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SPECIAL CONGRUENCE TRIPLES
FOR A REGULAR SEMIGROUP

MARIO PETRICH

ABSTRACT. With the usual notation for congruences on a regular semigroup S, in
a previous communication we studied the lattice A generated by I' = {o, 7, 1, 8}
relative to properties such as distributivity and similar conditions. For K and T the
kernel and trace relations on the congruence lattice of S, we form an abstraction of
the triple (A; K|, TA) called a c-triple. In this study a number of relations on the
free lattice generated by I' appears. Here we study implications and independence
of these relations, both on c-triples as well as on congruence lattices of regular semi-
groups. We consider the behavior of the members of I' under forming finite direct
products, construct examples and supplement some results in the paper referred to
above.

1. INTRODUCTION AND SUMMARY

In [7] we considered an abstraction of the following situation. Let S be a regular
semigroup, % (S) be its congruence lattice and

I'= {0-57-;/-1/76}

where o is the least group, 7 is the greatest idempotent pure, u is the greatest
idempotent separating, and ( is the least band congruence on S, respectively. Let
A be the sublattice of €(S) generated by I'. Let K and T be the kernel and trace
relations on €(.5), respectively. The abstraction of the triple (A; K |5, T'|a) is called
a c-triple, that is (A; K,T) where A is a lattice generated by a 4-element set T,
and K, T are relations on A, all of these satisfying certain conditions. The subject
of that paper comprizes the following cases: any three elements of I' generate a
distributive lattice, A is distributive, K is a congruence, and a further special
case. In paper [7] we explained the background of this problem within the theory
of congruences on regular semigroups.

The subject of the present paper is a study of the relations occurring in consid-
eration of c-triples in the abstract setting as well as in concrete cases which arise in
regular semigroups. This pertains mainly to their independence and implications.
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A minimum of terminology and notation can be found in Section 2 for not which
we relegate most of it to the paper discussed above. Section 3 contains a study
of the behavior of the congruences o, 7, u and § relative to forming finite direct
products of semigroups. This is followed in Section 4 by several lemmas needed
later. Section 5 consists of a number of examples. All this serves as a preparation
for results in Section 6 which concern certain morphisms in the preceding paper
and represent the main part of the paper. Section 7 contains three diagrams
which exhibit the independence of certain basic relations. The paper is concluded
by Section 8 with a discussion of some problems naturally arising in this context.

2. TERMINOLOGY AND NOTATION

For concepts and symbolism we generally follow the book [2]. We now list some
special terminology and notation.

Let X be a set. The equality and the universal relations on X are denoted by
ex and wy, respectively, with or without subscript, its cardinality by | X]|.

Let S be a semigroup. Then E(S) denotes its set of idempotents and €(.5) its
congruence lattice. The identity element of a monoid is usually denoted by e. If
S has a zero 0 and A is a subset of S, then A* = A\ {0}. Further, S! denotes
the semigroup S with an identity element adjoined if S is not a monoid, otherwise
St=5.

For a regular semigroup S, the congruence defined in Section 1 is written with
a subscript, that is

s ={os,7s, s, Bs}
and the lattice they generate by Ag, only if needed for clarity. In this context,
K and T denote the K- and T-relations on €(S), respectively, without subscript.
This is the concrete aspect of this symbolism. In fact, we will be interested in the
restrictions K|a4 and T'|a, only. The abstract meaning of the symbols o, 7, u, 8
is that they are letters standing for generators of a lattice A, in this case we use
the notation I'y = {o, 7, u, 5}.

We call (A; K,T) a c-triple [7, Definition 2.1] if A is a lattice generated by T's
with the least element € and greatest element w, K is a A-congruence and T is a
congruence on A satisfying: K NT = gy, [e,7] and [5,w] are K-classes, [e, u] and
[o,w] are T-classes, and

BA(oVu)=pV(@AB) = (eVu)AN(TVB)=TV(eAB)V p.

It is easy to verify that for a regular semigroup and the lattice A generated by
{os,7Ts, s, Bs}, K|a and T, these conditions are satisfied.

For various purposes, the elements of I'y will be subject to some of the following
conditions.
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AV ) AB= (o ARV (7 AB).

BA(TV p)=pV (T Ap).
(cV)AN(TVB) =7V (o AB)V p.

(L) rvBTT.

The negation of a condition (X) is denoted by ~(X). The above conditions do
not appear until the end of Section 4. After that they play a central role. We
emphasize that they occur in two ways: abstractly as conditions for c-triples and
concretely for various regular semigroups.

The results of [7] do not appear until Section 6 and the paper is self-contained
until that point. After that they are used in an essential way. Since the notation
and statements needed from that paper are quite extensive, we do not repeat them
here but refer to them by exact reference.

3. FINITE DIRECT PRODUCTS

This section serves as the first of three sections which are needed in the main body
of the paper.

Fori=1,2,...,n,let S; be a semigroup and p; € €(S;). On the direct product
S =TI, S: define a relation by

(a;) Hpi (b;)) = a;p;ib;fori=1,2,... n.
i=1

For n = 2, we write S; x S5 and p; X ps.
The first lemma is valid for general semigroups.

Lemma 3.1. Fori = 1,2,...,n, let S; be a semigroup, \;,p; € €(S;) and
@ € {A,V}. Then

n

[Tro]]ei =TI @0
i=1 i=1

i=1
Proof. The assertion is trivial for n = 1. We now consider the case n = 2.
In order to simplify the notation, let S and S’ be semigroups, A, p € €(S) and
N, p' € €(S"). Then
(a,p) AAp) x (N,p) (b,q) = aAApb, pXNApq

& a)b, apb, pNgq, pp'q

< (a,p) Ax X (b,p), (a,p) pxp (b,p)

< (a,p) A x XN)A(pxp) (b,p)

which takes care of meet. Further

(a,p) AV p) x (N Vp)(bgq) < aAVpb pXNVpgq
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< there exist sequences in S and S’

adxipxa ... T;mpb, pNyip N .. ynp q

If m # n, we can repeat some of x; or y; in order to achieve sequences of this type
with m = n. Hence we may assume that m = n. It follows that

(31) (a7p) A X A/ (‘Tlayl) p X /0/ (zQayQ) A X )\/ e (xn7yn) p X pl (ba q)

and thus (a,p) (A X X))V (pxp') (b,q). Conversely, if we assume the last relation,
we obtain a sequence of the form (3.1) and by reversing our steps (without the
complication of comparing m and n), we deduce that the assertion also holds for
the join.

This proves the case n = 2. The general case follows from it by straightforward
induction. O

The next theorem, valid for regular monoids and of its own interest, pertains
to the congruences in I' = {o, 7, u, 5} where for a semigroup S, we write again
I's ={os,7s, s, Bs}. Note the obvious fact that for any semigroups S; where []
indicates the Cartesian product of sets.

Theorem 3.2. Fori =1,2,...,n, let S; be a regular monoid, S = [, S;
and 0 € . Then 05 = [[—, 0s

Proof. The assertion is trivial for n = 1. We now treat the case n = 2. To sim-
plify the notation we consider regular monoids S and V' and their direct product.

0 = 0. Note that o is the least idempotent identifying congruence on a regular
semigroup. Hence

(a,p) osxv (b,q) < there exists a sequence in S x V,

(a,p) = (317931)(017w1)(t1,y1)
(3.2) (s1,21)(d1, 21)(t1,91) = (52, 72)(c2, w2)(t2, Y2)

(S, @n)(dns 2n)(tn, yn) = (b, q)

where (s;,2;), (t;,y;) € S x V and (¢;, w;), (d;, 2;) € E(S x V) fori=1,2,...,n.
It follows that
(33) a = S1Clt1, Sldltl = 32C2t2, Sndntn = b,
(3.4) P = T1wiy1, T121Y1 = TaWale, ... TnZpYn = ¢,
where s;,t; € S, ¢;,d; € E(S), x,y; €V, wi,z; € E(V) for t = 1,2,...,n, and
thus aogb, poy q whence (a,p) og x oy (b,q). Conversely, if the last relation
holds, then we have sequences of the forms (3.3) and (3.4) of possibly different
length. Repeating some of the elements of these sequences, we see that we may
suppose that they are of the same length. In this way we arrive at a sequence of
the form (3.2) which yields that (a,p) csxv (b, ¢). Therefore ogxy = o5 X oy

0 = (. Observe that § is the least congruence which identifies each element
of a regular semigroup with its square. We may thus follow the same steps as

above except that instead of (¢;, w;), (di, ;) € E(S x V) we now have for some
(gi,hi) €S xViori=1,2,... n.
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0 = u. Recall that p is the greatest idempotent separating congruence on a
regular semigroup. It follows at once that

(a,p) Hsxv (b,q) <= aHsb, pHv q

and thus
(a,p) psxv (b,q)
= (s,2)(a,p)(t,y) Hsxv (s,2)(b,q)(t,y) for all (s,z),(t,y) € S xV
< (sat,zpy) Hsxv (sbt,xqy) for all (s,z), (t,y) € S xV
<= satHg sbt for all s,t € S, xpyHy xzqy for all z,y € V
< apsb, ppvq < (a,p) ps x pv (b,q),

as required.

0 = 7. Recall that 7 is the greatest idempotent pure congruence on a regular
semigroup and hence the principal congruence on the set of its idempotents. On
the one hand,

(a,p) Tsxv (b, q)

> ((s,2)(a,p)(t,y) € E(S x V) < (s,2)(b,q)(t,y) € E(S x V)
for all (s,x),(t,y) € E(S xV))

< ((sat,zpy) € E(S x V) & (sbt,zqy) € E(S x V)
for all (s,x), (t,y) € E(S x V))

< (sat € E(S),xpy € E(V) & sbt € E(S),zqy € E(V)
for all s,t € S,z,y €V)

and on the other hand
(a,p) 7s x v (b, q)

sat € E(S) < sbt € E(S) for all s,t € S,
apy € E(V) < xzqy € E(V) for all z,y € V.

It then follows that 7¢ X 7y C Tgxy. Conversely, let (3.5) hold and assume that
sat € E(S). For z the identity of V and y an inverse of p, we have zpy € E(V)
which by (3.5) yields sbt € E(S). By symmetry, we conclude that a7gb. It
follows similarly that p 7y ¢ which implies that (a,p) 75 x 7 (b,q). Therefore
Tsxv C Ts X Ty and equality prevails.

This establishes the case n = 2. The general case follows by simple induction
using the case n = 2. O

The above proof can be easily modified if both S and V are semigroups but
neither is a monoid. Then the identity adjoined to S x V' can be written as (1,1)
where the first one can be considered as an adjoined identity of S and the second
one as an adjoined identity of V. The problem arises when one of S and V is a
monoid and the other one is not.

We can now use Lemma 3.1 and Theorem 3.2 to prove the following statement.
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Corollary 3.3. Let w be an element of the free lattice generated by I' and for
any reqular semigroup V. set wy = w(oy,mv,uy,Byv). Fori=1,2,... n, let S;
be a regular monoid and set S =[] S;. Then wg =[]}, ws,.

Proof. For the special case when w € I', the present assertion reduces to that
of Theorem 3.2. Using this, Lemma 3.1 implies that meets and joins of congru-
ences og, Ts, ls, Bs can be performed componentwise. Using the same lemma,
we can repeat performing meets and joins of the resulting congruences again by
components. This can be repeated as many times as necessary until the desired
conclusion is reached. (]

For kernels, we have the following simple result.

Lemma 3.4. Fori=1,2,...,n, let S; be a regular semigroup, p; € €(S;) and
set S =TI, Si. Then

Proof. Indeed,
(ai) € ker [T, pi <= (ai) [I;Z, pi (e:) for some (e;) € E(S)
< a;pie; for some e; € E(S;), i=1,2,...,n
< aq;€kerp; fori=1,2,...,n < (a;) € [[}_, ker p;.

We are finally ready for the desired result.

Theorem 3.5. Let u and v be elements of the free lattice generated by I'. For
i=1,2,...,n, let S; be a reqular monoid and set S =[;_, S;. Let P € {K,T, =}.
Then S satisfies u Pv if and only if S; satisfies u Pv fori=1,2,...,n.

Proof. By Corollary 3.3 and Lemma 3.4, we obtain
S satisfies uKv <= wugKuvs < [ us, K [, vs,
= ker([[iL, us,) =ker ([[}_; vs,)
— Il kerug, =[], keruvg,
<= kerug, =kerwg, for:=1,2,...,n
— ug, Kvg, fori=1,2,...,n.
Now using Corollary 3.3, we get
S satisfies uTv <= trug =trvg < tr ([]\_, us,) =tr ([[i=, vs;)
< trug, =trog, fori=1,2,...,n
<— 5;satisfiesuT v fort=1,2,...,n.

This proves the assertion for K and T; the claim for equality now follows from
K NT = ¢ or can be proved directly (essentially the same way as for T'). O
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4. LEMMAS

This section serves as preparation for the next one and concerns Brandt semi-
groups, their ideal extensions, and Reilly semigroups.

Lemma 4.1. Let S = B(G,I) be a Brandt semigroup. Then ¢ = w; 7 = w if
|G| =|I| =1 and 7 = € otherwise; u=H; B ="H if |I| =1 and B = w otherwise.

Proof. Straightforward. O

We shall need the following notation. Let S be an ideal extension of Sy by S;
determined by a partial homomorphism ¢ : ST — Sy. For i = 0,1, let p; € €(S;)
be such that {0} is a p;i-class and for a,b € ST, apy b implies ap pg by. Define
[P0, p1] = po U (p1]s;). Let ¢ = @ Urg,. For pg € €(So), define [po] by

alpo]b <= ay pobyp (a,be€S).

Then [po, p1], [po] € €(S); for an extensive discussion, see [4]. For i = 0,1, we let
€i, wi, n; and u; denote the equality, the universal relation, the least semilattice
congruence and the greatest idempotent separating congruence on .S;, respectively.

Lemma 4.2. Fori = 0,1, let S; = B(G;,1;) be Brandt semigroups where |I| >
1 and S be an ideal extension of Sy by S1 determined by a partial homomorphism

i (i:9,5) — (i€ u; " (gw)uy, j§)-
Then 0 = w; T = [eo] if the condition (Z") below holds and T = & otherwise;
w="H; 8=[wo,m] if |[I1]| =1 and B = w otherwise; where

(2) i€ = j€, gw =uu; ' =i =j, g= e the identity of Gy.

Proof. We follow [2, Lemma XIV.4.4] for notation. Recall that £ : Iy — Iy and
u: Iy — Gy with u : i — wu; are functions, w : G; — Gg is a homomorphism and
let e; be the identity of G; for i =0, 1.

First 0 = w since S has a zero and pu = H since ‘H is a congruence on S. If
|I;] = 1, then S; is a group with zero and § has the indicated form. If |I;]| > 1,
then clearly 8 = w.

By [5, Theorem 5.2(ii)], 7 does not saturate Sp if and only if

a €87, ap € E(Sy)) = a € E(S7).
Equivalently
(i€, uy  (gw)uy, ) € E(So) = (i,9,]) € E(S1),
that is
i€ = j§, ui (gw)uj = eo =i =j, g=e1
which is evidently equivalent to condition (£"). By Lemma 4.1, we have 79 = ¢g

and 71 = 1. The expression for 7 now follows directly from [5, Theorem 5.2(ii)].
O

Lemma 4.3. Let S = B(G,«) be a Reilly semigroup. Then 7 = o if o is
injective and T = € otherwise.
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Proof. According to [3, Corollary 2.2], 0 = o(as,e,0) and thus
kero = {(m, g,m) € S |g € M)

where M = J,,~ kera”.
Assume first that o is injective. Then so is a™ for every n > 0 and M = {e}.
It follows that ker o = E(S) which implies that ¢ C 7. But 7 C ¢ always holds
and we get 0 = 7.
Suppose next that « is not injective. Then there exists g € GG such that g # e
and ga =e. Let 0 < n <m. Then
(nve7n)(n’gvn) = (n,g,n) ¢E(S)a
(m7 €, m)(na 9, 77,) = (m7 gam™Tm, m) = (m7 ¢, m) € E(S)
which shows that ((n,e,n),(m,e,m)) ¢ 7. It follows that tr7 = e. Since always
ker 7 = E(S), we conclude that 7 = e. O

The final lemma lists sufficient conditions for the validity of some of our condi-
tions and will come in quite handy.

Lemma 4.4. Each of the conditions on the left (e.g. o = w) implies the con-
dition on the right on the same line.
c=w,p=¢c,p=03=w = (D

)-
c=w,o0=T7,T=¢,u=¢ — (E).
T=¢,p=¢,pu=06,=w = (F)
0':7-77—:57M:€7:U’:ﬁ7(0':w; F)) (B ;(E)):>(G)
c=17 = (H).
Proof. All of this follows by direct inspection. O

5. EXAMPLES

Here we construct several examples which will be used in the succeeding sections
in crucial ways: for proving independence of certain conditions and constructing
further examples by means of finite direct products in the main results of the
paper. Recall that ~(X) stands for the negation of the statement (X).

Example 5.1. Conditions (D)—(H), (J), (L) hold and (I), (K) fail.

Let Zy = Z/(2), Ry = {A1, A2} be a right zero semigroup, By be a 5-element
combinatorial Brandt semigroup and S be the ideal extension of Sy = Zs x Ry by
B> determined by the partial homomorphism

¢ (1,5) — (u; +uj, A1) ((4,7) € B3)

where we write (i, j) for (i,1,7) in By and u; =0, ug = 1.
We first list the classes of some of the congruences:

o {(0, M), (0, ), (1, 1), (2, 2)}, {(1, A1), (1,22), (1,2), (2, D)},
{0, M), (1, A1)}, {0.2). (L2} (LD} {(1,2)}. {@ D} {2.2)},
B {(97)‘1)7(17>‘1) (1 1) (132)7(27 )} 7{( 7)‘2)a(17)‘2)}7 _
O'/\ﬂ {(97)‘1)7(171)’(272)}7 {(07>\2)}7 {(1 Al)a(1a2)7(2’ 12}’ {(1a)‘2)}a
(U/\ﬂ) {(07)\1)7(17)\1)a(171)7(132)7(271)5(272)}7 {(07>\2)a(17/\2)}'
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Hence 0 V u=w and thus BA (o V ) =p=pV (o AB) so that (D) holds.

We always have 7 C o. Since ker o = E(S), see above, we also have ¢ C 7 and
equality prevails. But then Lemma 4.4 yields that (E), (G) and (H) hold. Also
TVu=o0Vpu=uw,but kerp # S so that (w,u) ¢ K, and both (K) and (I) fail.
Since o = 7, we get ker o = ker (0 A p) and hence (J) holds. We have seen that
T = 0. Since tro = w, we have o V 3T ¢ and thus (L) holds as well.

Example 5.2. Conditions (D)—(H) hold and (I)—(L) fail.
Let Sy = B(Z4,{1,2}) and S; = B(Zs,{1,2}) be Brandt semigroups, S be the
ideal extension of Sy by S; determined by the partial homomorphism

¢ (i,g,5) — (&, u; (gw)uy, j€)  ((4,9,5) € S)

01 — - 1 2
w<0 2), uy =0, wux=1, 5(1 1).

That ¢ is a partial homomorphism that follows from [2, Lemma XIV.4.4]. Since
S has a zero, we have ¢ = w; one sees easily that also § = w. Hence Lemma 4.4
implies that conditions (D)—(G) hold. From ¢ = 8 = w it follows that also (H)
holds.

We now verify that condition (%) in Lemma 4.2 holds. Hence assume that
i€ = j¢ and in the additive notation —u; + gw +u; = 0. If i = j, we have gw =0
so g = 0. Assume that i # j. We may suppose that i = 1 and j = 2. Then
—u1 + gw + uz = 0 becomes gw = 3. But gw € {0,2}, so this case is impossible.
Therefore (£°) holds and Lemma 4.2 implies that 7 = [eq].

Clearly u = H = [po, #1]- By [4, Lemma 6.1(ii)], we obtain

where

ker pu = ker o U (ker p11)",

which in conjunction with ¢ = w implies

ker (o0 A ) = ker u # S = kero =ker (o V p)
and thus both (I) and (J) fail. By [4, Lemma 4.5(ii)], we get

TV = [eo] V [po, pa] = [1o]

and thus by [4, Lemma 7.2],

ker (7 V ) = ker po U {a € ST | ap € ker ug}.
Since

(1,0,2)p = (1,1,1) € kerpo,  (1,0,2) ¢ (ker )",

we have (7 V pu, u) ¢ K so condition (K) fails. Finally, 7V 8 = w and 7 = [g¢] so
that (7V 3,7) ¢ T and (L) fails.

Example 5.3. Conditions (D)—(K) hold and (L) fails.

Let S = B(G, «) be a Reilly semigroup, where « is not injective. Since S is a
bisimple inverse semigroup, we get that 8 = w. By Lemma 4.4, we deduce that
(D) and (F) hold. Lemma 4.3 yields that 7 = € which again by Lemma 4.4 gives
that (E) and (G) hold. From 8 = w and 7 = ¢; follows that (H) holds.
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We adopt the notation of [3]. By [3, Corollary 2.2 and Theorem 4.2] with
M =, kera”, we have

0 =0(Me0) H=pPG OVEI=0(Ge0)
so that
ker (o V ) = {(m,g,m) € S|m > 0,9 € G} = ker .

It follows that (I) holds. Validity of (J) follows directly from [3, Proposition 5.3].
Since 7 = €, also (K) holds. Finally 7 = ¢ and 3 = ¢ yield that (L) fails.

We are now able to make certain conclusions. Both Examples 5.1 and 5.2
show that conditions in [7, Theorem 5.2] do not imply those in [7, Theorem 6.3].
Both Examples 5.1 and 5.3 show that conditions in [7, Theorem 6.3] do not imply
conditions in [7, Theorem 7.5]; together they show that conditions (I) and (L) are
independent and hence neither can be omitted in [7, Theorem 7.5(ii)].

6. REALIZATION OF c-TRIPLES

One aim here is to construct examples which fit exactly the requirements of [7,
Theorems 7.5, 6.3 and 5.2]. For a regular semigroup S, this involves an isomor-
phism of A; and Ag which extends the mapping @ — ag (a € T') as well as possible
requirements concerning K- and T-relations. To this end, we construct several ex-
amples from those in the preceding section by forming finite direct products and
applying results of Section 3.

Lemma 6.1. Let (A; K, T) be a c-triple satisfying condition (I). Then

e, 7], [oApal, [woVvul, [8,u]

are K-classes.

Proof. By the definition of a c-triple in Section 2 we have that [e, 7] and [3,w]
are K-classes. Since trugx C tru = €, we have ug = p, and since (I) holds, also
u® = ovu. Hence the interval [, oV is a K-class. By (I) we get oA (oVu) K oAp
and thus 0 K o A p. In addition, tr (o A u) C trpu = € so that ox = o A . Since
tro = w for any 0 K o, we have 0 Ao K § and 6 Ao T 0 so that § C o which implies
that 0% = . It follows that [0 A p, 0] is a K-class. O

We start with [7, Theorem 7.5] in the first theorem and continue with [7,
Theorem 6.3] in the second and end with [7, Theorem 5.2] in the third; for the
remaining [7, Theorem 4.2] we have no suitable example. For the first theorem,
we need the following notation.

Zo = Z/(2) — additive integers modulo 2,

— 0 . 1 o —_ |00
C = (MO({1,2},2,{1,2); P))! with P = | 27],
B — the bicyclic semigroup. It is well-known that

(m,n)o(p.q) <= m—-n=p-q.
LY — a2-element left zero semigroup with an identity adjoined.
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Zo C B L} T
o € w o w w
T € € o w p
m w H € € €
I] w H w € D
oV pu o
TV p
TV H
oA u € H €
oA D
TAS o € 1)
ker o Zs C L}
ker (o V ) E(B)
trm w
tr (7 V 5) € € w
(D) c=w
(K) p=TVpu
separation |c ApZ£pu|w#TVE|oVu#tw | TETAB|cATVR)AL
e£oAp | TANB#e #£0 NS
Table 1

In Table 1, for the quantities indicated in the first column, each succeeding
column gives the values for the semigroups listed in the first row. Conditions
(I) and (L) hold for the first four semigroups by the information in the fourth
block of rows in view of Lemma 4.4. For the fifth semigroup, the validity of (D)
follows from Lemma 4.4 and the validity of (K) since 7 = 7 V u. The last block
of rows indicates separation, namely which pairs of congruences are distinct. The
verification of the assertions contained in the table is lengthy but straightforward,
and is omitted.

Theorem 6.2. Let S3 = ZoxC x Bx L}, the direct product. Then the morphism
d3 in [7, Theorem 7.5(iv)] is an isomorphism of (Ag; K3,T3) onto (As,; Kss,Ts,)-

Proof. From Table 1, we can see that the semigroups Zo, C, B and L} satisfy
conditions (I) and (L). Hence by Theorem 3.5, also S5 satisfies these conditions.
By [7, Theorem 7.5(iv)], the mapping

93 1 (As; K3,T3) — (Asgy; Ky, Tsy)

is a morphism. From the last two rows of Table 1, we conclude that the collection of
semigroups Zs, C, B and L} separates certain pairs of vertices of [7, Diagram 3].
In view of Theorem 3.5, these vertices are also separated in the semigroup Ss.
Simple inspection of [7, Diagram 3] shows that the separation of these pairs of
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vertices implies that the morphism d3 identifies no two distinct vertices of the
diagram. Therefore J3 is injective; it is always surjective.
From [7, Diagram 3], we see that the complete collection of K-classes of A3 is

e, 7], [0 Ap,ol, [0V ], 18,41

The morphism d; extends the mapping va;a4, and hence maps each of these
intervals onto the corresponding interval in Ag,, that is each letter gets a subscript
S3. By Lemma 6.1, the latter form the complete collection of K-classes of Ag,.
Thus 65 1is K-preserving so that

(5;1 : (A53;K537 TSg) I (A?n K37 TS)
is a morphism. Consequently, d3 is an isomorphism. O

For the second theorem, we also need
J5 — the semigroup of all transformations on a 2-element set written on the
right and composed as such. Denote by p the Rees congruence on 7
relative to its kernel.

Theorem 6.3. Let S, = S3 X T, the direct product. Then the morphism &)
in [7, Theorem 6.3(iv)] is an isomorphism of (A2; K3, Ts) onto (Agy; Ksy, Tsy).

Proof. By Theorem 6.2 and [7, Theorem 7.5], S5 satisfies condition (I), and
thus, by [7, Lemma 3.2], also (D) and (K). Since in .5 we have o = w, Lemma 4.4
implies that 5 satisfies (D). From Table 1 we get that 4 = 7V p and thus %
satisfies (K) as well. Now Theorem 3.5 implies that S% satisfies both (D) and (K).
By [7, Theorem 7.5(iv)],

8y ¢ (Aa; K3, To) — (Asy; Kgy, Tsy)
is a morphism. We also see from Table 1 that 7 separates o A (7 V ) A 8 from
o A 8 which implies that 8} causes no collapsing. Therefore 04 is injective and is
always surjective.

We show next that 5 carries K-classes of Ay onto K-classes of Ag;. Since d5
is a morphism, and thus is K-preserving, we know that it carries K-classes into

K-classes. Recall that K-classes of Az in this case are given in [7, Corollary 6.1,
Case 3], that is

(6.1) [8,w], [uV(onB), oV, [oAB,ol, [e,7], [w,7Vul, [oAp TV (0 Ap).
We also know that in Ag;, [3,w] and [e, 7] are K-classes since (Agy; Kgy,Ts;) is a
c-triple. It remains to show that there is no collapsing of the other K-classes in
(6.1). From Table 1, we get that the pairs

(0,0 V), (o,p), (pooAp), (0Vp,0Ap)

are not K-related and (u,0 vV u) ¢ K for Z5. In the light of Theorem 3.5, we
conclude that this holds for S} as well. Thus there is no collapsing and 5 indeed
maps K-classes onto K-classes. It follows that

(05) 7" (Asy; Ky, Tsy) — (Ao; K5, Th)

is a morphism. Consequently, d5 is an isomorphism. U
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For the third theorem, we need the notation:

B} — combinatorial 5-element Brandt semigroup with an identity adjoined,
FE; — the semigroup in Example 5.2,
B' — the bicyclic semigroup with an identity adjoined.

Table 2 is similar to Table 1. The second block of its rows provides the reason
for the validity of conditions (D), (F) and (G). Again the verification of the results
contained in the table is lengthy, but straightforward, and is omitted.

Zs Bl B B!
o € w w [o0]
T € € [€o] o]
1 w £ (10, 1] £
g w [wo, €1] w [wo, €1]
(D) f=w o=w f=w n=e
(F) b=w | u=c b=w p=c
(G) co=17 |(F),c=w (F),oc=w o=T
TAB [€0] (00, €1]
oA p € (110, 1]
oA w
TV [120]
oV [oo]
TV [WO,El]
aN(TVR)AB (0]
separation cANpuFpu| TVEFw TANB #e oV F#w
oNuF£e TABET
ocN(TVU)ANLB | TAB#e€
FoNS
(0 A (7 V 1) A B,
oAp) ¢ K
Table 2

Theorem 6.4. Let Sy = ZoxBaxEoxB!, the direct product. Then the morphism
do in [7, Theorem 6.3(iv)] is an isomorphism of (Ag; Ko, Ts) onto (As,; Ks,,Ts,)-

Proof. For each of the direct factors of Ss, Table 2 provides the reason why
conditions (D), (F) and (G) hold in view of Lemma 4.4. This table also gives the
separation properties of each of the factors needed to distinguish certain strategic
pairs in [7, Diagram 2]. This implies separation of any two distinct vertices of
the lattice As. An obvious inductive argument extends [6, Proposition 9.9] to the
direct product of any finite number of inverse semigroups. Applying this to the
above direct product implies that S, satisfies conditions (D), (F) and (G). By [7,
Theorem 6.3(iv)],

(52 : (Ag; KQ,TQ) — (ASQ§KS2;T52>
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is a morphism. The fourth block in Table 2 implies that Jo is injective in view of
Theorem 3.5; it is always surjective.
Next consider the semigroup Es. From Table 2, we get

o AN(TV ) AB =[], oAp=uo,pml.
In view of [3, Lemma 7.2], we have
ker[po] = ker po U {a € ST | ap € ker po},
and clearly ker[ug, p1] = ker o U (ker p1)*. Since
(1,0,2)p = (1,0,1) € ker g, (1,0,2) ¢ ker p,
it follows that ker[uo] # ker[uo, p1]. Therefore
(6.2) (cAN(TVR)AB,oNp) ¢ K

which gives Case 1 of [7, Lemma 6.1] since in that case {o A u} is a K-class and
the three classes in that lemma are exclusive. In the light of the extended version
of [6, Proposition 9.9] indicated above, we conclude that (6.2) is also valid for Ss.
It follows that the K-relation on A, is minimal. From this we derive that d; ' is
K-preserving. Therefore

8511 (Asy; Ky Tsy) — (Aas K, T)
is a morphism. Consequently, d5 is an isomorphism. O

Note that isomorphism between two triples in our category means that essen-
tially they have the same lattices and the same K-relations since we require the
morphisms to be K-preserving. It may have been more natural to require them
also to be T-preserving. However, this would have created very different condi-
tions.

Using [7, Lemma 3.2 and Corollary 6.4] in the proofs of Theorem 6.2 and 6.3,
we could have shortened the argument to show that the inverses of our morphisms
are K-preserving. In addition, from these references, one may conclude that the
resulting isomorphisms are T-preserving. This implies that, roughly speaking,
they have the same lattice and the same K- and T-relations.

7. INDEPENDENCE OF CONDITIONS FOR c-TRIPLES

In the absence of examples of regular semigroups which would exhibit indepen-
dence of conditions (D)—(G), we provide examples of c-triples below. In Dia-
grams 1—4, full lines stand for K-relation, dashed lines for T-relation and dotted
lines for inclusion. These diagrams pertain to c-triples. It does not guarantee that
there exists a regular semigroup whose relevant congruences have this form. The
long verification showing that these diagrams indeed represent c-triples is omitted.

According to Example 5.1 or 5.2, (D) % (K) and by Diagram 1, also (K) %
(D). Hence conditions (D) and (K) are independent for c-triples (but may still not
be for regular semigroups). Diagram 1 also shows that for c-triples, neither (E),
(F) nor (F), (G) imply (D). Note that in Examples 5.1-5.3, all of (D), (E), (F),
(G) are valid.
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Diagram 1. ~(D), (E)—(H), ~(I), ~(J), (K), ~(L).

It follows from Diagrams 1-4 that for c-triples, the conditions (D), (E), (F) and
also the conditions (D), (F), (G) are independent.

8. PROBLEMS

We propose:

Problem 1: Does every c-triple arise from a regular semigroup?

Problem 2: Do conditions (D), (E), (F) imply (G) for regular semigroups?
Problem 3: Are conditions (D), (E), (F) independent for regular semigroups?
Problem 4: Are conditions (D), (F), (G) independent for regular semigroups?

Problem 1 is a seminal question. In other words, by the definition of a c-triple,
have we captured the essence of the triple (Ag; K|aq, T |ag)?

If Problem 1 has an affirmative solution, to prove it one would have to start
with a c-triple and construct a regular semigroup for it, a daunting proposition
for it amount to a kind of coordinatization. If it has a negative solution, it begs
for a counterexample. In that case, one should reinforce the definition of a c-triple
and hope that the new definition would be strong enough when tested for the
realization by a regular semigroup. If not, one may repeat this procedure (which
may not end after a finite number of steps).

For special classes of semigroups, further conditions may be valid. As an exam-
ple, we have the following result.

Proposition 8.1. In a completely reqular semigroup S, the equality

(5.1) GALV (T AB)] = (0 AV (7 A B)
holds and (F) implies (G).
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Diagram 2. (D), ~(E), (F), ~(G).

Proof. Since § < D in S, we have 7 A § < 7 A D which by [1, Lemma 3.1]
implies that ker pp = ker 1 V (7 A 8)]. Hence

ker {o A[uV (1 AB)]} =keronker|uV (1 AS)] =keroNkerp
<ker[(c AB)V (T AB);
also (c Ap) V(T AB) <o A[uV (T AP)] since 7 < 8 and
tr{o A fuV (T AP} =tr(rAB) =trf(oAp)V(TAB)
Formula (8.1) follows.
Now assume that (F) holds. Then using formula (8.1), we obtain
GGV AB =0 A\ (T AB)] = (0 Ap) V(T AB)
and (G) holds. O
The first consequence of Proposition 8.1 is that Problem 2 has an affirmative
answer for completely regular semigroups.

Since we are interested in condition (G), the following two conditions are quite
interesting for us.

N) oAp=ce. (O)TAB=ce.
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Diagram 3. (D), (E), ~(F), (G), (H), ~(I).

Proposition 8.2.
(i) (E), (N) = (G).
(ii) (F), (0) = (G).
Proof. Let

=0 N(TVpu)AB, n=(ApV(TAB),

so that (G) means £ = 7. By [7, Lemma 3.1], we have £ > 7.
(i) Assuming the validity of (E) and (N), we get

E=[TV(@AWINB=TAB< (@A) V(TAB) =7
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Diagram 4. (D), (E), ~(F), ~(G), (H), ~(I).

(ii) Similarly
E= oAV (T AR =0 A< (0 ARV (A =1,
O

It follows that both (N) and (O) are sufficient conditions for the equivalence of
(D), (E), (F) and (D), (F), (G). Since tru = ¢, p = H° (where p° is the greatest
congruence contained in an equivalence relation p) and ker 8 = S for a regular
semigroup S, we have

(N)<=keroNkerp = FE(S) < (¢ NH)" =¢,
(O)<:>tI'T N trﬁ = ER(S)»
elucidating somewhat the nature of the conditions (N) and (O).

Regular semigroups in which p = € are usually called fundamental, those where
o = 7 coincide with E-unitary semigroups; each of these conditions implies (N).
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Regular semigroups where 7 = ¢ are called F-disjunctive, each condition implies
condition (O).

Corollary 8.3. Let S be a regular semigroup satisfying at least one of the
following conditions: completely reqular, fundamental, E-unitary, E-disjunctive.
If any three of the congruences o, T, i, 3 on S generate a distributive lattice, then
they generate a distributive lattice.

Proof. This follows directly from [7, Theorems 4.2 and 5.2], Proposition 8.1 for
completely regular semigroups, Proposition 8.2 and the above remarks. O
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