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PRODUCTS OF INTEGRAL-TYPE AND COMPOSITION
OPERATORS BETWEEN GENERALLY WEIGHTED BLOCH
SPACES

HAIYING LI anp TTANSHUI MA

ABSTRACT. Let ¢ be a holomorphic self-map of the open unit disk D on the complex
plane and 0 < a,8 < 4oco. The boundedness and compactness of products of
integral-type and composition operators between generally weighted Bloch spaces
are investigated.

1. INTRODUCTION AND PRELIMINARIES

Let D be the unit disc on the complex plane and ¢ a holomorphic self-map of D.
We denote by H (D) the space of all holomorphic functions on D, denote by dm(z)
the normalized Lebesgue area measure and define the composition operator C,, on
H(D) by Cyf = f o .

The space of analytic functions on D such that

N / _ 2 L
11z = 1£ ()1 +sup IF(2)I(1 = [o]") log 775 < o0

is called weighted Bloch space Bios. Blog and BMOA, first appeared in the
study of boundedness of the Hankel operators on the Bergman space

N=UeH®w4uwmma<w}

and the Hardy space H', respectively. BMOA)qg also appeared in the study of a
Volterra type operator (see e.g. [1, 2, 3, 4, 9, 10]). In [11], Yoneda studied the
composition operators from Bi,g to BMOAie,. In [5, 6, 7], we introduced the
space Bt,,a <0, the space of analytic functions on I such that

2
1/l B, = [FO)] +sup |f'(2)[(1 = [2[*)* log = < o0
N z€D 1- ‘Z|

that is called generally weighted Bloch space By,.
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Let g € H(D), for f € H(D) be the integral-type operator I, and J, respectively,

defined by
- / F(O9(C)C,

/f Od¢,  zeD.

The importance of the operators I, and J, comes from the fact that
Iof(2) + Jof(2) = My f(2) = f(0)$(0),  z€D,
where M, is the multiplication operator
(Myf)(2) = 9(2)f(2),  feHD), zeD.

The products of composition operators and integral-type operators are defined
by

»(z)

Codyf(2) = / FOF©OdE,  T,Cof: / F(€)g' (€)de,
0
»(z) z

Col, f(2) = / PO, L,Cuf(z) = / (f 0 0) () HO)de.
0 0

In this article, we consider the characterization of boundedness and compactness
of products of integral-type and composition operators between generally weighted
Bloch spaces on the unit disk. Throughout the remainder of this paper C' will
denote a positive constant, the exact value of which will vary from one appearance
to the next.

. Bo B
2. THE BOUNDEDNESS AND COMPACTNESS OF Cy,J,(Cyly) : By, — By,

At the beginning, the following Lemma 2.1 can be seen in [5].

Lemma 2.1. Let f € B, and z € D, then

log
(a) For0<a <1, |f(2)]< (1 + (—al)log;Q) Hf”Blog
log = |z|2
(b) Fora=1, |f(2)] < log 2 ||f||Blog
L 1 1
(c) Fora>1, |f(2)] < (1+ (a—l)log?) =27 1||JCHBlog

Lemma 2.2. Assume that ¢ zs a holomorphic self-map of D and o, B > 0.
Then Cpdg(or Coly) : B, — Blog 18 compact if and only if for any bounded
sequence (fj)jen in Bi,: when f;j — 0 uniformly on compact subsets of D,

ICoToills — 0 or ICIy il ) — 0 as j — oc.
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The result follows from standard arguments similar to those in [4].

It is easy to obtain the following result by a similar method in [8] for 0 < o < 1.

Lemma 2.3. Assume that ¢ zs a holomorphic self-map of D and 0 < a < 1,

B > 0. Then C,J, : Blog — Blog is compact if and only if for any bounded

sequence (fj)jen i Bfy,, when f; — 0 uniformly on D, |Cypdyfjllze — 0 as
log

J — 0.

Lemma 2.4. Assume thath € H(D), f € Bit,, a >0 for a fized z9 € D. Then
there exists a positive constant C independent of f such that

/f<<>h<od I, . KO
0

o \C\<|

o8 |¢]< |20

/ FOMOAC| < CI g, max (G
0

Proof. For h € HD), f € B3, then

/f |CI\2\X0\| « )|\€r\glxol|h( )
<(|f< -+ 20l e £(0)) s [8(C)

Smax{l,( 2‘i0| 3 }Hf”Ba max ‘h( -

1 — |20[*)* log 1]z 8 [¢|<|20

Similarly, we have

[<I<]zo] I<I<lz0]

/ FORC)AC] < 20| max |f] max |h(C)]
0

20
= (1= [20)° log =2

1—1z0[?

I1f 1l 5

o ma
o8 \€\<| ol

x [h(C)]-

O

Theorem 2.5. Assume that ¢ is a holomorphic self-map of D, g € H(D),
€(0,1), B> 0, then CpJy : By, — log is bounded if and only if

(2.1 sup(1 = [+ I¢' ()l (o) o8 1= < .
eD z

Proof. Assume that CyJ, : Bit, — B’
the operator Cy,Jg,

(2.2) (Cody£)(2) = f(p(2))g' (p(2))¢' (2).

log 18 bounded. Then by the definition of
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Let fo(z) =1, then fy € By, Then by the boundedness of CyJ,

2
(23) (=PI (g (P08 7= < 10Tyl folsg, < oo

Then (2.1) holds by (2.3).
Conversely, assume that (2.1) holds. Then by Lemma 2.1 and (2.2)

(1= 2)*(Co o) () ok 7=
(2.4) 2
< Clflag, (4= 1)1 ()l (e o =

log

Then, by Lemma 2.4, with h = ¢’ and 2o = ¢(0),

©(0)
(25) 1(Codyf5)(0)] = / FOd(©)dC

< o "),
<C|flsg, A lg" (O]

By (2.4), we have

2
1CJofllgs < C(sup(l —|2*)71¢’ (2)llg (12(2))] log ——
tog =€D 1—|z|

log

+ o g (ODIfllBe. -

By (2.1) and (2.5), the boundedness of C,J, is obtained. O

Theorem 2.6. Assume that ¢ is a holomorphic self-map of D, g € H(D),
a€(0,1), 8> 0, then C,Jy: B, — Bf

Jog log 15 compact if and only if

2
sup(1 — |2[*)71¢'(2) 19’ (#(2))| log ———5 < oo
z€D 1- |Z|

Proof. Assume that CyJg : By, — Blig is compact, then it is bounded, hence
(2.1) holds by Theorem 2.5.
Conversely, assume that (2.1) holds. Then by Theorem 2.5, Cy,J, : By, — BP

log
is bounded. By Lemma 2.3 for any bounded sequence (f;);jen in B

. when f; — 0

v log>
uniformly on DD, we need only to prove that ||C,J,f|| gz — 0 as j — co. Then
log

lim sup(1 — |z\2)5(C¢Jgfj)’(z) log

2
j—»oozeﬁ 1—|Z|2

2
< sup(L — [2%)71¢' (2)l19' (1#(2))| log leggo [ fjlles = 0.

zeD
#(0) . ) .
(Cof) O =| [ 5O < Cll I s 19O = 0sj — ox.
0 I<I<1»(0)]
Then the compactness of C,J, is completed. (|

Theorem 2.7. Assume that ¢ is a holomorphic self-map of D, g € H(D),
8> 0.
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(i) 1f

2 / / 2 2
(26)  sup(1— =)’ ¢/ (2)lg (¢(2)) o 7 Tog 7= v < o0,

z€E
then CyJy: Biog — Blﬂog 18 bounded.
(ii) If CpJy: Biog — Bl is bounded, then

log

2 2
2.7 1= 12?1 (2)|ld log ——— loglog ———— < .
(2.7) 21615( [21)71¢"(2)llg' (¢ (2)) [ log 1— LEleslog T <

Proof. (i) For f € Bjog, by Lemma 2.1, it holds

(1= |2)(Cy g f) (2) log %Mz

2
og .
1—[p(2)]?

2
< Ol 1B (1= 271" (2)lg'(2(2)) ] log T— R 1
By (2.6), we have that C,J, : Biog — Bﬁg is bounded.

(ii) Assume that C,Jg : Biog — Bﬁg is bounded. For w € D, set

fuw(z) =loglog 1

Then
1 w
2

1-wz

fu(2)

Then |f,(0)| = loglog 2 and

11—z

- log

2 (L= lzP)lwlog =
(1= =)0 () log =75 = -

|1 — wz| logﬁ

(1 - |Z‘2) log 17?2‘2
2
1= z[log 7=

Thus f,, € Biog. Hence by the boundedness of C,J, : Biog — Bfig, we have

(1= [2))71¢(2)llg' (¢ (2))|log 1%\42 toglog ﬁ

< C”Ctp‘]gftp(Z)”Blig < ||C¢Jg|| : Hf<p(z)HBlog < 0.
O

Theorem 2.8. Assume that ¢ is a holomorphic self-map of D, g € H(D),
8> 0.

i) If 2
sup(1 — [=)°l¢’ (2l (¢(2))|log T3 < o0
z€D ’
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and
(28) Tim (1— [z ()19 (9(2))]log —— log ———— =0,
lp(2)|—1 1— || 1 —Jo(2)]

then Cydy @ Biog — Bﬁg is compact.

(ii) If Cpdy : Biog — Blﬁog is compact, then

2 2
2.9 lim 1-— 2'2 Bl z ! z log ———— loglog —————— = 0.
(29) Jim (1 [2)71¢'(2)lg'(o(2)) log {15 lowlor T

Proof. (i) By (2.8), we have that for any & > 0 there exists an 79 € (0,1) such
that

(2.10) (1= [2»)%1¢'(2)|lg' (p(2))| log 1 _2|Z|2 log 7— |Z(Z)|2 <&

for every |p(2)| > ro.
Let (fj)jen be a norm bounded sequence in Bjo, such that f; — 0 uniformly
on compact subsets of D as j — oo. By Lemma 2.1, (2.1) and (2.10), we have

(1=[2)(Co Ty ) () o8 =15

< swp U500 s (- PP ()]l (9(2)) log ——
lo(2)|<ro lo(2)|<ro 1— |z
. o _ B / 2 2
+ Oyl s (1= B Gl (P os 7= 108 7o
< C sup |15+ Cellflp,.
[¢]<ro
#(0)
(Cody £)(0)] = / F(O)g ()¢
0
< o £ (Q)] o 19’ (O] =0 (j — o0).

Taking the supremum over z €D and letting j — oo, we have ||Cy,Jg f;ll gz — 0
log

as j — 00. Thus CyJy : Biog — B{Zg is compact.

(ii) Assume that Cy,J, @ Biog — Blzg is compact and (zp)nen is a sequence in
D such that lim, ., |@(2zn)| = 1. Let

1 2
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Then f, is a uniformly bounded family on B, that converges to 0 on compact
subsets of D. Then ||Cy,Jy fnllge — 0 as n — oc.
log

1€, Ty il = sup(t = |+ (Cody Y (2) o8 1=
> 1~ [2a*)1¢/ ()19 (p(20) | log — 1 log log
T [z BT ()P
Hence
2
Jim (1= J20*) 1/ (z0) 19" (9(20)) [log 75 loglog g5 = 0.
So (2.9) holds. O

Theorem 2.9. Assume that ¢ is a holomorphic self-map of D, g € H(D),
a>1,6>0.If

(1~ 1221 ()9 () Tog 12
211 up T Te@R) o,

then CyJ, : B, — Bj} is bounded.

Proof. By Lemma 2.1 and (2.11), for f € B,

(1 —12[%)P(Cpdyf) (2) log I_LW

(1= 121)%l¢' (2)llg' ((2)) | log =72

<C|flsg < o0.
o8 (1 —lp(=)2)t
C,J,)(0)] < max max |g’
(CodyNO)| < masx (7] max 19/

| (20)] /
< max< 1, fllB= max |g'({)|.
{ (1= lp(20)[?) log 7=f 72 15t ity 1971

Then the boundedness of C,J; is obtained. O

Theorem 2.10. Assume that ¢ is a holomorphic self-map of D, g € H(D),
a>1,6>0.If

P
sup(1 — |21*)7]¢’ (2)|1g' (¢(2))| log ———5 < o0
z€D 1- |Z|

and

A=)l )l (p(2))] log =7z

lim 5 I =0,
lo(2)]—1 (1= [p(z)?)

then CyJy: B, — By,

(2.12)

18 compact.
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Proof. By (2.12), then for any £ > 0, there exists an ro € (0, 1) such that
(1= 121%)1¢"(2)lg' ((2))| log 1= -
(1 = le(z) )t 7

Let (fj)jen be a norm bounded sequence in Bfy, such that f; — 0 uniformly on
compact subsets of D as j — oco. By Lemma 2.1, we have

(1= PP () ok =

for every |p(z)| > ro.

< sup [fi(p(2))]  sup (1—IZ\Z)ﬁlw’(Z)Hg’(w(Z))Ilogﬁ

[p(2)|<To lp(2)|<ro
+C|fillse.  sup (1 —12)°|¢' (2)]lg (¢(2))|log 2 5 log 2 5
% |o(2)|>ro 1— 2| 1 — |p(2)]
< C sup |f5(Q)| + Cellf;llBg, -
¢I<ro

#(0)
(Codaf)O)] = / £ (O] < Cls g, max 19/(O).

Taking the supremum over z € D and letting j — oo, ||CyJyfjl ge — 0. Thus
log

C,J,: BY, — Bl

Tog log 18 compact. O

Theorem 2.11. Assume that ¢ is a holomorphic self-map of D, g € H(D),
a€(0,1), 3>0, then J,Cy: Bk, — By, is bounded if and only if J,Cp: Bf, —

log
BP

B
log

is compact if and only if g € Bigg-

Theorem 2.12. Assume that ¢ is a holomorphic self-map of D, g € H(D),
8 >0, If po 9 9
sup(1l — |z g (2)|log log
gt~ g Blos T oe 70y

5 <0,

then J,Cy: Blog — Blig 1s bounded.

Theorem 2.13. Assume that ¢ is a holomorphic self-map of D, g € H(D),
B >0, if

2
sup(1 — [212)?|d' (2)| log ——— < o0
B( |21%)" |9’ (2)] CE

z€
and
lim (1—|2[2)°]g/(2)| log ~—— log ——— =0,
o (z)|—1 1— 2] 1= p(2)]
then J4Cy @ Biog — Bl’ig 1§ compact.

Theorem 2.14. Assume that ¢ is a holomorphic self-map of D, g € H(D),
a>1,6>0.If

“ (1= [21*)71g' ()| log =2 -
D 00,
~€D (1= le(z)[?)>t

then JyCy: By, — Blig is bounded.
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Theorem 2.15. Assume that ¢ is a holomorphic self-map of D, g € H(D),
a>1,6>0.If

2
sup(1 — [21%)?|4' (2)| log ——— < o0
Zeg( |21%)" |9’ (2)] F

and )
(= [2P)le () log i
lim CRv— =Y
le)l=1 (1= [e(2)]2)e
then JyCy: By, — Blig is compact.

Theorem 2.16. Assume that ¢ is a holomorphic self-map of D, g € H(D),
a>0,0>0, If
(1= [21%)°1¢' (2)|lg(¢(2))] log =52
(2.13) sup > 5 Sk < 00,
zed (1= lp(2)]?)*log =2

then Cyly: Bﬁ‘)g — BlﬁOg is bounded.

Proof. By the definition of C,I,, (Cuolyf) (2) = ¢'(2)g(¢(2))f (¢(2)). For
[ € Bit,, we have

2
(1- |Z|2)B(C¢Igf)/(z) log m
(1 =121%)7l¢' ()llg((2))| log +=E7= i
=~ B .
(1 - |90(Z)|2)a log 1,“02(2”2 fos
»(0)
(Coty DO =| [ Q90| < Cll e, max [9(O)].

J <I<Ie(0)]

By (2.13), we have C,,1, : B, — Bf) _is bounded. O

Theorem 2.17. Assume that ¢ is a holomorphic self-map of D, g € H(D)
a>0,0>0, If

(214 sup(1 — [22)°1¢/ ()| lg((2)) | log - < o0
z€D 1 ‘Z|

and
(1= 12*)%1¢ (2)llg(e(2)log =5

(2.15) lim
lo(2)|—1 (1~ le(2)?)* log =2

then Cyly: B, — Blﬂog is compact.
Proof. By (2.15), for any € > 0, there exists an r € (0,1) such that
(1= [21%)°1¢' (2)|lg(¢(2))| log =52
- [p(=)P)"log =2 -
for every r < |p(z)| < 1.

(2.16)
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[e%

Let (fj)jen be a norm bounded sequence in By,

on compact subsets of D as j — oco. Then

such that f; — 0 uniformly

ICeIgfillpp < sup (1—|Z|2)5\¢’(Z)IIg(w(Z))\lfj(so(z))llogl_iw

()| <r
+ sup (1-— IZIQ)ﬁIw’(Z)IIg(w(Z))IIfJ"(sO(Z))Ilog1_72
lo(2)|>r |2]
m / max
1¢I<](0)] 75 1¢I<](0)] l9(<)]
(2.17) ps 9 /
< sup(1 — [2]%)7]¢"(2)]|9(¢(2))] log ————7 sup [f; ()]
2€D L=z 1¢1<r
(1= [2)21¢' (2)[lg(¢(2)) | log =7
+ sup : ) £l s
lo(z)|>r (1 —e(2)[*)>log -T2 N
max ! max )
1¢I<](0)] 175 <1<l (0)] 19(<)]

Since f; — 0 uniformly on compact subsets of D as j — oo, by Cauchy’s
estimate, fj’ — 0 uniformly on compact subsets of D as j — oo. Hence by (2.14),

(2.16) and (2.17), we have | Colyfillgp — 0 as j — oo. Hence Cply: Bit, — By,
is compact. O

Theorem 2.18. Assume that ¢ is a holomorphic self-map of D, g € H(D),
a>0,0>0, If

wp (1= [2*)°1¢" (2)lg(2) | log = e
:ed (1= ]0(2)|2) log 72y

)

then 1,C,: Blog log is bounded.

Theorem 2.19. Assume that ¢ is a holomorphic self-map of D, g € H(D),
a>0,06>0.If

2
sup(1 — |21 (2)lg (=) log ——2— < o0
z€D 1—|z|

and
(1= [22) 1) lg(2) Tog =2
im VS 5 =0
le(2)l=1 (1= e(2)[?) log oo

)

then 1,Cy,: B, — Bﬁg is compact.
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