨τ⟩, where the mapping ψ : ⟨τ⟩ −→ Aut R(G) is defined by τ → [r_g → r_{(g)f} for g ∈ G]. In the proof of Theorem 1 we have seen that the mapping h → r_h for h ∈ G is an isomorphism from the group G onto R(G). This together with f ∈ Aut G imply that R(G) ⋊_ψ ⟨τ⟩ ∼= G ⋊_{id} ⟨f⟩ and this group is obviously isomorphic to G ⋊_ϕ Z_2 where (1)ϕ = f. Briefly, H = R(G) ⋊_ψ ⟨τ⟩ ∼= G ⋊_ϕ Z_2. Since the groups H and H^′ are abstractly isomorphic, we have H^′ ∼= G ⋊_ϕ Z_2.

Taking into account that any two simple orbit graphs O(G, S) and O(G^′, S^′) are isomorphic whenever there is an isomorphism h from the group G onto G^′ such that (S)h = S^′ [2], we may conclude that IO(G, {s, t}) ∼= O(G⋊_ϕ Z_2, {(s, 0), (1, 1)}. □

We use Proposition 1 to give an alternative proof of the following Theorem proved in [5]. We introduce a new concept.

For d ≥ 2, n ≥ 1, let T (d, n) be a complete d-ary tree of depth n. Consider a d^n × d^n matrix of vertices. On each row (resp. column) of the matrix, put T (d, n) such that the vertices of the row (column) are the leaves of the tree. The resulting graph is the mesh MT (d, n) of T (d, n). We remark that the graph MT (d, n) is a generalization of the well-known mesh of trees [11], i.e. MT (2, n), and was proposed as a possible interconnection network for parallel computers [1, 8] for it combines together the mesh and tree structure.

Let {s, t} be the standard basis for the group Z_d × Z_d. Let 0 be the unity of Z_d × Z_d, and f an element in Aut(Z_d × Z_d) which swaps s and t. We define the mapping ϕ : Z_2 → Aut(Z_d × Z_d) by (1)ϕ = f.

Theorem A. (Bretto et al., [5]) The mesh of a d-ary tree MT (d, 1), where d ≥ 2, is isomorphic to the simple orbit graph O((Z_d × Z_d) ⋊_ϕ Z_2, {(s, 0), (0, 1)}).

Proof. First we show that MT (d, 1) is, in fact, the incidence graph of a complete bipartite graph K_{d,d}. To observe the correspondence, for any given i, j ∈ {1, . . . , d} let u_i and v_j denote the root of T (d, 1) whose leaves are entries of the i-th row and the j-th column of the matrix, respectively. By (u_i, v_j ) we denote the (i, j)-th entry of the matrix. Identifying the set U ∪ V , where U = {u_i : i = 1, . . . , d} and

180 A. BRETTO, A. FAISANT, C. JAULIN and J. TOMANOV^´A

V = {v_i : i = 1, . . . , d}, with a partition of K_{d,d} we can see that the mapping given by {u_i, v_j } → (u_i, v_j ) for i, j ∈ {1, . . . , d} is a bijection from the set of all the edges of the graph K_{d,d} onto the set of all the vertices of MT (d, 1) corresponding to the set of all the entries of the matrix. It is now easy to check that MT (d, 1) ∼= IK_{d,d}. Finally, for d ≥ 2 we have K_{d,d} ∼= O((Z_d × Z_d), {s, t}), as noted in [6]. The rest follows from Proposition 1. □

Acknowledgment. The authors wish to thank the referee for his/her constructive comments and suggestions.

References

1. Barth D., Réseau d’ interconnexion: structure et communications, PhD. Thesis, LABRI, Université Bordeau I, 1994.

2. Bretto A. and Faisant A., Another way for associating a graph to a group, Math. Slovaca, 55(1) (2005), 1–8.

3. Bretto A. and Gillibert L., Symmetry and connectivity in G-graphs, International Colloquim on Graph Theory, (ICGT’05), Giens, France, September 12–16, 2005. Electronic Notes in Discrete Mathematics 22 (2005), 481–486.

4. G-graphs for the cage problem: a new upper bound, ISSAC 2007, 49–53, ACM, New York, 2007.

5. Bretto A., Gillibert L., Jaulin C., and Laget B., A New Property of Hamming Graphs and Mesh of d-ary Trees, Lecture Notes in Computer Sciemce, 5081 (2008), 139–150.

6. Bretto A., Gillibert L. and Laget B., Symmetric and Semisymmetric Graphs Construction Using G-graphs, ISSAC 2005, 61–67, ACM, New York, 2005.

7. Bretto A., Jaulin C., Kirby K. G. and Laget B., G-graphs and Algebraic Hypergraphs, Electronic Notes in Discrete Mathematics 30 (2008), 153–158.

8. Eshagian M. M. and Prasanna V. K., Parallel geometric algorithms for digital pictures on mesh of trees, in: Proc. 27th Annual IEEE Symposium on Foundation of Computer Science, IEEE Computer Society Press, Los Alamitos, 1986.

9. Goldschmidt D., Automorphisms of trivalent graphs, Ann. Math. 111 (1980), 377–406. 10. Lauri J., Constructing graphs with several pseudosimilar vertices or edges, Discrete Math.

267 (2003), 197–211.

11. Leighton F. T., Introduction to Parallel Algorithms and Architectures: Arrays, Trees, and Hypercubes, Morgan Kaufmann Publisher, San Mateo, 1992.

12. Malnič A., Marušič D. and Wang Ch., Cubic edge-transitive graphs of order 2p^3, Discrete Math. 274 (2004), 187–198.

13. Tomanová J., A note on orbit graphs of finite groups and colour-clique graphs of Cayley graphs, Australasian J. of Comb. 44 (2009), 57–62.

14. , A note on vertex-transitive non-Cayley graphs from Cayley graphs generated by involutions, Discrete Math. 310 (2010), 192–195.

A. Bretto, Université de Caen, GREYC CNRS UMR-6072, Campus II, Bd Marechal Juin BP 5186, 14032 Caen cedex, France, e-mail: alain.bretto@info.unicaen.fr

A. Faisant, Université Jean Monnet, LARAL (E. A. 769), 23 rue Paul Michelon, 42023 Saint- Etienne cedex 2, France, e-mail: faisant@univ-st-etienne.fr

C. Jaulin, Université de Caen, GREYC CNRS UMR-6072, Campus II, Bd Marechal Juin BP 5186, 14032 Caen cedex, France, e-mail: cerasela.jaulin@info.unicaen.fr

J. Tomanová, Comenius University, Faculty of Mathematics, Physics and Informatics, SK-842 15 Bratislava, Slovakia, e-mail: tomanova@fmph.uniba.sk