ON SOLUTIONS OF A SYSTEM
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ABSTRACT. In this paper we investigate the system of rational difference equations

= C g e
Yn—p Tn—qYn—q
where ¢ is a positive integer with p < ¢, p t ¢, p is an odd number and p > 3, both a and b are
nonzero real constants and the initial values *_¢11,Z_g+t2,...,%0,Y—g+1,Y—g+2,--.,Y0 are NONZero
real numbers. We show all real solutions of the system are eventually periodic with period 2pg (resp.
4pq) when (a/b)? = 1 (resp. (a/b)? = —1) and characterize the asymptotic behavior of the solutions

when a # b, which generalizes Ozban’s results [Appl. Math. Comput. 188 (2007), 833-837].

1. INTRODUCTION

Consider the system of rational difference equations
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where ¢ is a positive integer with p < ¢, p is a positive integer, both a and b are nonzero real con-

stants and the initial values £_q41,Z—g+2, ..., %0, Y—q+1,Y—q+2; - - - » Yo are nonzero real numbers.
The system of equations (1.1) is equivalent to the single rational equation of order p + ¢
G a
(1.2) g, = Znoplepme &
Brp—g b

This is obtained by eliminating the variable y, = /2, as follows:

a ab/z,, _bxai, g
Tntp  Tn—q(@/Tany, ,) Tnn—q

Taking the reciprocal and shifting all indices back p units gives (1.2). Equations (1.1) belong to
a class of “homogeneous equations of degree one” (cf. [9, 10] and references therein). By the
substitution ¢, = ,/Tn—p, system (1.1) can be written as a “triangular vector map or system”
where one equation is independent of the other:
t, = ¢ , Sn = tnSn—p-
tng

Dynamics of triangular maps have been studied by several other people (see a nice survey [12] and
a beautiful result [1]).

In particular, Cinar in [3] proved that all positive solutions of the system of rational difference
equations

Tn = 1 , yn=yn—_1, n=12...

Yn—1 Ln—2Yn—2
with the period four. That such a nonlinear rational system has a period so simple as 4 is surprising.
Later, Yang et al in [15] generalized his result and obtained all positive solutions of system (1.1)
with p|q and a = b have period 2¢q. For the case p|q and a # b, they also investigated the behavior
of positive solutions. Similar nonlinear systems of rational difference equations were investigated,
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Figure 1. A positive solution of (1.1) is eventually periodic with period 24 where a = b =1, p = 3,q = 4. This
result is given in [7] .

for instance, by Clark and Kulenovic [4], Ozban [6], Papaschinopoulos and Schinas [8], Camouzis
and Papaschinopoulos [2], Iricanin and Stevié [5], Shojaei et al [11], and Yang [13, 14]. Recently,
Ozban [7] investigated the behavior of the positive solutions of system (1.1) where p = 3, p{ ¢. For
the case b = a € R*, p =3, ¢ > 3, p 1 q, the author obtained all positive solutions of the system
of difference equations (1.1) that are eventually periodic (see the definition below and Figure 1)
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with period 6¢. For the case b # a € RT, p =3, ¢ > 3, p{ g, he also characterized the asymptotic
behavior of the positive solutions of system (1.1).

In this paper we study the behavior of the real solutions of system (1.1) where p is odd with
p < q, ptgq, and so we generalize Ozban’s results of [7]. Before stating our main results, we set
the following definition used in this paper.

Definition 1 ([16]). A solution {(zn,yn)}3Z_(,_1) of (1.1) is eventually periodic if there exist
an integer ng > —q + 1 and a positive integer w such that

(:En—i-no-}—w’ yn+no+w) = (-'En+n07 yn+no)7 n=12...,

and w is called a period.

An eventually periodic sequence such as {1,1,2,3,2,3,2,3,2,3,...} that is periodic from some
point onwards can serve as an example.

2. MAIN RESULTS

Lemma 1. Let {(xn,yn)}32_(,_1) be an arbitrary solution of (1.1). Then
TnYn = Tn+2qYn+2q> n=—-q+1,—q+2,...
Proof. From (1.1) we have

a byn+2q—p ab
(2.1) Tn+2qYn+2g = =
e Yn+2q—p Tn+ql¥nt+q  Tn+qlYn+q
and
a  bYyniq—p ab
2.2 Tnt+qyn+q = = o
( ) s Yntq—p TnlYn TnYn



Then substituting (2.2) into (2.1), we get

Tn4+2¢Yn+2q = TnYn, n=-—q = ]-7 —q + 25 o
O

Theorem 1. Let p be odd, ¢ :=a/b and {(xn,yn)}f;_(q_l) be an arbitrary solution of (1.1).

(i) Ifle|l < 1, then for each integer | with 1 <1 < 2pq, the subsequence {Tapqjt+1—p}3eo converges
to zero exponentially and the subsequence {ygquﬂ_p}]?’ozo tends to infinity exponentially.

(i1) Ifc? =1, then all solutions of the system of difference equations (1.1) are eventually periodic
with period 2pq; If ¢4 = —1, then all solutions of the system of difference equations (1.1)
are eventually periodic with period 4pq.

(iii) If || > 1, then for each integer | with 1 <1 < 2pq, the subsequence {Tapqj+1—p};o tends to
infinity exponentially and the subsequence{y2qu+z_p};?';0 converges to zero exponentially.

Proof. For each n > 1, substituting ,, = a/yn—p N0 Yn+q = bYntq—p/(Tnyn), we get

1
(2.3) YnYnta = _Yn—pYntq—p-
Repeated application of (2.3) yields

_ 2 _ 3 _
Yn—pYnt+q—p = € Yn+pYn+tq+p = € Yn+2pYn+q+2p = - - -
or
t+1
(24) Yn—pYntq—p = C + Yn+ptYn+q+pt, t= 0, ]., ooy, N = 1, 2, ...

Since ¢ > p and p 1 q, it follows that ¢ = pk + m for some positive integer k where m < p. Hence
the last equation turns into

(25) Yn—pYn+(pk+m)—p = ct+1yn+ptyn+(pk+m)+pt7 t=0,1,..., n=1,2,...




For t = k — 1, we have

(26) Yn—pYn+(pk+m)—p = ckyn+pk—pyn+(2pk:+m)—pa k=12,..., n=12,...
Multiplying both sides of Eq. (2.6) by [T%_, ¥n-+i(pk+m)—p, We obtain

P P
(27) Yn—p H Yn+i(pk+m)—p = ckyn+pk—pyn+(2pk+m)—p H Yn+i(pk+m)—p-

=1 =2

Then, by taking n =n+pk and t = (p — 1)k +m — 1 in (2.5), we get

p+1
(2'8) Yn+pk—pYn+(2pk+m)—p = C(p_l)k+m H Yn+i(pk+m)—p
i=p
which combined with (2.7), leads to
p—1 p+1
(29) Yn—p H Yn+i(pk+m)—p — cpk:+m H Yn+i(pk+m)—p-
i=1 =2

Moreover, taking n =n + j(pk+m), j=1,2,...,m—1 and t = pk+m — 1 in (2.5), we get

1+j p+j+1
(210) H Yn+i(pk+m)—p — cpk+m H Yn+i(pk+m)—p-

i=j i=p+j




When p is odd, it follows that

p—1 2p—1
(pktm)(p—1)
H Yn+i(pk+m)—p = € 2 H Yn+i(pk+m)—p>
=1 i=p+1
p+1 P
(pktm)(p—1)
H yn-l—i(pk—i-m)—p =c 2 H yn+i(pk+m)—p yn+(p+1)(pk+m)—p-
=2 i=p+2

These together with (2.9) imply that

_ pk+
Yn—p = T Yn i 2p(pk+m)—p>

or
(2.11) Yn—p = CYntopg—p, n=12...
since ¢ = pk + m. It is clear that repeated application of (2.11) yields
(2.12) Ynt2pgi—p = X Yn—p, i=1,2,..., n=12,...
Moreover from z, = a/yn—p and Yn—p = ?Yn42pq—p, it follows that

Tn = c%a/Yn+2pg—p or Ty = Tntapg,
Go back

or

vt Szan (2.13) Tnt2pg—p = CTp_p, n=12,...

Close Again repeated application of (2.13) leads to

Quit (2.14) Tnt2pgi—p = VTn_p, j=1,2,..., n=12,...




Consequently: (i) follows from Egs.(2.12) and (2.14) and the fact that |¢| < 1. (iii) follows from
equations Egs.(2.12) and (2.14), and the fact that |¢| > 1.
It remains to show (ii). If ¢? = 1 (resp. ¢? = —1), it follows from (2.13) and (2.11) that

(2.15) Wi = Wp-Trays Yn = Ynt2pg, N =1,2,...
(2.16) (resp. Xy = Tntdpg, Yn = Yntdpg, N =1,2,...).
A short computation reveals that
L2pgj—p = x—py—p% # T p,
j = 1,2,... for arbitrary initial values. In fact, from (2.15) (resp. (2.16)), it suffices to show
that Zopg—p = T_py_pZo/b (resp. Zupg—p = T_pY_pxo/b). From Lemma 1, we have z,y, =

Tn42¢Ynt2q = **° = Tnt2pgYnt2pg- Lhus by taking n = —p, we have
(2.17) T—pY—p = T2pq—pY2pq—p> (resp. T_pY—p = Tapg—pYipg—p)-
From (2.3), we have
(2.18) Ynop _ Ynbe _ . _ YntGpi
Yn Yn+q—p Yn+(2p—1)g—p
By taking n = ¢ in (2.18), we get
(2.19) Yaop _ Y2pq , (resp. Yamp _ Ydpa
Yq Y2pq—p Yq Y4pg—p
Folloing from (2.17), (2.19) and y2pq = yo, We obtain
L—pY—p Ya—p Ya—p
(2.20) Topgp = ——=T =g ,y_ =T _,y_ ,
par Y2pq—p ? pyqy2pq peme YqYo
Yo
(resp.  Tapg—p = TpY-p-—>)



By taking n = ¢ in the second equation of system (1.1), we have

Ya—p _ Z0
Ya¥o b
This together with (2.20) imply that
T_pY_pTo T_pY_pTo
Topg—p = %, (resp. Tupg—p = %).
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Figure 2. ¢ =1, w = 24. Figure 3. ¢ = —1, w = 60.




Remark 1. Some numerical experiments are carried out by MATLAB software. Choosing
a=—-b=2,p=3, ¢ =4, and random initial data, we see that ¢? = 1 and the solutions of (1.1)
are eventually periodic with period 24 in Fig. 2. Choosing a = —b = 2, p = 3, ¢ = 5 and random
initial data, we see that ¢? = —1 and the solutions of (1.1) are eventually periodic with period 60
in Fig. 3.

A natural question is what the solutions look like if p is even. We plot Figs. 4-7 with different
¢ and different ¢. None of them can tell that the corresponding solution of (1.1) is eventually
periodic even if ¢ = 1.
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Figure 4. p is even, ¢ = —1. Figure 5. p is even, ¢ = 1.
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Figure 6. p, q are even, ¢ = —1.5. Figure 7. p is even, ¢ is odd, ¢ = 0.5.
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