PRODUCTS OF INTEGRAL-TYPE AND COMPOSITION OPERATORS
BETWEEN GENERALLY WEIGHTED BLOCH SPACES
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ABSTRACT. Let ¢ be a holomorphic self-map of the open unit disk D on the complex plane and
0 < a,8 < +oo. The boundedness and compactness of products of integral-type and composition
operators between generally weighted Bloch spaces are investigated.

1. INTRODUCTION AND PRELIMINARIES

Let D be the unit disc on the complex plane and ¢ a holomorphic self-map of . We denote by
H (D) the space of all holomorphic functions on D, denote by dm(z) the normalized Lebesgue area
measure and define the composition operator C, on H(D) by C,f = f o ¢.

The space of analytic functions on D such that

, 2
10 = 1F )] +sup | (2)](1 = [2*) log 75 < o0

is called weighted Bloch space Biog. Biog and BM O A, first appeared in the study of boundedness
of the Hankel operators on the Bergman space

Al=(fe HD): /D |£(2)] dm(z) < oo}
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and the Hardy space H', respectively. BMOA,,, also appeared in the study of a Volterra type
operator (see e.g. [1, 2, 3, 4, 9, 10]). In [11], Yoneda studied the composition operators from Biog
to BMOAog. In [5, 6, 7], we introduced the space Big, o <0, the space of analytic functions on
D such that

2
a = 0 4 1-— 2 *log ———
£l g, = I )I+§1elg|f (2)(1 = |2]*)* log 17— e <
that is called generally weighted Bloch space By, .

Let g € H(D), for f € H(DD) be the integral-type operator I, and J, respectively, defined by
L1 = [ #0900
0

Jof(z) = / HOG(Ode,  zeD.
0

The importance of the operators I, and J,; comes from the fact that

Isf(2) + Jsf(2) = My f(2) — f(0)¢(0),  z€D,

where M, is the multiplication operator

(Mgf)(2) = g(2)f(2),  feH(D), z¢€D.



The products of composition operators and integral-type operators are defined by

Cyd,f(2) = / FOF©Od,  T,Cuf(z) = / (€)' (€)de,

w(2) z

Col,f(2) = / FEONEE  LCf() = / (f 0 0) (E)9(£)de.
0

0
In this article, we consider the characterization of boundedness and compactness of products
of integral-type and composition operators between generally weighted Bloch spaces on the unit
disk. Throughout the remainder of this paper C' will denote a positive constant, the exact value
of which will vary from one appearance to the next.

—>Bﬂ
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2. THE BOUNDEDNESS AND COMPACTNESS OF C,J,(Cyly) : B log

log
At the beginning, the following Lemma 2.1 can be seen in [5].

Lemma 2.1. Let f € B, and z € D, then

1
< D T a
@ Roro<a<i, 7)< (14 goares ) Wleg,
log —f;
(b) Fora =1, () < — == IIflsg,

a—1
© Fora>1 1) < (14 s ) w1l



Lemma 2.2. Assume that ¢ is a holomorphic self-map of D and o, f > 0. Then C,J, (or
Cyly) : By, — Bf)g is compact if and only if for any bounded sequence (f;)jen in Bj,, when
fj — 0 uniformly on compact subsets of D, ”Cw]gfj”B{* — 0 or ”CngfJ'”Bf’ ) —0 as j — oo.

og og

The result follows from standard arguments similar to those in [4].

It is easy to obtain the following result by a similar method in [8] for 0 < o < 1.
Lemma 2.3. Assume that ¢ is a holomorphic self-map of D and 0 < o < 1, 8 > 0. Then

Cody = By — Biig is compact if and only if for any bounded sequence (f;)jen in Bl when
fi — 0 uniformly on D, “CWJng'”BF — 0 as j — oo.
og

Lemma 2.4. Assume that h € H(D), f € B, a > 0 for a fived zg € D. Then there exists a
positive constant C independent of f such that

/ FORQAC| < Cll il max [A(C),
0

198 | ¢| <20

18 |¢|<|z0

/ £ < Clf g, max MO
0



Proof. For h € H(D), f € Bf,, then

[ Hom©)ad] < max 17O max [h(c)
J .

max
[¢1<]zo0]

< (|f<o>|+|zO| - |f’(<>|) max [h(C)]

[¢]<]20] [¢]<]20]
< max { 1, ol e max R(O)L
(1 = |20[)* log =Fp % [¢]<]zol

Similarly, we have

20

O/ FOMEAC| < 2ol max 7] max (A
- |20
= U= TP)* log =

1—|20]?

I£1l5g, max [R(C)].

18 |¢|<| 20|

O

Theorem 2.5. Assume that ¢ is a holomorphic self-map of D, g € H(D), « € (0,1), 8 > 0,

then CpJy : Bit, — Bﬁg is bounded if and only if

.1) sup(1 = 271 (2 (o(2)) lok {5 < .




Proof. Assume that C,J, : B, — Bﬁg is bounded. Then by the definition of the operator
CoJy,

(2.2) (Codyf) (2) = f(e(2))g' (¢(2))¢ (2)-
Let fo(z) =1, then fo € Bii,- Then by the boundedness of Ci,J,

log

(23) (1= Y1 (g (o)) to& =1z < IC, Tyl ol < o

Then (2.1) holds by (2.3).
Conversely, assume that (2.1) holds. Then by Lemma 2.1 and (2.2)

(1= 4P Co o) (2) 08 T
(2.4)

< Olfllsg, (1 = 11)°1¢' ()19 (2(2))| log ﬁ

log

Then, by Lemma 2.4, with h = ¢’ and zp = (0),

»(0)
(2.5) |(C¢Jgfj)(0)|=/0 Qg (Q)d¢| < Cllflsg, |<|I§1|3}((0)||g/(<)|'

By (2.4), we have
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Theorem 2.6. Assume that ¢ is a holomorphic self-map of D, g € H(D), € (0,1), 8 > 0,
then CylJy : BR, — Bﬁg is compact if and only if

2
sup(1 — |21%)°|¢(2)|lg' (¢(2))| log ———5 < oo.
zeD 1- |Z|

Proof. Assume that CyJ, @ Bfy, — B’ is compact, then it is bounded, hence (2.1) holds by

log
Theorem 2.5.
Conversely, assume that (2.1) holds. Then by Theorem 2.5, C,J, : ng — Bf)g is bounded.

By Lemma 2.3 for any bounded sequence (f;)jen in Biyg, when f; — 0 uniformly on D, we need
only to prove that HC%’Jng‘”BF — 0 as j — oco. Then
og

' 2
lim sup(1 — [2[*)°(Cyp I f;)'(2) log 1— |22

I 2eD

2 .
< sup(L — |2%)71¢' (2)l1g' (1#(2))| log T 1ap A [ fillee = 0.

€D 1— [z
»(0) . . .
(Cotatp @l =| [ HOF O <l e e (O] = 0asj = oc.
0 I¢I<le(0)]
Then the compactness of C,J, is completed. O

Theorem 2.7. Assume that ¢ is a holomorphic self-map of D, g € H(D),
8> 0.

0 1f
/ / 2 2
26) sup(1 — |2f")°|¢/ (2)lg'(p(2)) g 111 o8 7=y < 0,




then CyJy: Biog — By, is bounded.

(i) If Cpdg: Biog — BIBOg is bounded, then
2 2
2.7 sup(1 — |2[2)P|¢' ()¢’ (¢(2))|log ——— loglog ————— < oo.
2.7 sup(1 = 21/ (2 () og 13 og ok 1 — =7

Proof. (i) For f € Biog, by Lemma 2.1, it holds

(1 —|2[3)P(Cpdy f) (2) log %Mz

2 2
< 1— 2P (2)|lg" 1 1 :
< Ol (1= )71 @llg (2] log 37 log =77
By (2.6), we have that C,J, : Biog — Bf)g is bounded.

(ii) Assume that C,J, : Biog — Blig is bounded. For w € D, set

2
fuw(z) = loglog e

Then 1 _
w
fo(2) =

 log 12— 1—wz

Then |f,(0)] = loglog 2 and

2 (=|eP)wllog
(L= [=)If0 () log 7= = -

|1 — wz|log —ll—zmz|

(1 - |Z|2) log I—TZP

1 —z|logﬁ




Thus f,, € Biog. Hence by the boundedness of C,Jy : Biog — B{ig, we have
2 2
(1= 121)°1¢ (2)llg ((2))| log —=—5 log log ————=
1— [ 1—[p(2)?

< O”CLPJgfcp(Z)”B{Zg < ”Ccp‘]y” . ”ftp(z)”Blog < .

Theorem 2.8. Assume that ¢ is a holomorphic self-map of D, g € H(D), 8 > 0.

(i) If
2
sup(1 — [2[*)°|¢' () lg' (1(2)) | log == < 0
zeD 1-— |Z|
and
(28) lim (1= |22)°1 ()l (o(2)] log T log T——=— = 0,
lo(2)|—1 L—=lz2 71— e(2)]
then CyJy @ Biog — Bl’ig is compact.
(i) If Cpdg : Biog — ij)g is compact, then
2 2
2.9 lim (1 — |22)P|¢'(2)||g (¢(2))|log —— loglog ———— = 0.
(2.9 Jim (1= )l I (o(a)) ok 1= Yoglog T— oy
Proof. (i) By (2.8), we have that for any € > 0 there exists an ¢ € (0,1) such that
2 2
2.10 1—122P|¢ (2)||g' (¢(2))] log log <g,
(2.10) (1= 2Pl )l (o)) ok 7= 08 T

for every |p(2)| > 0.




Let (f;)jen be a norm bounded sequence in By such that f; — 0 uniformly on compact subsets
of D as j — oo. By Lemma 2.1, (2.1) and (2.10), we have

2
(1=121*)P(Cpdy £5)' (2) logm
2

< sup |fj(e(z))] sup (1—|Z|2)ﬁ|<P'(Z)||9'(90(Z))|logﬁ

lo(2)|<ro ()| <ro — |2|

2 2
+ Cllf;llB., sup 1—|2[2)8|¢' (2)||d (¢(2))| log log
IFillnue s (1= I/ ()l (o) os 1 108 o

< C sup |f5(O)] + Cell fill Brog-
[¢I<ro

»(0)

(Cody£5)(0)] = / F(Og(©)dc
0
< max [H(O] max |7(Q)] =0 (- ).

Taking the supremum over z€D and letting j— oo, we have ||CyJ, f;| B? —0 as 7 — co. Thus
og

Cyply : Blog — BlﬂOg is compact.

(i) Assume that CyJy @ Blog — Bﬁg is compact and (z,)nen is a sequence in D such that
lim,, 00 |(2n)| = 1. Let

2 ! 2 ’
fa(z) = <loglog T oG |§0(Zn)|2) (loglog T o, SD(Zn)Z> : n € N.




Then f, is a uniformly bounded family on B,z that converges to 0 on compact subsets of I.
Then ||C’¢Jgfn||Ble — 0 as n — o0.
og

2
Codgfullgs > sup(l — |Z|2)ﬂ(C¢Jgfn)/(z) log ——
log z€D 1- |Z|

2 2
21— |Zn|2)'6|90,(zn)||g,(90(zn))| log 1— |zn)? loglog 1— |p(zn)2
Hence
2 2
lim (1 —|zn]2)?|¢’ (20)]||g" n))|log ———— loglog ————— = 0.
Jim (1 — [2n[)”|¢"(zn)19" (¢(20))] 8 T esls e =0
So (2.9) holds. O

Theorem 2.9. Assume that ¢ is a holomorphic self-map of D, g € HD), a > 1, 3> 0. If

(1= 12*)?1¢ (2)llg' (¢(2))| log =72

2.11 sup 0,
@11) - A= le@P)r
mnuu then CylJy : Bﬁ‘)g — Bﬁg is bounded.
Go back Proof. By Lemma 2.1 and (2.11), for f € By,
2
Fu Seree (1= |2 (Co ) (2) log =
= (1= 221 ()lg'(p()) log =Ee

< C|f5
”» L A= Te@R)




[(Cydg £)(0)] < £ l9'(O)l

C<Ip(0)] ¢ <Ip(0)]
le(20)| )
< max< 1 o max .
- { " (1= |(20)]?) log +—Fop 17115z, I¢I<le(0)] g7l

Then the boundedness of C,J; is obtained. O

Theorem 2.10. Assume that ¢ is a holomorphic self-map of D, g€ HD), > 1, 5> 0. If
2\B|, ! ! 2
sup(1 — |2[)"|¢'(2)[lg'(¢(2))| log ——7 < o0
zeD 1- |Z|

and

(L= =)l (g (p(2)l log =Fz

(2.12) ()1 (L= le(z)?)>=

RIKIEEA .
then CylJy: Biye — Blog is compact.

Proof. By (2.12), then for any & > 0, there exists an 7y € (0, 1) such that

(1= 2Pl (g’ ()| og e

for every |@(z)| > ro.

<k,
=TGP




Let (fj)jen be a norm bounded sequence in Bjy, such that f; — 0 uniformly on compact subsets
of D as j — oo. By Lemma 2.1, we have

(1= 2R (Co T, ) () o =

< sup |fj((2))| sup (1—|Z|2)ﬂ|90’(Z)I|g'(<p(Z))I10gﬁ

 le(2)I<ro le(2)|<ro
2
+ClIfillsg, swp (1= [21%)°1¢(2)llg' (p(2))] log log
TR @m0 1— |22 = 1-Je(x)P
< C sup [f;(O)| + Cel fil g, -
[¢I<ro
»(0)
(Colat)O) = | [ 10O < Clfileg,  max 19/
J £ |¢I<|»(0)]
Taking the supremum over z € D) and letting j — oo, ||C¢,Jgfj||Bl;a — 0. Thus C,Jy: By, — B{ig
og
is compact. 0

Theorem 2.11. Assume that ¢ is a holomorphic self-map of D, g € H(D), a € (0,1), 8 > 0,
then J,Cy: By, — sz)g is bounded if and only if J,Cyp: By, — BP s compact if and only if

log
B
g€ Blog.

Theorem 2.12. Assume that ¢ is a holomom@ic self-map af]D), g€ HD), >0, If
sup(1 — |2]?)?|¢'(2)| 1o lo < 00,
zeg( 21%)1g'(2)] T B T o)

then J,Cy: Blog — BP s bounded.

log



Theorem 2.13. Assume that ¢ is a holomorphic self-map of D, g € H(D), 8 > 0, if
2
2\B| ./
ilelg(l = [21%)"lg (Z)|10g1_—|z|2 <000

and

2
lim (1—2]2)?|¢'(2)|1o lo
Jim (1 )l o 2 og

1— o)
then J4Cy : Blog — Bﬁg is compact.
Theorem 2.14. Assume that ¢ is a holomorphic self-map of D, g € HD), a > 1, 8> 0. If

(1~ 12|y (2) | log 27

sup - 00,
zep (L= lp(z)[?)t
then J,Cy: By, — B{ig is bounded.

Theorem 2.15. Assume that ¢ is a holomorphic self-map of D, g € HD), a > 1, 8> 0. If

2
2\6
ilelg(l = [21)"19' (=)l og 1— e <
and )
(1= [2[*)°1g' (2)| log =572
lim a1 EiLap )
le(2)| -1 (1= le(2)[2)*~
then JyCy: B, — B{ig s compact.
Theorem 2.16. Assume that ¢ is a holomorphic self-map of D, g € H(D), a > 0, 8 > 0,. If
1— |2[®)P|¢’ (2)|lg((2))| log 1=
(2.13) sup( |21%)71¢" (2)]19( ())I2 = _
zed (1= |p(2)?)* log i

then Cply: Bft, — By, is bounded.

)




Proof. By the definition of CyIy, (Cplyf)'(2) = ¢'(2)g(v(2)) f/(¢(2)). For f € Bf,, we have
2
(1= [21%)°(CpIyf) (2) log T—F

(1= [21%)7]¢' (2)llg((2) | log =

I fllBe .
TP D m—L

»(0)

(ColyHO) =| [ £©9(O| < Clllag,  max [9(O.

J € 1¢I<le(0)]

By (2.13), we have C,I, : By, — Bﬁg is bounded. O
Theorem 2.17. Assume that ¢ is a holomorphic self-map of D, g € H(D), a > 0, 8 > 0,. If
2
(2.14) sup(1 — |2[*)?|¢' (2)I1g(¢(2))| log — 5 < o0
z€D 1- |Z|

and

(L= =)l ()llg (=)l log =Fz 0

2.15 im
(2.15) @1 (L= [p(@P)* log =2y

)

then Cply: By, — Bﬁg is compact.

Proof. By (2.15), for any € > 0, there exists an r € (0, 1) such that
(1 = [=1)P1¢' (2)llg(p(2))| log = .
(1= le(2)[?)> log ﬁ

(2.16)




for every r < |¢(2)] < 1.
Let (f;)jen be a norm bounded sequence in B, such that f; — 0 uniformly on compact subsets
of D as j — oo. Then

2
IC I fillpg < sup (1—|2|2)5|<P’(Z)|Ig(90(z))|Ifg’-(so(Z))Ilogm

lo(2)l<r
+ sup (1—IZIQ)ﬁlso’(Z)Ilg(w(Z))l|f§(<P(Z))|logﬁ

lo(2)|>r
+ max 4 max
1¢I<](0)] 175 1<I<](0)] l9(0)I

(2.17)

IA

sup(l = 2% (2)l19(¢(2)) | log ﬁ Sup Fiel

P |212)°|¢' (2)llg(p(2))| log =
woor (1= 19()P) log 2o
@ 91

| £l B

log

max | f; max
I<I<Ie(0)] [€I<1(0)]

Since f; — 0 uniformly on compact subsets of D as j — oo, by Cauchy’s estimate, fJ’- — 0
uniformly on compact subsets of D as j — oco. Hence by (2.14), (2.16) and (2.17), we have
“CSOIQfJ'HB{f)g — 0 as j — oo. Hence Cyl,: By, — Bﬁg is compact. O

Theorem 2.18. Assume that ¢ is a holomorphic self-map of D, g € H(D), a >0, 5> 0,. If

(A= Dl @lls@lloe =
sup
zed (1= |p(2)[*)* log —1_|<p2(z)|2
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then I,C,,: B, — By, is bounded.

Theorem 2.19. Assume that ¢ is a holomorphic self-map of D, g € HD), o >0, > 0. If
2
sup(1 — |2|*)°1¢/ (2)|l9(2)| log — =5 < o0
z€D 1- |Z|

and
A= PP lIg(2) log
et 2\a 2 =0
le(z)|—1 (1 —|p(2)|?)*log ek

)

then 1,Cy: B, — Bf)g is compact.
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